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Hamamu I'ennaousa Apxaovesuua CmupHosa,
YbU IeKYUuU (U pyKOnucsy) e2iu 8 OCHOBY
9mou pabomul, N 0 C 8 Uy a e m C sl

Ilpeoucnosue

MareMaTu4eckui aHaiu3 SBIKIETCA OJHOM W3 BAKHEHIINUX YacCTeu
COBpPEMEHHOW MaTteMaThku. Ha ero m3yueHue OoTBOASTCS JBa y4eOHBIX roja, u
MOJIHBIA KyPC JUCHUIUIMHBI COCTABIISIET, KaK MPAaBUIIO, HECKOJILKO TOMOB. OHAKO
UMEEeTCs HEOOXOAMMOCTh B CHKAaTOM M3JI0KEHUU OCHOBHBIX PA3/CIIOB U TEM
MaTeMaTHYECKOr0 aHaJIn3a, YTO OCOOEHHO BaXKHO MPHU MOJTOTOBKE K TEKYIIUM U
rocyapCTBEeHHBIM 3K3aMeHaM. J[aHHOe rmocoOue Mpu3BaHO MOMOYb CTYJIEHTaM
MaTeMaTU4YeCKuX (haKyJIbTETOB B ATOU MOATOTOBKE.

[Ipenyaraemoe ydeOHOe TmocoOMe SBISETCS MPOAOHKEHUEM paHee
U3JaHHBIX MocoOuii «BBemeHne B aHamu3» [4] B COABTOPCTBE ¢ KaHIUIATOM
¢duszuko-marematuueckux Hayk jgoreHToM B.IO. Cyerunsim u «/Iuddepen-
[AAJIbHOE M HHTETPaIbHOE MCUMCICHUE (PYHKIUM OJHOTO JEWCTBUTEIHLHOIO
nepeMeHHOro» [3]. B HEM HE TOIBKO OCBEIIAIOTCS BCE IMYHKTHI SK3aMEHAI[HOHHON
IPOTpaMMBbl 10 JUCHUIUIMHE «MaTeMaTH4eCKUi aHAJIA3» 3a MEPBBIA CEMECTP
BTOPOTO Kypca, HO U JTalOTCSA OTBETHI HA JIOMOJHUTEIbHBIE BOIPOCHI, KOTOPHIE
4acTO BO3HUKAIOT Y 9K3aMEHATOPOB MPU MPOCTYIIMBAHUHN OTBETOB CTYJICHTOB.

[TocoOue BKIIOYAET MpEIUCIOBUE, IECTh I1aB, pa30UTHIX Ha Haparpadsl,
3aKJIFOUYEHHE, CHUCOK JTUTEPATYPHI.

[Ipy Hanucanun y4eOHOro ™OCOOMS UCIHOJIB30BAIMCH JIEKIMH (B
YaCTHOCTU, COXPAHMUBIIMECS PYKOMMCH TIO YHCIOBBIM U (PYHKIIMOHAIHHBIM
psoaM), MpPOYUTaHHbIE NpeKpacHbIM mnexarorom ['eHHamuem ApKaabeBHUEM
CMUpPHOBBIM B TIOCIAEAHUE TONBl €ro >Ku3Hu. CTPYKTYpHO BBIBEPEHHBIE,
W3JI0KEHHbIEC TOHATHBIM U YETKUM SI3BIKOM, 3TH JICKIUU SBUJIUCH ISl aBTOpA
nmocooust 00pas3IoM NeJarornuyeckou AesiTeIbHOCTH.

[Tocobue mOAPOOHO W JOCTYIMHO OCBEIIAET MaTepuaig 10 TeMaM
«HucnoBeie Panp», «DyHKIMOHANBHBIE psiibl», «CTENEeHHbIE PAIbD, «Psabl
Teunopa», «Pamnpl Dypbe», HU3y4aeMbIM HA 3aHATUAX IO JUCIUILIMHE
«MareMaTHuuecKuid aHaliu3» B IEPBOM CEMECTPE BTOPOTO Kypca Ha
MateMatnyeckoM ¢akyibreTe (Hanpasienue 01.03.01 «MaremaTtukay, npopuim
«IIpenonaBanue mareMaTuku W uHPoOpMaTUKU» U «DyHIaMeHTaIbHAs W
NpUKIaaHas mMarematukay; cneuudansHocth  10.05.01  «KommnbrotepHas
0e3omacHOCTh» cO crenuanuzanuein «MaremaTuueckue METObl  3allUThl

uHGOpPMALIIN).
Jucouniaraa «MaTeMaTHYeCKUM aHajii3» OTHOCHUTCS K 00s3aTeabHOU
gyacth Omoka 1 ydeOHOro mJjaHa — K JUCHUIUIMHAM, (HOPMHUPYIOIIUM
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YHHUBEpCaJbHbIE U OOIIEIPOPECCHOHANbHBIE KOMIIETEHIIMH, IO HalpaBICHUIO
moaroroBk  01.03.01 «Marematukay wu 1o coemuanbHoctr  10.05.01
«KommwrotepHas Oe3omacHOCTh». [Ipemnaraemoe ydeOHOE TocoOME MPU3BAHO
IIOMOYb B PELIECHUH 337]a4 B COOTBETCTBUU C (peepalbHBIM I'OCYJapCTBEHHBIM
00pa3oBaTeNbHBIM CTAaHAPTOM BhICIIEr0 00pazoBaHus. B pesynbrare usydeHus
JUCHMIUIMHBL O0ydYaromuecss OJDKHbI HMMETh 0a30Bble 3HaHUS B 00JIaCTH
(GyHIaMEHTaJIbHON MaTEMAaTUKH, YMETh (DOPMYJIMPOBATh U 10KA3bIBATH TEOPEMBI,
CaMOCTOATENIBHO PEIATh KJIACCUYECKHE 33/1a4i MAaTEMAaTHKH, BJIaJIE€Th HABBIKAMU
IPAKTUYECKOIO HCIIOJIb30BAHUSA MAaTEMAaTUYECKUX METOAOB IpU aHaJIM3e
pa3IUYHbBIX 33/1a4, IPU 3TOM CTYIEHTHI JTOJKHBI OBITh CHOCOOHBI OCYIIECTBIISIT
0TOOp TEOPETUUYECKOTO U MPAKTUYECKOr0 MaTepHasa, peliarh TUIIOBBIC 33]Ja41 B
pamMKax npoQeccuOHaIbHOMN 1eATEIbHOCTH, UCIIOJIb30BATh PA3JIMUHBIE METO/IbI U
NpUEMBI pEIeHUs 3a7a4 MPOPECCUOHANBHON JEATEIbHOCTH.

Taxxe mocobue mMo3BoIUT CHOPMUPOBATH U Pa3BUTh Y 00yUaAIOUIUXCA 1O
Hampasienuto 01.03.01 «MaremaTuka» 00IENPOPECCUOHATBHYIO KOMIIETEH-
nuto OIIK-1 «CriocoOeH npuMeHATh (PyHIaMEHTAIbHBIE 3HAHMS, IOJyYEHHbIE B
o01acTh MaTeMaTU4ecKuX M (WJIM) €CTECTBEHHBIX HayK, U HCIOJIb30BaTh HUX B
po(EeCCUOHANIBHON JIESITENIBHOCTUY», a y OOyYarolmuxcsl MO CHEeHUaTbHOCTH
10.05.01 «KommbrorepHas 6€30macHOCTE» — 00MIEeTPO(HECCHOHAIBHYIO KOMIIE-
teHiuio OIIK-3 «CrnocobeH Ha OCHOBaHMHM COBOKYMHOCTH MAaTE€MaTHYECKHX
METO/I0B pa3padaTbiBaTh, 00OCHOBBIBATH U PEAIM30BBIBATH MPOILEAYPhI PEILICHHUS
3a71a4 Mpo(ecCrnoHaAIbHON e TEIbHOCTI.

Asmop nocobus evipadxcaem 2nyo0Kyil0 01a200apHOCMb 3a yuacmue U
NOO0EPIUCKY 8 NOO20MOBKe U ONYOIUKOBAHUU OAHHO20 NOCOOUS KaHouoamy
Qusuro-mamemamuiecKux Hayxk 0OyeHmy Kagpeopvl Mmamemamuiecko2o aHaiu3da
Onvee Eseenvesue bapanosol.



I'JIABA |. YUCJIOBBIE Ps/1bl

§ 1. IlonsiTHe YK CJI0BOTO pPsiia U ero cymmbl. Heo0xoanmblid
MPU3HAK CXOJAUMOCTH YUCJIOBOI0 psiaa

Onpeoenenue 1. 1lycTh naHa nocieaoBaTEeIbHOCTh KOMIUIEKCHBIX YHMCET
Z1,Z7, ey Zy, ... . CAMBOJ BUJIQ

Zy + Zyt. .zt Zn 1Zn (1)

HA3bIBAIOT YHUCJIIOBBIM PSIJIOM.

Yucna z4, Z5, ..., Zy, ... Ha3bIBAIOT NIEPBBIM, BTOPBIM U T. JI. YICHAMH PsJa.
BripaxkeHue z,, Ha3bpIBatOT N-M WM OOLIMM YJIEHOM pPsija.

3aMeTuM, 4TO B onpeaesieHuu | uucna z4, Z,, ..., Zy, ..., B Y4CTHOCTH, MOTYT
OBITH JIEHCTBUTEILHBIMU.

Ipumepst

1.1 +%+—+...+%+ e 06H1HﬁquHpHIIapaBeHZn =%

2 () 12 = ()"

31+2+4+3+...4n+ ...;z, =n.

4. Zn 1( 1)71 1(2+31) : _( 1)11 1(2+31) .

10 10
[Tycth man psan (1). Obpazyem nociaea0BaTeIbHOCTh YHCEI
Sl = Zl;
SZ =7 + ZZ;

S3=Zl+Zz +Z3;

STL =27 + Z2+...+Zn;

[TocnemoBaTenbHOCTh  {S,,} HA3BIBAIOT  MOCJIEAOBATEILHOCTBIO  YACTHBIX
(yactryHbIX) cymM psaa (1).

Onpeoenenue 2. Ecnu mocaeq0BaTeIbHOCTD YacTHBIX cymM {S,} psaa (1)
SIBIISIETCS cxoasmeiics, To psaa (1) Ha3pIBaOT CXOaAIIMMCS, a uucio S = limS,, —

n—-o0

€ro CyMMOHM.

B ciyyae BbIMOIHEHUS ONpeieNieHus 2 UCTIONIBb3YIOT 3aMUCh

S=z1+2z,+... 4z, +...= Y0127,
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Ecmu mocnemoBatenbHOCTh {S,} pacxoautcs, To psa (1) HaspIBaroOT

PaCXOISIIIUMCHL.
IMpumepsbi
Tl4+—d—t.. +—
1-2 2:3 (n-1)n
1 1 1
3aMeTHhM, 4TO = ——n=2,3, ... Torma
(n-)n n-1 n
S, =1+ 1 + 1 + -+ 1 =
n 1-2 2-3 (n—Dn

“1e (1= oD e (D) - 2

: : 1
limS,, = lim (2 — —) =
n—o n—oo n
Pspn cxonures u ero cymma paBHa 2.

1
(n-)n

2=1+—+—+...+
1-2 2-3

2.1+24+3+...+n+ ...

S, =1+2+3+...+n= n(n;l), limS,, = +o0. Panx pacxonurcs.

n—-oo

31-1+1-1+1-1+ ...

1, eciit n He"yETHOE
5==L5=om==ns=o;”5={' ¢ g
1 2 3 4 " 7 0, eciu n yéTHOE
[penena {S,} He CyWECTBYET, PSI PACXOIUTCS.
3ameuanue. VITak, BUINM, YTO €CIM JaH P

Z1+Z2+...+Zn+...=2?i=1zn,

1)

TO €My B COOTBETCTBHE CTABUTCS MOCIIEIOBATEIBHOCTE {S,}, TIC S,y = Yiiq Zk,

CXOJIMMOCTh KOTOPOU M3y4aeTcsl.

OO6paTHO, eCITH 1aHa TOCIIEA0BATEIBHOCTD {S;, }, TO MOKHO IIOCTPOUTH DS/,
YaCTHBIMM CYMMaMH KOTOPOro OyIyT WiICHBI HOCIeAoBaTeabHOCTH {S,}. DTOT

psiI UMEET BUJ
Sl + (SZ - Sl) + (53 - 52)+ +(STL - Sn—l) + sen s

Takum O6p330M, CTAHOBHUTCA IMOHATHBIM, 4YTO TCOPHUA PAAOB €CTb HMHAasd

dbopma Teopur Mocaea0BaTeIbHOCTEN.

U3 OMpCACICHHA CXOAUMMOCTHU psJia BBITCKACT HpOCTOfI PE3YIIbTAT.

Teopema (HeoOxogumoe ycjioBue cxogumocTu psiga). Ecim psag (1)

CXOIUTCS, TO IPU N — o0 OOLIUH YIIeH psiaa Z, CTPEMUTCS K HYIIO.



Jloxazamenvcmeo. Ilycte psg (1) cxomurcs. Torma B MPEKHHUX
0003HAaYEHUAX UMEEM
limz, = lim(S,, — S;,—1) = lim§,, — limS,,_; =S-S5 =0,
n—oo n—-oo n—-oco

n—oo

4TO ¥ TpeOOBaJIOCh JOKA3aTh.

3ameuanue 1. Teopema BBIpakaeT HEOOXOIWMBINH TPHU3HAK CXOJAUMOCTHU
psina. I3 HETO BBITEKAET, UTO €CIM OOIINI YiIeH psaa IPH N — o0 HE CTPEMUTCS
K HYJIIO, TO PSIT PACXOIUTCH.

IIpumepsI

1. 1+2+3+...+n+ ... O0mwmil wieH psnga z, = n — o (a 3HAYUT
HE CTPEMUTCS K HYJIO), CJIEI0BATEIBHO PSJT PACXOIUTCSI.

2.1-1+1—-1+1-1+ ..., z,=(—1)""! me crpemurcs K Hymo

IIpu n — oo, CJICAOBATCIIBHO PAI paCXOaAUTCA.

3ameuanue 2. HeoOXOaUMBIA MPU3HAK CXOJSIIETOCSA psAlla HE SIBISICTCS
JIOCTATOYHBIM, TO €CTh DS C OOIIMM HWICHOM, CTPEMSIIMMCS K HYJII0, MOXET
PaCXOUTHCH.

Ipumep
PaccmotpumM psim Y- \/_ =1+ \/_+ \F+ .+ \/_+ . 3ameTuM, YTO
znzx/%ﬁOannﬁoo.I[aﬂeeS —1+\F+\/_+ +F2n7_ Jn , u Tak

KaKk Vn —> oo npu n - o, T0 U S, > 0 npu n — . TakuMm 06pazom, psn
pacxonurcs.

B 3axnroueHne pacCMOTPUM BaXKHBIM B TEOPUM PSIOB IIPUMEDP YHUCIOBOTO
psna.

PaccMOTpuM reoMeTpru4eCcKy o IIPOrpPECCUI0

2 -1
a,aq,aq”,...,aq" -, ...,

rae a # 0, ¢ — xommuiekcHble uncna. Obpazyem psif
a+aq+aq*+...+aq"t +

DTOT psAz 0OBIYHO HA3BIBAIOT CYMMOM T€OMETPUYECKON mporpeccuu. BrisicHuM,
KOTJIa 3TOT PSIJ CXOTUTCH.

SIcHo, uto eciu |q| = 1, To psia pacxoautcs. JIeCcTBUTEILHO, pACCMOTPUM
oOmmii unen paga z, = aq™l. Hmeem |z,| =|al|lq|* ! = |a|. Tak kak
la| # 0, 10 |z,,| HE cTpeMUTCS K HYJIIO MPH N — © U, CIAEI0BATEIbHO, Z, HE
CTPEMHTCS K HYJIIO IIpU N — 0. TakuM 00pa3om, B CHIy HEOOXOMMOTO IPU3HAKa
PST PACXOUTCA.



IMIycte Temepp |gq| < 1. B »toM cinydae lim|g"| = lim|q|™ = 0,
n—o0 n—ooo
cienoBareasHo, limg™ = 0. [anee
n—-oo
S, =a+aq+aq*+...+aq™ 1,
S,q =aq + aq*+ aq®+...+aq".

Berutem u3 nepBoit cymmsl BTopyto. [loayuum S, (1 — q) = a(l — q™), otkyna

_a(l-q"
n — 1_q '
. . a a a
Torma limS,, = lim (— — —qn) = —
n—w n-ow \1-q  1-q 1-q

Urak, ipu |q| = 1 psin pacxomutes, a npu |q| < 1 psin cxomutes u

ﬁ=a+aq+aq2+...+aq”‘1+

§ 2. HekoTopsle npocTeliine CBeJIeHUS 0 PAAAX

1. Kpurepuii Komu cxoqumMocTn YucaI0BOro psiga
IlycTh maH psan

Zl+Z2+...+Zn+ ey (l)

U ycTh {S,,} — mociie0BaTeIbHOCT €ro YacTHhIX cyMM. CxoaumocTs psia (1)
PaBHOCHJIbHA CXOJMMOCTH MOCJeA0BaTeNbHOCTH {S,}. MbI 3HaeMm, 4YTO BO
MHO>KECTBE KOMIUIEKCHBIX YHCEN BBIMONHsAETCA KpuTepuit Komru, Tak kak 310
IONHOE MeTpudeckoe mpoctpanctBol. Torma mna cxommmoctu psga (1)
HEOOXOIMMO M JOCTATOYHO, YTOOBI

Ve > 03N =N(e) VnVm ((n > N)A(m > N) = [S,, — S,| < s).

B sTOM cooTHOmIEHNH N U M — JIOOBIE HATYpaJbHbBIE YHCIA, TIOITOMY MOKHO
Bcerga cuutratb m >n. Torma S, — S, = Zpy1 + Zpax +...+ 2y, 1 A
cxoauMocTH psna (1) HeoOX0aUMO U JJOCTATOYHO, YTOOBI

Ve>03IN =N(e)VnVm ((m>n>N) = (|zy41 + Znyot+ ...+ 2| < €)).

[Tonaras B moclieIHEM COOTHOIIEHUHW M = n + p, rae p = 1, nomydaem
YTBEPXKICHUE.

Teopema (kpurtepuii Komm cxogumMocTH umcjaoBoro psiaa). /Jus
cxouMocTH psana (1) HeoOX0AMMO U TIOCTATOYHO BBITIOJIHEHHS! COOTHOIIECHUS

Ve > 03N (e)VnVp (((n >N)A(p=1) = (|zn+1 + Zpiot. . HZpip| < e))

! Tony6es A.A., Cyerun B.JIO. Bpenenne B anamm3. — Teps: TBep. roc. yH-T, 2007.
—C. 61-64.



2. Ocrarok psiga

Ilycte nan psaa (1). Pukcupyem MpOU3BOJIIBHOE HATYPAIBHOE YUCIIO N H
0TOpOCUM N NEpBBIX WwieHa psaa. [Tomyuum psin

R,=zpi1+zZpo+...+ 2 + vy

KOTOPBIM Ha3bIBAIOT OCTATKOM (UJIK PSAIOM-0ocTaTKOM) psiaa (1).
Ilycte S, = Zpyq + Zpyp + ...+ Zyy — YaCTHAsA CyMMa pSAA-OCTaTKa, a
S, —uacTHas cymma psja (1), mpuaém p = n + k. Torna

Sy =21+ Zy+ ...+ 2y + Zyyg+ oo ¥ Zyyp = Sp + Sy

SIcHO, 9TO p — 00 TOTAA U TOJIBKO TOT/IA, KOraa k — oo,

13 pasenctBa S, =S, + S5, caenyer, 4ro cxomumocTh psga (1)
HKBUBAJIEHTHA CXOJUMOCTH €r0 pssia-ocTarka. TakuM o0pa3oM, CXOAUMOCTb UM
pPacxoAMMOCTb psijia HE HAapyIIAeTCs IPU OTOPAChIBAHUU HECKOJBKUX MEPBBIX €r0
YJIEHOB. DTHUM OOCTOSITEIbCTBOM MbI OYJIEM 4acTO MOJIb30BATHCA.

ITpu 3TOM cymMMa S CXOJIIETOCsS psiia paBHa CyMME CYMMBI S, (CyMMBI
0oTOpachIBaEMBIX YICHOB) M CYMMBI S psina-ocratka: S = S, + 5.

Jlasnee, mycThb P Yip—q Zn, CXOMUTCS K cyMme S. Torma MOKHO HamucaTh

— 0 — n 0 —
S = Xk=12k = Lk=12Zk + Xk=n+12k = Su + Ry.
Orcroma R, =S —S5,, >S5S — S5 = 0 npu n - oo. Utak, ¢ Bo3pacTaHueEM HOMEPA
OCTATOK CXOJISIIIIETOCS Psi/la CTPEMUTCS K HYJIIO.

3. YMHoOxxeHuUe psiia Ha uyncao. Clio:keHue M BbIYUTaHHue PSAI0OB
Teopema 1. [lycTh 1an cxoasuuiics psa
S=z;+z,+...+z, + .. (1)
u M — HeKoTOpoe KoMIUIeKcHOe unciio. OOpazyeM HOBBIM sl
Mz +Mzy+ ...+ Mz, + .... (2)
Torna psin (2) cxonurcesa k cymme MS.

Jokazamenvcmeo. O603HauUM uepe3 S, N-10 yacTHyr cymmy psaa (1), a
uyepe3 S;, —N-1o gacTHyro cymmy psaa (2). Tak kak psin (1) cxoaures u ero cymma
paBHa S, TO

lim S;, = lim(Mz; + Mz,+ ...+ Mz,) = Mlim (z; + z,+ ...+ z,) =
n—->oo n—-oo

n—->oo

= MlimS, = MS.

n—oo
To ectb pan (2) cxonuTcs u ero cymma paBHa MS.
Teopema 2. I1ycTh HaHBI CXOAAIIUECS PAOABL S = Y1 Zp U S' = )71 Z;,.
Torpa psin Y- (z, * z,,) cxoaurcs u ero cymma pasHa S + S’

9



Hokazamenvcmeo. O0603HauuM dYepe3 S, N-I0 YaCTHYIO CyMMy psa
Yim=1Zn, a 4epe3 S;, — N-I0 YaCTHYIO CYMMY PSIJa Y.—q Zy. 1Or/a N-s1 yacTHas
cyMMa psiaa Y —1(z, + z;,) paBHa

Sp=2k=1(Znt2zp) = Xko1Zn £ X120 = S £ 5y,

lim §) = lim (S, +5;) = limS,, + limS,, =S+ §".
n—oo n—-oo n—oo

n—oo

Takum obpazom, psa Y= (2, + z,) cxoaurcs k cymme S + S'.

4. CBa3b MEKAY psaaaMi ¢ KOMIIJIEKCHBIMHA H AEUCTBUTEIbHBIMHM YHCJIAMH

HyCTB AaH psAd ¢ KOMIUICKCHBIMHA YJICHAMU

Zi+z+ ...tz + ., (1)
e z, = a, +ib,,n =1, 2, .... O6pa3zyeM psabl U3 JeHCTBUTEIHHBIX U MHUMBIX
yacte uieHoB psaa (1)

a, +a,+...+a,+ ..., (3)

b, +b,+...+b, + ... . (4)

Teopema 3. [Ins Toro utoObl KoMIUIEKCHBIN psia (1) cxomwics Kk yucity
S = A + iB Heo0X0IUMO U I0CTaTOYHO, YTOOBI JeUCTBUTEIbHBIE PSbI (3) u (4)
CXOOWINCH K ynciiaM A U B COOTBETCTBEHHO.

loxazamenvbcmeo. Ita TeopeMa BHITEKAET U3 PABEHCTBA

Z1+Zz+...+Zn=a1+a2+...+an +l(b1+b2++bn)

U W3BECTHOIO YTBEP)KIACHMS O CBS3M Ipelena  IOCIeA0BATEIbHOCTH
KOMIUIEKCHBIX YHUCEN C MpeJeslaMUd PeallbHbIX U MHHUMBIX 4acTed (T€OopeMbl O
MOKOOPJAMHATHON CXOIUMOCTH).

Teopema 3 roBOpUT O TOM, YTO U3YYEHHE PSAOB B OOIIEM BHUJE MOMXKHO
CBECTHU K U3YUYEHUIO PSAJIOB C ICUCTBUTEIBHBIMU YJICHAMM.

§ 3. HpI/I3HaKI/I CPpaBHCHMUS IMOJOKUTC/IBHBIX PA/IOB

Ecnu nan kakoi-nmOo psil, TO SBISETCS Ba)XKHBIM YCTaHOBJIEHHUE (akTa
CXOJAMMOCTH WJIM PACcXOAUMOCTH JaHHOTO psga. IIpuMeHeHue jisg >STOro
kputepust Komm, kak mpaBwio, 3aTpyaHUTENbHO. [loaTOMy KelaTelbHbIM
SBJIICTCSI BBIICHCHHE YNOOHBIX Ha TMPAKTHKE MPHU3HAKOB CXOJIMMOCTH PSJIOB.
PaccmoTpeHue Takux MpU3HAKOB Mbl HAUHEM JIJISL PSIAOB C JEHCTBUTEIBHBIMU U
HEOTPUIATEILHBIMU YJICHAMH.

Psan

a,+a,+...+a,+ ... (1)

OyJieM Ha3bIBaTh MOJIOKUTEIBHBIM, ecu a, = 0, n =1, 2, ....
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HaynéM ¢ mpocToro BCroMorateabHOTO IPeIsIOKEeHHUS.

Teopema 1. Jlns Toro utoObl monoxkutenbHbIN psn (1) cxomwmcs,
HEOOXOMMO W JOCTATOYHO, YTOOBI IMOCIEI0BATCIBLHOCTh {A,} €ro YacTHBIX
CyMM ObLlIa OTpaHUYEHA CBEPXY.

Jloxazamenvcmeo. 1. Heobxooumocms. CXOIUMOCTh psiia  €CTh
CXOJIUMOCTh TIOCJIEIOBATEIBHOCTH €ro 4acTHhIXx cymMM. Ho cxopsmasics
MOCJIE0BATEILHOCTh OTPAHUYCHA.

2. Jlocmamounocms. J1J1s NOIOKUTENBHOTO PpsJia MOCIEA0BATEIbHOCTh €T0
YaCTHBIX CYyMM, OYEBUTHO, SIBISICTCS HEYObIBAOIIEH

Ay <A< . <A, <
Econ xe IMOCJIICA0OBATCIIbHOCTD {An} OIrpaHu4YCHa CBCPXY, TO IIO U3BECTHOU
TCOPEMC OHA UMCECT IIPCACII. TeopeMa JOKa3aHa.

Teneps pacCMOTPUM MPU3HAKKU CPABHEHUS PSJIOB.
Teopema 2. [1lycTb 1aHBI OJOKUTEIBHBIC PSIbI

Yn=10n 1)

Yn=1bn, (2)
u a, < b, nns Bcex N. Torma u3 cxoguMocTH psaaa (2) ciuemayeT CXOAUMOCTh psijia
(1) (To ectpb U3 pacxoaumoctu psaa (1) cieayer pacxoauMocTh psa (2)).
Hokazamenvcmeo. Ilycts A, = g1 Qx, By = Yiji=1 by — YaCTHBIC CYMMBI
psnoB (1) u (2) coorBercTBeHHO. Tak Kak a,, < b, g Bcex N, TO U
A, < B, 3)
IS BCex N.
ITycte limB,, = B (psx (2) cxomurcst k cymme B). Tak kak {B,} —
n—o0

HEeyOBIBaIoIIasi MOCIE0BATENBHOCTD, TO B, < B s BCeX N U U3 HEPaBEHCTB
(3) BBITEKACT, YTO

A, <B

115t Beex n. Torna u3 teopeMsl 1 ciienyet cxonumocts psaaa (1).

ITyctb psin (1) pacxonurcs. JlokaxkeM pacXouMOCThb psjia (2) METOJIOM OT
npotuBHoro. IIpeanonoxum, yto pan (2) cxoautcs. Torga u3 paccyKIeHHH,
MPOBEAEHHBIX BBINE, 3akiaoyaeMm, uto psax (1) cxomurcs. Ilpunum  k
npotuBopeurto. Toraa Haile mpeAnoaoKeHue HEBEpHO U pAll (2) pacXoauTcs.

11



IIpumepsbi
1. UccnenoBarh Ha CXOUMOCTD PSJT
1,1 1
1+2—2+3—2+...+ F-F

PaccmoTpum psg

1
ot

1+-=+—+..+
1-2 2-3

KOTOPBIN, Kak ObLI0 1Moka3zaHo B § 1, cxoaurcs. OueBUIHO, UTO
1 1

n2 (n—-1)n

n=273 ...

Toraa no AOKa3aHHOW TEOPEME UCXOIHBINA P CXOIUTCS.

2. UccnenoBath Ha CXOUMOCTD DS
tg 1 +tg%+tg71§+ ...+tg\/iﬁ+ -
CpaBHUM 3TOT psiA C pAIOM

1 1 1
1+ﬁ+ﬁ+"'+\/_ﬁ+ -

o 1 1 o
KOTOPBIN pacxoauTcs. Tak kak tg\/—ﬁ > 7> TO MAHHBIH P PACXOAUTCS.

N3 nokazaHHOW TEOpEeMbI BBITEKACT MPEACIbHBIN NMpPU3HAK CPaBHEHUS
PSAIOB, YIOOHBIN Ha MPAKTHKE.
[IpeaBapuTebHO BBEIEM MPOCTOE MOHATHE.

Psan a; + a,+ ...+ a, + ... OyiaeM Ha3bIBaTh CTPOTO MOJIOKUTEIHHBIM,
ecnu a, > 0 s Bcex n.

Teopema 3. IIyCTh 1aHBI CTPOTO MOJOKUTEIBHBIE PSIABI

Yin=10n (4)

Yn=1bn (5)

ulim = =1 rae 0 < | < 4o0. Torna psabl (4) u (5) cxomsITCS WA PacXOATCs

n—oo Un
OJIHOBPEMEHHO.
Jloxaszamenvcmeo. Ilycte € — uymcino, Takoe, uto 0 < e <![l. B cuny
OIpEJICJICHUS TIpeIea

EIN:N(e)Vn(n>N:>l—e<Z—:<l+e).
Torna
(l—e)b,<a,<(+¢e)b, (6)
nmpun > N.

12



Ecnu cxoautest psif Y- by, TO B CHITy TEOPEMbI 00 YMHOKEHHUH psijia Ha
YUCI0 CXOAMTCA H  psaag Ym—1(l +€)b,. Ho Torma mo Tteopeme 00
OKBUBAJICHTHOCTH CXOJMMOCTH psJla M €ro OocTaTka CXOJIUTCS psiA
Y _ni1(l + €)b,,. U3 HepaBeHCTB (6) ¥ TeopeMbl 2 CIeAyeT CXOAMMOCTh psja
Y _N+1 n, CICIOBATENBHO, U PAIAA Yo q Ay

AHANIOTHYHO, €CITU CXOIUTCS PSIA Yp—q An, TO W3 HEpaBeHCTB (6) u

TEOPEMBI 2 CXOAUTCS Pl Ym—pn+1(l — €)b,. YMHOXUB NOCTAEIHUI psAa HA é,
HOJyYaeM CXOMSIIUICS PSIT Y = n+1 Dy TOTAA CXOAUTCS PSI Yy Dy .
IMpumepsi
1. UccnenoBath Ha CXOIUMOCTD PSifl

sin1 +sin%+sin%+...+sini+

V2 V3 Vn

CpaBHuM psif ¢ pacxomsamumcs paaom 1 + iz + % +...+ in + ...

V2 3 Vn
.1
. smﬁ o
Tak kak lim —*—= = 1, To 1aHHBINA Pl PACXOIUTCS.
n—-oo ﬁ

3amMeTuM, 4YTO B TOM IPUMEPE HEMOCPEACTBEHHO TEOPEMY 2 NPUMEHUTH

.1 1
HEJIb34, TAK KaK SIn =< —..
’ Vn o n

1
o0
2. UccreoBaTh Ha CXOAUMOCTbD PSIIT Y p—1 tg pre

1
w ~
CpaBHUM P C  PSIIOM Y=g >n» KOTODBIH  CXOMMTCH. Tak kak

1
N - o
lim —*= = 1, To JaHHBIN PST CXOIUTCS.

n—->oco Z_n

3ameuanue. Ecnu B ycnoBusix Teopemsl [ = 0, TO MOKHO YTBEPKIaTh, UYTO
U3 CXOJUMOCTH psja (5) ciaeayer cXoauMocTh psna (4). JledcTBUTeNnbHO, eciu

a a
b—” — 0 mpu n — o, TO, HAYMHAS C HEKOTOPOrO0 HOMEPA, b—” < 1, cinexoBaTeIbHO
n n

a, < b,. lanee pabotaeT Teopema 2.
Ecnu xe B ycnoBusix teopembl | = 400, To U3 pacxogumoctu psaa (4)

o a
cleayeT pacXxoauMocTh psaja (5). JlelcTBuTenpHO, eciu b—" — 400 IPU N — 00, TO
n

a
C HCEKOTOpOro HoMepa b—"> 1, wm a, > b,. Jlanee BHOBb TpHUMEHSIEM

n

Teopemy 2.
§ 4. llpusnak JlamamOepa cXxoquMOCTH
CTPOIo MOJOKUTECJIBHOI'O psaaa
Teopema 1. Ilycte ) —;a, — CTPOro MOJOXKHUTEIbHBIA psaa. Ecmou

Hainércs unciao q € (0; 1), Takoe, YTO HAUYMHAS C HEKOTOPOro HOMepa OyaeT

13



a
BBITIOJTHATHCS HEPaBEHCTBO D, = =1 < g, TO pSI CXOIUTCSA, €CIH KE C
n a 9

n

an+1

HEKOTOpOro Homepa D,, = > 1, TO psAx pacXOIUTCH.
p pa Uy paxp

n

oxazamenvcmeo. Iyets D, = 2 < g < 1npun > N. Torna
y n . q p

an+2 an+3 AN+k+1

M2 < g, <q,.. 2og ...

aN+1 an+2 aN+k
a

[TepeMHOXkast 3TM HEPABEHCTBA, MOJTYUYUM: Z“L—k“ < qk, k=12, ..., oTkyna
N+1
k
AN+k+1 < q AN+1- (1)

Paccmotpum psiibt

ANtz T Ant3 T Ayyg + ey (2)

ay+19 + aN+1q2 + aN+1q3 + ... (3)

Pan (3) cxomuTcs Kak psA-CymMMa TE€OMETPHUYECKOW MPOrpeccuu co
3HamenarenieM 0 < g < 1. Torma u3 HepaBeHCTB (1) B cuiay npu3Haka
CpaBHEHUS ClieayeT, 4To psj (2) taxke cxoautcs. Ho psi (2) ecTh psin-ocTaTok

UCXOJHOTO psiia. Takum 00pa3om, CXOAUTCS PSI Y=g A -

An+1

ITycte Teneps D, = =1 npu n > N. Orcroga a,,q = a, > 0 npu

n

n > N. Unensl psjga He yOBIBAIOT, a CIEIOBATEJIbHO, OOIIMN WIEH psga He
CTPEMHUTCS K HYJIIO, U Pl PACXOIUTCS.

Ha nmpaktuke wamie ynoOHee MPUMEHSITh NPEACIbHBIM MpPU3HAK
Janam6Gepa.

Teopema 2. IlycTb JaH CTPOro IOIOKHUTEIBHBIA PO Yoy Ay, U IIyCThH

) o . a
CYIIIECTBYET KOHEUHBIN NN OeCcKOHeUHBIH ipenen D = lim Z—“ Ecru D < 1, 10
n—oo n

PAIl CXOAUTCH, eciv ke D > 1, To psall pacXoauTes.

Jloxazamenvcmeo. 1. Ilycts D < 1. BribepeM mpou3BOIIBHOE YHUCIO (
takoe, uto D < q < 1. Torga wnaiinercs N takoe, yto npu n > N BeaU4YHHA

a
D, = Z“ < q < 1 u, cnenoBarenbHO, P CXOAUTCS MO Teopeme 1.
n

2. Ilycte D > 1. Torna ANVn (n >N = o > 1) ¥ 10 Teopeme 1 psn

an
PacxoauTCs.
3ameuanue. B Teopeme 2 Huyero He roopurcs o ciydae D = 1. B stom

Cllydae psI MOXET CXOIUTHCSA, MOKET M PACXOAMTHCS. PacCMOTPHM PSIbI
1 1 y
Zﬁﬂ\/—ﬁ uYo_q —- Jlerko mokasats, 4ro s 5tux panos D = 1. Ilepsbiii psix

pacxoauTcH, a BTOpOﬁ CXOOUTCA.
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IIpumepsbi

n!

1 . .
1. Y74 ~ Tak kak D = lim = lim—=0< 1, TO psix cXOaUTCS.

n—ow (n+1)! n-ooon+1
| (n+1)!
n! . en¥l . n+1
2. Y2 1—. Tak xak D =lim=>5—=Ilim— =400 >1, 10 pin
5n n-oow — n-oowo 5

sn

pPacxoauTc:.

§ 5. BepxHuii 1 HHKHUH NPe/iesibl MOCJIeA0BATEIbHOCTH
NefCTBUTEJIbHBIX YHUCEJ

[Tycts {x,} — mocnen0BaTebHOCTD ACHCTBUTEIBHBIX YHUCEIL.

Onpedenenue 1. UYucno a HaspBaeTCcd IMPEACIbHOM  TOYKOU
MOCIIEIOBATEIBHOCTH  {X,}, ecnu B 000N OKPECTHOCTH @ HAXOIUTCS
0eCKOHEYHO MHOTO WICHOB {X,, }.

W3 onpeneneHus BRITEKAET, YTO €CIIM @ — TMPeeibHas TOUKa I {X, }, TO
CYIECTBYET MOANOCIIEN0BATENBHOCTD {Xy,, } TAKas, 4TO ]lci_r){.loxnk = a. O4eBUaHO,

BEPHO M 00paTHOE: eCliu {X,,} COMEPKUT CXOISIILYIOCS MOIIOCIIECA0BATEIBHOCTh
{xn,}, 0@ = Il{im Xp, — TIpEeebHAs TOUKa U {X;, }.
—00

Teopema 1. OrpannueHHas MOCIEA0BATENBHOCTD IEUCTBUTEIBHBIX YUCEN
UMEET CaMYI0 IIPABYIO U CaMyIO JIEBYIO IIPEIEIbHBIE TOUKH.

Hoxazamenvcmeo. Ecnu {x,} — orpaHuueHHas TMOCJIEAOBATEIBHOCTh
JIEUCTBUTEIBHBIX YUCEN, TO IO U3BECTHOM TeopeMe bonbiiano — Beiiepitpacca
U3 HEE MOKHO BBUIENUTH CXOJALIYIOCS MOANOCIEN0BATENBLHOCTE {Xy, }. Torma

a = limx,, — npenenbHas TOUKa MOCIENOBATENLHOCTH {X,}. Takum oGpasom,

k—oo

{x,} uMeeT x0Ts ObI OJTHY TIPEICTBHYIO TOUKY.

[Tycth E — MHOXECTBO BCEX MPENEIbHBIX TOUeK s {x,}. MHOx)ecTBO E
HE SBJIAETCA MYCTBbIM. SICHO, 4TO E — OrpaHUYEHHOE MHOKECTBO, IIOCKOJIbKY B
IPOTHUBHOM CTydae MOCIeA0BaTeIbHOCTD {X,, } Obl1a ObI HeorpaHHueHHOM. [TycTh
a = sup E. Takoe 4ucno CymecTByeT IO TEOpeEME O CYLIECTBOBAHWM BEPXHEU
I'PAHU OTPAHUYEHHOTO YUCIOBOTO MHOKECTBA IEHCTBUTEIBHBIX Uyncell. Ecinu Mbl
HoKaxkeM, 4to & € E, To a 1 OyeT caMoii IpaBoii IpeIeIbHOM TOUKO#M st {x,, }.

3agaaumcs npou3BosibHBIM € > 0. [Io cBOWMCTBY BEpXHEHN I'paHU

A EE(a—e< B < ).
Tak kak f — npenenbHas Touka st {x,, }, To npu mobom 0 < § < B — (@ —¢€) B

okpectHocTH (f — §; 8 + &) Oyner 6ECKOHEYHO MHOTO YIEHOB IIOCIIEI0BATEb-
Hoctu {x,, }.

oa—& a+e

(BN
.\ ]
p—0 B+0O

T~ |
——
Y
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Torma u B €-OKPECTHOCTH TOYKH  OyJeT OECKOHEYHO MHOIO WICHOB {x,},
3HAYUT (¢ SIBJIIETCS IPEICIIBHOM TOYKOW ITOCIENOBATENILHOCTH {X,}, TO €CTh
a €EE.

AHAJIOTHYHO JOKAa3bIBACTCS CYLIECTBOBAHME CAMOM JIEBOW TOYKH JJIs
MHO>KecTBa E.

3ameuanue. Ecnu mociemoBaTeNbHOCTh {X,} HE OrpaHMyYcHa CBEPXY
WIA CHU3Y, TO MHOXeCTBO E TMpemenbHbIX TOYCK {X,} MOMKET OKa3aThCs
OyCTBIM, YTO BHAHO u3 ciaexyromux mnpumepos: 1) {n}=1{1,2,3,...};
2){—n}={-1,-2,-3,...}.

OnHaKo, KaK cleAyeT U3 J0Ka3aTeIbCTBA TCOPEMBI, €CIIM MHOXKECTBO E He
SBJISICTCS IYCTHIM, a MOCIEI0BATEIbHOCTD {X,,} orpaHrucHa CBEpXy (CHHU3Y), TO
CYIIIECTBYET camasi paBas (jieBasi) Touka E.

Onpeoenenue 2. TlycTh naHa Mmociaea0BaTeaIbHOCTD {X, } 1 E — MHOKECTBO
BCeX €€ MpeIeTIbHBIX TOYCK.

1. Ecnu mHOXecTtBO E # @ W mociaeqoBaTeNbHOCTh {X,} OrpaHHuYcHa
CBepXy (CHHM3Y), TO BEpXHHMM (HIKHHM) TpEAeaoM {x,} Ha3pIBacTCsI camas
npasas (JieBas) mpezebHas Touka {X;, }.

O6o3navyenus: max E = lim x,,, min £ = lim x,,.

n—-oo n—w

2. Ecmu mocnmenoBaTelbHOCTh HE OrpaHUYeHa CBepXy (CHHU3Y), TO

noxarafort lim x,, = +oo (lim x,, = +00).

n—oo n—o0

3. Eciiu MHOXecTBO E mycToe, a mociieIoBaTeIbHOCTh OTpaHUYEHA CBEPXY

(cHm3y), To monararor lim x, = lim x, = —o (lim x,, = lim x,, = 400).

n—oo n—o0 n—e n-—-o0
IIpumepsbl
1.{1,0,1,0,1,...}. lim x,, = 1, lim x,, = 0.

n—-oo n—o
2.{1,-1,2,-2,3,-3,...}. lim x, = +oo, lim x,, = —oo.
n—o n—o0
3.{1,2,3,...}. lim x,, = lim x,, = 4oo.
n—-oo N>
4.{-1,-2,-3,...}. lim x,, = lim x,, = —co.
n—-oo

n—oo
I/ITaK, U3 OIIPCACICHUA CJICAYCT, HYTO BCIAKaAA IOCICAOBATCIIBHOCTD

JEHCTBUTENBHBIX YUCE] HMEET BEPXHHUI M HYDKHUM IIPENEIIbIZ.

PaCCMOTpI/IM HCKOTOPHBIC CBOMCTBA BCPXHCTO W HHMKHETO IMPCACIOB
IIOCJICA0BATCIIBHOCTH.

2 Kyapseues JI.JI. Kypc maTtemaTudeckoro ananu3sa: y4e0. JUisi CTYJIEHTOB YHUBEPCUTETOB U
By30B. B3 1., T. 1. - M.: Beicu. mk., 1988. — C. 137.
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1. Ecu {x,,} — cxopasimascs mociea0BaTeabHOCTh, TO

1111_r>r010 X, = lim x,, = 1111_r)r010 Xp-
n—-oco

JIeWCTBUTEIBLHO, B 9TOM CiIy4ae {x,} MMeeT eIMHCTBCHHYIO IIPEACIbHYIO
TOYKY.

2. Ecim lim x,, = a, T0o HaAAETCA MONMOCIIENOBATENBHOCTD { Xy, } TaKas,

n—-oo
yro limx,, = a.
k- Mk
JIeCTBUTENFHO, €CIIM @ — KOHEYHOE YHCIO, TO CYIIECTBOBaHHE
TMOJTIOCTIENOBATENBHOCTH { Xy, } CIENYET U3 ONpenenenus 1.

DTO BEPHO U B TOM CJIy4dae, KOrjaa @ = +o0 uian @ = —oo. J[eCTBUTEINBHO,
yCTh, HampuMep, & = +oo. Toraa mocnen0BaTeIbHOCTh {X,} HE OrpaHHYeHA
CBEPXY H, CIIEOBATENBHO, MOXHO BBIIEIMTH MOJIOCIEN0BATENBHOCTD { Xy, }

TaKyro, 4To ]l(im Xp, = +00 (JIOKQKUTE 3TO CAMOCTOATENBHO).
—00

AHaJIOTMYHOE CBOMCTBO BEPHO, OUEBUHO, U JJIs1 HUXKHETO TIpeAea.

3. Ecmu lim x,, = a, rae @ — nefcTBUTENBHOE YUCIO0, TO

n—oo

VB>adN=NB)Vn(n>N = x, <f).
Takum oOpa3zom, jeBee BCSIKOTO uucia [, OOJbIIEro BEpXHEro mpesena «,
HAXOSTCS BCE WICHBI MOCIEI0BATEIbHOCTH, HAUMHAS C HEKOTOPOTO HOMEpa.

Hokazamenvcmeo. JloKakeM YTBEPKICHHE METOJIOM OT TIPOTHBHOTO.
Honyctum, dTO cymiecTByeT [y, > a, Takoe, 4YTO IpaBee [, HaXOIUTCH
0ECKOHEYHO MHOTO WICHOB IIOCJIEI0BATEIBHOCTH { X, }.

MHOECTBO TaKUX YWICHOB IOCICAOBATCIIBHOCTH OIPAHUYCHO CBEPXY, TaK

kKak lim x,, = @ — koHeyHo yuciao. Ho Torma namutace Obl mpeneinbHas TOYKa

n—-oo

y = o > a, 4ero ObITh HE MOXKET.

AHAJIOTMYHOE CBOMCTBO MOXHO C(OPMYIMPOBATH M MJIS HUKHETO
KOHEYHOTO IIPEIENa.

4., Ham uH3BECTHO, 4YTO Mpeael IPOM3BENAEHHS JBYX CXOIALIMXCS
H0CJIEI0BATEIBHOCTEN paBeH IPOU3BEACHUIO IpEJIENIOB ITUX
MOCJIEI0BATEILHOCTEIRC.

Ha BepxHMe WIM HWKHHME TIIPEIENbl OTO  NPENJIOKEHHE HE
pacnpocrpanseTcs. [TokakeM 5TO Ha IPUMEPE.

Iycrs {x,} ={0,1,0,1, ...}, {3} ={1,0,1,0, ...}, torma lim x,, = 1,
n—oo

lim y, = 1. 3amernm, uro {x,¥,}={0,0,0, ...}, Torma 7lliEo(xnyn) =0.

n—oo

Buaum, uro lim (x,y,) # lim x,, * lim y,.

3Tony6e A.A., Cyerun B.JO. Beenenue B ananus. — Tepb: Trep. roc. yu-T, 2007. — C. 48.
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PaccmoTpum cityuaii, Korjga aHaJoTHusl UMEET MECTO.
Teopema 2. [Tycts {x,,} u {yn} — MOCJIEI0BATEIILHOCTH HEOTPULIATEIbHBIX

gucen, npuuém limx,, = a, e 0 < a < +o, lim Y, = b. Torna
n—-oo

n—-oo
m(xnyn) = lim x, - lim Y = ab
n—>oo n—>0oo n—>oo
(ecmu b = 400, TO ab = +).
Hokazamenvcmeo. 1. [lycts b < +o0. Touka ab siBnsieTCs NpeASTbHON AJIs

nocjaeaoBareabHocTH {X,,V,}. JeicTBurensHo, ecnu b = lim y,,, T0 HalgéTCs

n—-o0

{Vn, } Taxas, uro }li_rgoy"k = b. Tax kak x,, = a, 10 x,,, — a. Torna

lim (2, yn, ) = ab.
[TokaxkeM, 4T0 ab — camas mpaBas TpejaeibHas TOYKa JIS {X,V,}, TO €CTh
lim (x,y,) = ab.
n—->oco

[Ipeanonoxxum, uTo ab HEe ecTh camas TpaBas MpeaeabHas Touka. Torma
HaWa€Tcs mpeaenbHas Touka ¢ > ab. Ilo cBOWCTBY 2 MOKHO BBIJICIHTH
MOAIOCIIEA0BATEIBHOCTh {xnlynl} TaKyl, 4TO %im(xnlynl) =, TOpUYEM

—00

limxnl =a # 0. Torma

>0

: . Xn;'Yn le(xnlynl) c
limy, = lim—— == =-.
>0 >0 xnl %Lrgxnl a

c 1
3amMeTuMm, 4TO - < b, Tak kak lim y, = b. Torna ¢ < ab, 4T0O MPOTUBOPEUUT

n—oo

BBIOOPY TOYKH C.

2. Ilycte b = +oo. Torga MOXHO BBIIENMTH {Y, } TaKyl, YTO
llggoynk=+w. SlcHO, 4YTO B 3TOM Ciyd4ae Ilcl_r}olo(xnkynk)=+oo, TaK Kak

limx,, = a > 0. CnenoBarenbHo, U B 9TOM CJly4ae YTBEPXKIECHUE BEPHO.

k—o

§ 6. llpu3naku Komm — Agamapa u Komnu
CXOIUMOCTH IOJIOKUTEJIbHBIX PAT0B

Teopema 1 (Komm — Axamap). [IycTe naH IOJIOKUTENIBHBIA P

a; +a,+...+a, + .. (1)

u lim Ya, =k. Ecom k <1, To psag cxomurcs, eciu xe k > 1, To psn

n—-oo

PacXoauTCH.
Jloxaszamenvcmeo. 1. Ilyctb k < 1. Paccmotpum q takoe, uto k < g < 1.
ScHo, uto g > 0. Torna no cBOMCTBY 3 BepXHEro npejena
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INvn(n > N = %/a, < q).
CraenoBaTteibHO,
a, < q"nopun > N. (2)

PaccmoTpum psiabl
an+1 t Ay T Ayiz oo

qN+1+qN+2 +qN+3 + o

Bropoii psa cxXomWuTcs Kak pAA-CyMMa T€OMETPUYECKOW MPOTPECCHU  CO
3HameHarenieM 0 < g < 1. N3 HepaBeHCTB (2) MO MNpU3HAKY CpPaBHEHUS
MOJIOKUTEIIBHBIX PSAJIOB CXOJIUTCS MEPBBIN Psl, SBISIONIUICS PSIIOM-OCTaTKOM
paga (1).

2. Ilycte k >1. Torma MOXHO YTBEpXAaTh, YTO CYIIECTBYET
MOJIIIOCIIEI0BATEIHHOCTD ni/a_nl Takasi, 4To %Lrgni/a_m = k. Torna

“a, =1, mma, > 1.

Ho »T0 o3Hawaer, uro oOmmii wieH psga (1) He cTpeMUTCSs K HYIO, psij
pacxoIuTcs.

3ameuanue. B Teopeme HUUETO HE TOBOPUTCS O cirydae, korna k = 1. Ilpu
k =1 psan (1) MOXeT Kak CXOIWUTHCS, TaK U pacXoauThes. [lokakem 3TO Ha
puMepax.

IMpumepsi
1 1
1'1+E+ \/—_
1 1
2.1+2—2+ +—2+

Jlerko mpoBepuTh, 4TO AJA 3TUX panoB k = 1. Ilpu sTom mepBbIid psif
pacxoauTcsi, a BTOPOM — CXOAUTCA.

IMpumep

HccnenoBats Ha CXOAUMOCTD PAJ

S @+ GO E = () e 5 () 4

Torna

n|1 1 -
’5_71 = E' €CJ/IU n HeYEeTHO¢E,

n no 3 N
k (—) =, €C/IM T 4ETHOE,
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— 3
lim Y/a, = < < 1, psix cxomurcs.

n—-oo

CymiecTBytoT Oosee MpocThie Mpu3Haku Tuna npusHaka Komm — Agamapa.
Jloka3aTenpCTBO CIEAYIOMIETO NPU3HAKA AHAJIOTUYHO JI0KA3aTeNbCTBY IPU3HAKA
Komm — Anamapa.

Teopema 2. Ilycts man nonoxutenbHblt psin (1). Ecnu, HaunHas c

HEKOTOPOIro HOMepa, '{/a_n < q <1, to paa cxonurca. Eciu xe, HaunMHasg ¢
HEKOTOPOTO HOMEPA, Ti/a_n > 1, TO psAA pacxoauTcs.

Teopema 3 (Komwum). Ilycte man monoxutenbHbld psia (1) U mycTh
CYIIIECTBYET KOHEUHBIN UM OECKOHEYHBIN TIpeiel 7ltl_{rolo T\‘/a_n = k. Bcm K <1, 10
pan cxonutes, ecin ke K > 1, To psag pacxoaures.

Loxazamenbcmeo. ITO YTBEPKICHUE SABISETCA YaCTHBIM CIIy4aeM

teopemsl Komm — Agamapa, Tak Kak B 3ToM ciydae lim/a, = lim%/a, = k.

n—oo n—-o0

Cnenyer moMHHTH, 4TO mpu k = 1 psSa MOXKET CXOAUTHCSA, MOXKET H
PaCXOAUTHCH.
IIpumepsI

2 n
L+(3) +ot (o) +
4 7 3n+1

: .n n . 1
k = lim%/a, = lim ( ) = lim —— = - < 1. Psig cxomuresi.
n—oo n—oo 3n+1 n—-oo 3n+1 3
2. yo_. ¥ k=limYa, = lim" % = 3lim—— =3>1. Ps
' n=1p2 B n-ow n n—owo \ N? o n—-ow (%)2 o ) A

pacxoauTcsl.

§ 7. MaTerpasnbHblii npusHak Komu cxoanmoctu
MOJIOKUTEJIbHBIX PSA/IOB

Teopema 1. [TycTh 001mIMit YJIEH MOJOKUTEIBHOTO psiia
a; +a,+...+a, + .. (1)

BeIpakaeTcs Qopmynoir a, = f(n), rme odyakuus f(x) TOIOKUTEIbHAS,
HEMpephIBHAS M HEBO3pacTarolias Ha npoMmexyrtke [1;+00). Torma psm (1)
CXOIUTCS WM PACXOAMTCA OIHOBPEMEHHO C HECOOCTBEHHBIM HHTErPAIOM

f1+oof(x)dx 4,

loxazamenbcmeo. BBIIOIHUM 4epTEX, MOSCHAIOMIMNA T0Ka3aTeIbCTBO.

4 Kynpseues JI.JI. Kypc MaTeMaTH4eCKOro aHanm3a: yueO. JUIsi CTYJCHTOB YHHBEPCHTETOB U
By30B. B3 1., T. 1. — M.: Beicm. 1mk., 1988. — C. 659-667.
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fQ) =a f-
f2)=a; -
f@=as| |
b s Y=
0l 1.2 3 456 7 8 >x

CpaBHuBas IIOIIAAM KPUBOJHWHEWHBIX TpaneUuid WU IMPSMOYTOJbHHUKOB,
cooTBeTCTBYyOmUX orpeskam [1; 2], [2; 3], [3; 4], ..., momydaem

a, < flzf(x)dx < a,
az < f;f(x)dx = ay,

ey

an < [ f()dx < ay_s,

Cnoxum niepebie n — 1 HepaBeHncTBa. [lomyunm
S, —a; < flnf(x)dx < Sp_1, (2)
rjae S, —JactHas cymma psiga (1).
[lyctb unTerpan | 1+°O f(x)dx cxomutcst. B cuny HeyObIBaHus f U151 BCEX N
umeeM S, —a; < fln fl)dx < [ 1+OO f(x)dx, orcroma gIg  Bcex n

+o0
Sn < [ . f(x)dx + a;. llocnenoBaTenbHOCTh YaCTHBIX CyMM IOJIOKUTETBHOTO
psiia OrpaHUvYeHa CBEPXY, CICIOBATEILHO PSJl CXOIUTCHL.
. n
[ycte wmmTerpan pacxomurcs. Torma lim | L fX)dx =+ u m3
n—oco

HepaBeHCTB (2) cineayeT, uro limS,, = +00, TO €CTh P PACXOAUTCS.
n—-oo

IIpumep

HccnenoBarh Ha cXOAUMOCTD psin Jlupuxiie

1 1 1
1+2—a+3—a+...+ n_“+
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Ecmu a < 0, To psia pacxoauTcs, Tak Kak B 3TOM Ciiydae OOIIUA YieH He
CTPEMUTCS K HYJIIO.
[Iycth 0 < a < +o. B a3TOM ciiydae paccMOTpUM HECOOCTBEHHBIN
+oo dx 1
WHTErpaa Buaa | L e Oyukmusa f(x) = —z MOHOTOHHO ybbIiBaeT Ha [1, +0).

Hawm u3BecTHO, yTO npu @ > 1 uHTErpan cxoauTcs, a npu a < 1 pacxoaurcs.
Wtak, rapMOHUYECKU psiji CXOauTesa pu & > 1 u pacxoautes ipu o < 1.

Tak, wnanpumep, pag 1 +%+ et %+ .. pacxomurcia, a pian
1 1
1 +ﬁ+ ot Wﬁ_l_ ... CXOOUTCH.

§ 8. 3nakouepenyromuecs: psiabl
Onpeoenenue. JIeicTBUTEIBHBIN Pl BUAAQ
a, —a, +as—az+...+ (D" a, + ..., (1)
e a, > 0 11 BceX n, Ha3bIBAeTCs 3HAKOUYCPETYIOITUMCS.
Ipumep. Psan Jleiibanna 1 — % + % — o+ (=)t % +

3ameyanue. V3 onipeIeIeHUs CIIEAYET, YTO 3HAKOUEPETYIOIIUUCS P — ITO
TaKol psifi, B KOTOPOM IOCJIEAOBATEIbHbBIE WIEHbl UMEIOT MPOTUBOMOJIOKHBIE
3Haku. [Ipu 3TOM 4YHMCIOBOM psiA, coaepKauuil OECKOHEYHOE MHOXECTBO
MOJIOKHUTENBHBIX W OECKOHEYHOEC MHOXECTBO OTPHUIIATETBHBIX  YJICHOB,
Ha3bIBAETCAd 3HAKOMEPEMEHHBbIM. TOraa 3HAKOYEPEAYIOIIUHCA P SBISETCS
YaCTHBIM CIy4aeM 3HAKONIEPEMEHHOTO psija.

Jlns  3Hakoudepenyromuxcs paaoB JISHOHMIT yCTAaHOBHUI CICAYIOIIUI
MPU3HAK CXOAUMOCTH.

Teopema (nmpu3znak Jleiitonumuma). Ecnu unensl psga (1) MOHOTOHHO
yOBIBAIOT 1O aOCOTIOTHOM BEIMUMHE M OOIIUIA WICH Psiia CTPEMUTCS K HYJIIO TIPH
N — 00, TO PAI CXOOUTCS.

Jloxazamenvcmeo. tak, naHo, 4to

a, >a, >as>->a, > - lima,=0.

n—-o0

PaccmoTpum yacTHbie cymMMbl psa (1) ¢ 4€THBIME HOMEpaMH.

Sok = (a1 — az) + (a3 — as)+ ...+ (a1 — Azp)-

B cuiy ycnoBuii TeopeMbl Bce pa3HOCTH B CKOOKaxX MOJIOKUTEIbHBL. Toraa
MOCJIEAOBATEIbHOCTh YAaCTHBIX CYMM C YETHBIMH HOMEpPAMU  SIBJISIETCS
MOJIOKUTEIIBHON U BO3PACTAIOLIEH.

C npyro# CTOpOHBI, YACTHYIO CYMMY C YETHBIM HOMEPOM MOKHO 3aIACATh
CJIeTYIOITUM 00pa3oM:
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Sok =ay —(a; —az) — (ag — as)—... — (-3 — Azx—1) — Azk-
Orcroma BUAHO, UTO 1A BceX Kk
0 < SZk < al. (2)

Takum  oOpasom, {Sok} BO3pacTaronias MU OTpaHHYCHHAs
TIOCIIEI0BAaTEIHbHOCTE. TOTa 1Mo TeopeMe o Ipeieiie MOHOTOHHOHN OrpaHUYeHHOM
MOCIIEI0BATEIHHOCTH CYIIIECTBYET

limS,;, =S.

k—o0

[TokaxkeM, 4YTO TMOCIIEIOBATEIIBHOCTh YAaCTHBIX CYMM C HEUETHBIMU
HOMEpaMHU TakKe MMeeT mnpenen, paBHbid S. Torna teopeMa, oueBUAHO, OyAET
nokazaHa. Imeem

Il(im52k+1 = Il{im(Sz,( + ayppq) = IlcimSZ,{ + ’l(ima2k+1 =5+0=S.

3ameuanue 1. Bce yclOBUS TE€OpPEMbl CYHIECTBEHHBI. OTHOCHUTEIIBHO
CTPEMJIEHMSI K HYJIO OOILIEro wieHa A3TO fCHO (HEOOXOAMMOE YCIOBHE
cxoauMocTH psina). [lokaxkeM, 4TO yCI0BME MOHOTOHHOI'O YOBIBaHHUSI WICHOB
psiaa no abCOJIFOTHOM BETMYMHE SIBISIETCS CYIIECTBEHHBIM. PaccMoTpuMm psint
1 1 1 1 1 1
— + - + .. +t—=- +
V2-1  V2+1  V3-1  V3+1 Vn-1  VJn+1
DTO 3HAKOYEpenyroluics psia, OOMN YJieH pAda CTPEMUTCS K HYNIIO C
BO3pacTaHueM Homepa. llpu 3ToM uieHbl psga He yOBIBaIOT C BO3pacTaHUEM
HOMEpA M0 a0COTIOTHOM BETMYMHE, YTO BUIHO U3 HEPABEHCTBA

1 1
<
Vn=1+1 = Vn-1’
KOTOPOE JIETKO ITPOBEPUTH.
Hanee,
1 1 2 1
Soncs = Ty (= ) = B, e = 250t o oo mpu k - oo

CrienoBaTenbHO, Pl PACXOIUTCS.
3ameuanue 2. llepeiiném B HepaBeHCTBE (2) K npeaeny npu k — oo:
0<S<a. (3)

Urak, nns cymmer cxopsiierocs psjaa (1) BepHa orenka (3). Paccmotpum
pa3HOCTh

S—S,=(a;,—ay,+az—a,+ .. + (-D)"*aq, + (1) %q, , + ..) —
_(a1 —a, + -+ (_1)n+1an) — (_1)n+2an+1 + (_1)n+3an+2 + .=

= (=" (@ni1 = Apiz + Apiz — Apig + 20D,
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Jlnst 3Hakouepenylomerocs psaa B ckoOkax BepHa oreHka (3). Torma
NoJIy4aem

|S - Snl =S Apyt (4)
Takum 06pa3om, 3ameHa CyMMBI psiia JIeHOHUIIa ero YacTHOM CyMMOM TaéT

MNOTrpCIIHOCTDL, KOTOPAasa HC IIPCBOCXOAUT IICPBOI'O 0T6pOHIeHHOFO YICHA pdaa 110
a0COJIFOTHOM BEITUYHHE.

IIpumep
PaccmoTpum psiasbl
_t,r 1 —1)n+1l
I S MR G D LA S (5)
1,1 1 1
l-—o+o—o+ o+ (D™= (6)

Psaner (5) u (6) cxoasTes no npusHaky JlenOnuna.

CKOBKO HYXXHO B3ATh YJIEHOB Psija, YTOOBI MOJCYUTATh CYMMY psjia C
TOYHOCTHRIO 10 0,017

1 1
< —,ecaun = 4.

a) — < i, ectun = 100; 0)
100 (n+1)! 100

n+1

B sTom citydae roBopsT, uTo psf (5) cxoauTcs MeieHHee, YyeM psin (6).

§ 9. AGCOIIOTHO M YCJOBHO CXOASIIIHECH PSAbI

Onpeodenenue 1. 1lycTh naH TNPOU3BOJIBHBIM Ppsii C KOMIUIEKCHBIMU
YIICHAMH
Zl+Zz+"'+Zn+"'. (l)

OO6pa3zyem MOJOKUTEIBHBIN P U3 MOAYJ el wieHoB psina (1)
|z | + |2zo| + -+ |zp] + - (2)

Ecmu psan (2) cxomures, To psax (1) HazpiBaeTcss abCOMOTHO cxoasmmmcs. Ecim
psan (1) cxomutcs, a psaa (2) pacxonurcsa, To pan (1) Ha3wpiBaeTcsi YCIOBHO
cxoasmuMcs. (SICHO, YTO BCAKHMEA TOJOKUTCIBHBIN CXOMSIIANCS P ABJISCTCS
aOCOJIFOTHO CXOISIIIIAMCS. )

IIpumeps!
Ll-stg— e+ (D™ ot (3)

OT0 abCOMOTHO CXOAAIIMICS PAJl, TAK KaK CXOIUTCS PSiA
1,1 1
1+§+§+ +§+
1.1 _qyn+11
2.1 =45 — o (D)Mot (4)
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OtoT pan no npusHaky JleiOHuna cxogutcs. OOpazyeM psig U3 abCOTIOTHBIX
BEJIMYMH JJAHHOTO psJia

1.1 1
1+-+-+ .. +-+ ....
2 3 n
OT1OoT psg pacxogsmuiics. Takum o0pa3oM, UCXOAHBIN PSAJl CXOAUTCS YCIOBHO.

1 i 1 i 1 i

(1 +i —(—+—)+(—+—)— .. + (=1t (—+—)+
) ( ) 22 2 32 3 ( ) nz n

Jlerko BUZIETH, UTO PSiJl U3 pPEalIbHBIX YacTel JaHHOTO psfa ecTh psn (3), a

pAa M3 MHHUMBIX 4YacTedl psjga ectb psan (4). BecnomuHas monoxeHue o

COOTHOIIICGHUH MEXKJIY CXOJAWMOCTBIO Ppsila ¢ KOMIUICKCHBIMH 4YHCIaMH U

CXOJIUMOCTBIO PSIIOB M3 PEATbHBIX 1 MHUMBIX YacTeH, BUAUM, YTO JAHHBIA PsIT

CXOOUTCA.

OOGpazyeM psia U3 MOJyJIEH JaHHOTO psija

Tit 41 ©

Buaum, uro % /n—lz +1> %, a Pl Ym—q % pacxoautcs. Torna no npusHaxky
cpaBHeHHMs pacxoautcs pAan (5). Toraa UCXOIHBIN Psig CXOIUTCS YCIOBHO.

Bynet i aGCoNIOTHO CXOMAIIUNACS P CXOASIIIUMCS ?

Teopema 1. AGCOIOTHO CXOIAIIUICS PSi SIBJASETCS CXOSIIAMCS.

Jloxazamenvcmeo. Ilycts nan abcomotHo cxomasmmiics psg (1). B cumy
yCJIOBUSL TeopeMbl cxoauTces psija (2). Toraa st HEro BBIMOJHICTCS KPUTEPHUI
Kommwm cxonumoctu

Ve > 03INVnVp ((n >N)A(p=1)= |zl + |Zpo] + o + |Zn+p| < s).
(6)
Y4uuTeIBas, 4TO
|Zn+1 tZpy2 0 F Zn+p| < [zpsal + 1zpgal + o + |Zn+p|
IIpH JTIOOBIX 11 U p, U3 (6) moayyaem
Ve > 0aINVnVp ((n >N)A(p=1)=> |Zn+1 + Zpyo + 0t Zn+p| < s).
Ot10 o3Havaert, uto s pana (1) BeimonaneH kpurepuid Koy, cnegoBatenbHo psif

CXOIUTCSL.

Jlnst uccnenoBaHusl psAAOB HAa aOCOJIOTHYIO CXOJUMOCTH MPUMEHSIOTCS
MPU3HAKA CXOJIUMOCTH TIOJIOKUTENIbHBIX PAJIOB, TaK KaKk B 3ITOM Cllydae
NPUXOIUTCS PacCMaTpUBaTh MOJOXKUTEIbHBIA psin (2). Chopmynupyem ux
MPUMEHUTENBHO K HALLIEMY CIIy4aro.
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Teopema 2 (mpu3Hak cpaBHeHnust). [Iycts gan psia (1) ¥ MONTOKUTEIbHBIN
CXOJISIIUUACS PN

a;+a,+ .. +a,+ ... (7)

Ecnu ans Becex N |z, | < a,,, To psax (1) cxoautcst aDCOMIOTHO.
Jloxkazamenvcmeo. Jleno cBOAUTCS K MPU3HAKY CPABHEHHSI MOJIOKHUTENb-
HBIX PSJIOB MPUMEHUTEILHO K psigaMm (2) u (7).
AHanoruyHo MOXHO Tepedpa3zupoBaTh NPeIETbHBIN MPU3HAK CPABHEHUS
PSIOB.
Teopema 3 (Jamambep). Ecnu nis psana (1) cyiecTByeT KOHEUHBIN WA
OEeCKOHEUHbIN Tpeien
Zn+1

D* = lim

n—-oo

Zn
To nipu D* < 1 psii cxoauTest abCOOTHO, a ipu D* > 1 psa pacxoauTcs.

Jloxazamenvcmeo. 1) Ecnmu D* < 1, To no npusHaky JlanamGepa psin (2)
CXOJIUTCSI, UTO O3HAYaeT a0COIIOTHYIO CXOUMOCTh psna (1).

2) Ecrm D* > 1, To, Kak 3TO ClemyeT W3 J0Ka3aTeIbCTBA TMpHU3HAKA
HanamOepa, oOmumii uneH psaa (2) He cTpemuTcss K Hymwo. Ho Torma He
BBITIOJIHAETCSI HEOOXOJMMBIN TMpu3HaK cxoaumoctu u ang psga (1). Psag (1)
pPacXoaUTCH.

3ameuanue. MoxHo mnepedpazupoBarh npusHak Jlamambepa u B
HeTpeaeapHol hopme.

Teopema 4 (Komu — Axamap). I[lycts gan psin (1) u
k* = lim%/|z,].
n—o0
[Tpu k* < 1 psan cxoautcs abCoMOTHO, ipu k™ > 1 psin pacxoauTcs.
Jloxazamenbcmeo TEOPEMBI IOCTOBHO TAKOE K€, KAK U TEOPEMBI 3.

Ecnu  npeanonmarate g psima (1)  cymiecTBoBaHue — mpezena

k* = 1llim /12, |, To Teopema 4 npeppamaercsa B npuzHak Komm.
—00

IIpumepel
1 sina n sin 2« T sinna + ...,a = const € R.
1 22 n2

PaccMOTprM TTOJIOKUATENBHBIN CXOIALIUNACS PALL
1 1
1+=+ . +=5+ ...
2 n

sinna

1 .
2 | < —» TO JIAHHBIH AN

Tak kak s BcexX a CIIpaBCAJIMBO HCPABCHCTBO |

cxonutcsa adbcorroTHO i Jroboro a € R.
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i i\2 i3 A
2. —+2(—) +3(—) ¥ o +n(—) + o
2 2 2 2
. (n+1)27
- 7111_1;1;10 2n+1n

Zn+1

Zn

Tak kak lim

1
=-< 1, TO P CXOOUTCA a0COJIFOTHO.
n—-ow 2

§ 10. Ilpuznaku Adenas u JupuxJiie cxoaumMocTH
NefCTBUTEJIbHBIX PAI0B

1. IIpeoGpa3zoBanue Adesst

PaCCMOTpI/IM JABC€ KOHCYHBIC ITOCJICA0BATCIbHOCTHU I[CﬁCTBPIT@JIBHBIX HHuCeCII

ai,ay, ... ,0yn; by, by, ... , b,. O0pa3zyemM KOHEUHYIO CYMMY
S =a,by +a,by+...+a,b, = Y}_, arby.
[lycts By = by,
B, = b; + by,

9

Bk =b1+b2+...+bk,

ey

BTl =b1+b2++bn

Torna
bl == Bl’
b, = B, — By,
by = By — By_1,
bn = Bn _— Bn—l-
Kpowme toro,

S=ayB; +a,(B,—B;)+a;(B; —B,)+...+
+ ap(By — Bg—1)+ ... +ay(By — Bpy) =
= B;(a; —a,) + By(a, —az)+...+
+ Br(ag — agy)+ ...+ Brog(ang —ay) + Bpa, =
= k=1 Br(ak — ays1) + Bray = Y21 Aay By + ay By,
rne Aap =ap—agy, k=12, ...,n—1, — Tak Ha3bIBaeMble IIEpBbIC

Pa3HOCTH.
ITonyunnu paBeHCTBO

S = Z;cl=1 akbk = Z}:;% AakBk + aan!

KOTOpO€ OOBIYHO HA3bIBAIOT IpeoOpazoBanueM Aoens.
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2. HepaBeHcTBO Abeist

Paccmotpum cymmy S = Y-, agby. Byaem nipennonarath, 4To KOHEYHAs
MOCJIEAOBATEABHOCTh  AECUCTBUTEIBHBIX  YHUCET Aq,dy, ...,A,  SBISETCS
MOHOTOHHOM. [lycTh |Z{-‘=1 bi| <B,k=1,2, ...,n Toraa BepHO HEPABEHCTBO

| Xk=1axbk| < B(las| + 2]a,|).
Jloxazamenvcmeo. IlpumennuM K cymme mpeodpazoBanue Aoers:
|S| = |21];L=1 akbkl = |Z;};% AakBk + aan| <
< YrZilAag||Bil + layl|By| < BERZ1lAak] + lay ).

YuuTeiBasg, 4YTO KOHEYHAas IIOCIEAOBATEIBHOCTD Oq,dy, ..., Ay SBIAETCI
MOHOTOHHOH (3HAYHT, BCE TIEPBbIC PA3HOCTU AQj MMEIOT OJMH M TOT K€ 3HaK),
IIPOJIOJIKUM OLICHKY

S| < B(|Zkz1 Aar| + lanl) = B(lay — agl + lag]) < B(lay| + 2la,D.
Yro u TpedoBanoch 10Ka3aTh.

Teopema 1 (AbGean). Eciu nmocnenoBaTeIbHOCTh ICHCTBUTEIBHBIX YUCEI
{a,,} MOHOTOHHA M OrpaHWYEHA, a JICHCTBUTEIBHBIA PSII Y.p—q by, CXOTUTCS, TO
P Y. —q1 Ay, by, TaKIKE CXOTUTCH.

Hoxazamenvcmeo. Tak {a,,} orpanndena, To
aM > ovn(la,| < M).

3agagumcs Tpou3BoabHBIM € > 0. Tak Kak psg )—q b, CXODUTCS, TO
coryracHo kpurepuro Ko

n+p
SNVAYP| (1> N)A(p>1)=>| 3 by = X bner| <o
k=n+1 k=1

[Ipumensisa HepaBeHCTBO AGens (4) ¥ MOCIEAHIO OLEHKY, MOJTyYUM

n+p

Zak by = Zan+k Dk < q n+1‘ Z‘a’”P

k=n+1

) i-3M =¢
3M

npu n> N u p = 1. Buaum, uto i psaa Y.q,—q pb, BBINOJHEH KPUTEPUI
Komm, psig cxonurcsi.

Teopema 2 (dupuxae). I[Iycte gaH psg Y.—; Anb, TaKoi, 4To mocie-
JI0BATEIBHOCTD JICHCTBUTEIBHBIX YHCEN {a,} MOHOTOHHO CTPEMHUTCS K HYJIIO, a
IOCIIEIOBATEIBHOCTh ICHCTBUTENBHBIX unced {B,} = {X;-; bx} orpanuucHa.
Torma maHHbBINA psifl CXOAUTCH.

Hoxaszamenvcmeo. Ilycts |B,| < B mist moboro HarypaibHoro n. Torma
115t mroboro n = 1 u moborop = 1
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|Zn+p bkl = |Bn+p - Bn—1| < 2B. (5)

k=n

3agaaumMcs pou3BoabHbIM € > (. Tak kak a,, — 0 npu n — oo, TO
EINVn(n>N=> |a,| <£). (6)
[Tpumensist HepaBeHCTBO AGers, HepaBeHCTBa (5) u (6), moxydnm

n

|Z%sh abie| < 2B(lay] + 2|ansy|) <2B- ==

npun > N up = 1. Bugum, 4to 111 JaHHOTO psifia BBINOJHEH Kputepui Komn,
3HAYUT, PAJT CXOIUTCS.

IIpumepsI

-1 1
1. Paccmotrpum psn Z;’;z(—l)"%-m. 3ameTuMm, YTO  psA

0 n 1 o n-—1
anz(—l) m CXOOUTCA 110 IIPU3HAKY HCH6HI/II_[3, a [Mocjaca0BaTCIbHOCTD m
BO3pPaCTAaCT U OI'paHUYCHHA. ITo IIPU3HAKY AOens HCXO,Z[HBIﬁ paAa CXOOUTCA.

2. B xauecTBe mpuMepa Ha mpu3HaK Jupuxie qokakeM npu3Hak Jleionmia
CXOJMMOCTH 3HAKOUEPEAYIOUINXCS PSAOB.

Urak, nan pag Y-, (—1)"1a,,, rne {a,,} — nonoxurensHas, MOHOTOHHO
yOBIBaKOIIas M CTPEMSAIIAACA K HYIIO HOCIENOBATENBHOCTE. Hy)KHO mMOKa3aTh,
YTO PSIIT CXOIUTCS.

ITonosxum 3z1ech b, = (—1)™*1. Torna

1, eciit n HEYETHOE
B = Yoy (-1 = {; |

0, eciin n 4€THOE.

Buaum, uto {B,} — orpaHuyeHHas MOCICIOBATEILHOCTh. BBIMOIHEHBI BCE
yCIIOBUS TEOpeMBI J{Mpuxiie, psj CXOANUTCS.
§ 11. CBoiicTBa CXOAAIUXCH PAIOB

1. CouerareibHOE CBOMCTBO

TeopeMa 1. HYCTB JdaH CXOHHMHﬁCH paa € KOMINNICKCHBIMHA YJICHAMHA
Zl+ZZ+ +Z‘Il+ (l)

OO0pa3zyem HOBBII psifl, 00bEIMHSS B TPYIIIBI WICHBI psina (1), mpu 5ToM HE MEHSIS
MOPSIAKA UX CIEAOBAHUA:

(zs+zy+ -+ 2y )+ (Zno1 + Znjsa + o +25,) + oo +
+ (Zngt1 + Zngr2 + o F 2y, )+ e (2)

Psin (2) cxonuTes u UMEET Ty Ke cyMmy, 4To U psn (1).
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Lokazamenvcmeo. IlocnenoBaTeaIbHOCTh YACTHBIX CYMM psfia (2) sBisercs
MOJNOCIIEI0BATENBHOCTHIO MOCIEN0BATENLHOCTH YacTHBIX cyMM psaa (1). Ho
BCsIKasl MOJAIOCIIENOBATEIbHOCTD CXOASAIIEHCS TOCIEN0BATEIbHOCTH CXOIUTCS K
TOMY K€ YHUCIY, YTO U NOCIEA0BATEIBHOCTb.

3ameyanue. Mbl BUIUM, UTO B CXOASIIEMCS pAJie MOXKHO IPOU3BOJILHO
paccraBuTh CKOOKM. Ho »3Ta aHamoruss ¢ KOHEUHBIMH CyMMaMHU MOXKET
HApYIIUTHCS, €CIM paccMaTpuBaTh COYETATEIbHOE CBOWCTBO B OOpaTHOM
nopsizike. PaccmotrpuM mpoctoit mpumep.

Pain 1-1D+@-1D+ ..+ —-1)+ .., o4eBUAHO, CXOIUTCA K
cymme paBHou Hymto. Hopan1l—1+1—1+ ... pacxogurcs.

OpnHako, Kak 3TO CJeIyeT U3 TEOPEMBI, €CJIU U3 psia (2) morydaeTcs MyTéM
OITyCKaHHUs CKOOOK cxomsmuics pan (1), To OH UMEeT Ty ke CyMMy, YTO U PNl
().

2. IlepemecTHTEIBHOE CBOIICTBO

MO>KHO 71 B CXOJSILEMCS PsiJie MPOU3BOJIBHO MEPECTABIATH YIEHBI psaa?

JTOro Aenarh Henb3sl. PaccMOoTpyM MpuMep Takoro psa.
l—do— o b ——+ ... (3)
2 3 4 2k-1 2k

Psan (3) saBnsieTcs 3HaKOYEpEYIOMIUMCS U YOBIETBOPSET BCEM YCIOBUSIM
TeopeMsl JIerOHMIIa, Cie10BaTEIbHO, CXOUTCS.

3ameuanue. Cymma psiga, Kak OyJeT mokazaHo janee, paBHa S = In 2 (cwm.
rnaBa IV, §3). Kpome Ttoro, mokasath, uro S = In2, MOXHO CIICAYIOIIMM
oOpa3zoM. Bocnosb3yemMcsi paBeHCTBOM, KOTOPOE€ OOBIYHO MOJY4YaloT IpU
PacCMOTPEHNUHN TEOPHUH ITOCIIEN0BATEIBHOCTEM:

lim (1+1+l+ +1—lnn) =,
n—oco 2 3 n

rae ¢ = 0,57 — nocrosiHHas Ditnepa.

Psn (3) cxoaurtes u ero cymma paHa S, torma S = lim S, = ]lim Sok, H
—00

n—-oo

AJI1 9aCTHBIX CYMM SZk HNMCEM

11 1 1 1
Spe=1-t4+i-ly4 4L L1
2k 2+3 4+ +2k—1 2k

= (143434 ) —2(G+7 . +) =
=(1+§+§+ ...+i—ln2k)—(1+%+ +%—lnk)+ln2k—lnk=
=(1+§+§+ ...+i—1n2k)—(1+%+ +%—lnk)+ln2.

Toraa5=11im52k =c—c+In2=In2.
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[TepemectuM unensl pana (3) Tak, YToObI MOCIE OAHOTO MOJIOKUTEIHLHOTO
[IUTM JIBA OTPULIATENIbHBIX:

1—2-242 2 24 4 L 2 14 (4)
2 4

[Tokaxkem, uTo cymma psja (4) BaBoe MeHbie cymmsl psaa (3). Ilycrs S,
u S, — yacTHbIe cyMMbI psioB (3) u (4) coorBeTcTBeHHO. Toraa

3m k=1\2k-1 4k-2 4k k=1\4k-2 4k
_lom ( 1 1) _1lg
T 24k=1\2k-1 2/ T 277%™
1
Takum obpazom, Sz, = Eln 2 mpum — oo,

Ocraércst MoKa3arh, YTO MOCICIOBATEIBHOCTH {S3,m—1}, {S3m—2} UMEIOT
TOT K€ Tpeet. DTOo CleyeT U3 PaBCHCTB

A A 1 ! !
S3m-1=S3m t = Szm—2 = Szm—1 +

4m

1
4m-2'

bonee Toro BepHa cieayromas Teopema.

Teopema (Puman). Eciiu naH 1eHCTBUTEIIBHBIA YCIOBHO CXOISAIIMIACS P,
TO, KaKOBO OBl HU OBLJIO YHCIIO, MOKHO TaK MEPECTaBUTh WICHBI PsiJia, YTO BHOBb
MOJYYEHHBIA Pl OyAeT CXOIUThCS K ITOMY UHCIy. Takke MOXKHO TakK
MePECTaBUTh YJICHBl JAHHOTO psjaa, YTO BHOBB TOJYYCHHBIH psjg Oyner
PacXOAAIIUMCS.

BriaenuM Tenepsb knace psiaoB, 1Sl KOTOPBIX IEPEMECTUTEIBHOE CBOMCTBO
BEPHO.

Teopema 2. IlycTh naH NIpOM3BOJIbHBIN aOCOTIOTHO CXOISIIHICS Pl

zZi+z,+ .4z, + .. (5)
C KOMIUIEKCHBIMU ujeHaMu. [Ipou3BOJIbHAS IIEPECTAHOBKA YIIEHOB psja HE
HapyIaeT ero abCOMOTHON CXOAUMOCTH M HE H3MECHSIET CYMMBI.
Jokazamenbcmeo pa3o0bEM Ha HECKOJIBKO TAIIOB
1. JTokaskeM CHa4ajia TeoOpeMy IS IOJ0KHUTEIBHOTO psia
a; +a,+ .. +a,+ ... (6)

Ilycts A, — wactHas cymma u A — cymma psga (6). IlepectaBum
MPOU3BOJIBHO WIEHBI pAjia (6), MOTyduM psij

by+by+ .. +b, + ... 7

% Kynpsies JI.JI. Kypc MaTeMaTH4eCKOTo aHaIM3a: y4eo. Ul CTYJCHTOB (U3.-MaT. ¥ HHKe-
HEpHO-(PU3UYECKUX CrienranbHOCTeH By30B. B 3 1., T. 2. — M.: Beicur. mik., 1988. — C. 45-47.
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Yactueie cymmnbl psiga (7) o6Oo3HauuMm uepe3 B,. Paccmorpum
MPOU3BOJIBHYIO YACTHYIO CyMMY B,,.

Jlanmee, eciau B3SATh YacTHYIO cymMMmy psaa (6) ¢ JDOCTaTOYHO OOJBIIUM
HOMEpPOM M,,, TO OyIyT BEpHBI HEPABCHCTBA:
B, <Ap, m,=n.

[lepeliiéM B MEpBOM HEPABEHCTBE K Npeneny npu m, — oo. [lomyuum, 4ro s
BCEX N
B, < A.

Buaum, 4To 4YacTHBIE CyMMBI MOJOXKUTEIHHOTO psiaa (7) orpaHUYEHbI
CBEpXY, Mo3ToMy psia cxoautcs. [lycte B — ero cymma. Ilepeitném B nmociennem
HEPABEHCTBE K MpeIely IPU N —> o0, MOIyYHM

B < A. (8)

Mp1 pacemarpuBanu psif (7) Kak MOJTydeHHBIN U3 psfa (6) nepecTaHOBKON
4yjieHOB psifa. Eciau e B pacCyKJIEHUSIX MOMEHSATh poiasiMu psanbl (6) u (7), To
MOJIYYUM, YTO

A<B. 9)
N3 nepasencts (8) u (9) cnenyer paBeHcTBo A = B.

2. JloxaxxeM Temepb TeopeMy IS TIPOU3BOJIBHOTO  aOCOIIOTHO
CXOJISIIIIETOCS Psijia ¢ JEHCTBUTEIBLHBIMH YJICHAMU

a +a, + .. +a, + ... (10)
CocTtaBuM psiJ U3 BCEX MOJIOXKUTENBbHBIX WieHOB psaaa (10):
p1tpy+ o Tt . (11)
Y psijl U3 a0COTFOTHBIX BEJIMYMH BCEX OTPHIIATEIBHBIX WieHOB psaa (10):
Gttt o (12)

(Ecou (11) unu (12) — He psiabl, @ KOHEYHbIE CYMMBI, TO JI0Ka3aTeJIbCTBO IMMyHKTA
2 OoYeBUAHBIM O0Opa3oM cleAyeT U3 JokKazaHHOro myHkTa 1. JlokaxkuTe 3TO
CaMOCTOSITEJILHO. )

B pspax (11) u (12) uneHsl UX pacnoyiararoTcs B TOM MHOPSIAKE, B KAKOM
onu cnenoBanu B psze (10). [Tokaxem, uto psaast (11) u (12) cxonsates, npuuém,
ectu A, P u Q cymmel psagoB (10), (11) u (12) cOOTBETCTBEHHO, TO BEPHO
PaBEHCTBO

A=P—-Q. (13)
[lycts M,, — n-g yacTHas cymma, a M— cymma noJIoKUTEJIbHOTO psifa
lai| + lay| + ... +a,| + ... (14)
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O6o3Haunm uepe3 A, P, u Q,, gyactasie cymmbl psaoB (10), (11) u (12)
COOTBETCTBEHHO, NPUYEM N BBIOEpEM IPOU3BOJIBHO, & kK M M TakK, 4TOOBI
BBINOJIHATOCH paBeHCTBO A =P, —Q,,. Torma sicHo, uto n =m+ k u uTO

m — oo u k = oo npu n — oo. Toraa JIerko BUAETh, 9TO
Po<M,<M, Q, <M, <M.
YacTHble CyMMBbI TOJIOKUTENbHBIX psiioB (11) u (12) orpaHuyeHsl CBEpXY,
3HA4UT, pAnbl cxoxaarcs. [anee, mepexons B paBeHcTBe A =P, —B -Q, K
npeneiy Mpyu n — oo, MOJIy4uM paBeHCTBO (13).

Taxum obpazom, Ha aOCONOMHO CXOOAWUUCS PO ¢ OetCmBUmenbHbIMU
YUCTAMU MOINCHO CMOMPEMb KAK HA PAZHOCMb 08YX NOJONCUMENbHBIX PLO0B.

Tenepb 3aKOHYMUM J0Ka3aTCJIbCTBO 3TOTO ITYHKTA.

IlepecranoBka uneHoB psga (10) Benér K mNEepecTaHOBKE UJICHOB
nosoxkutenbHoro psana (14). Kak criemyer u3 mepBoro IyHKTa TEOPEMBI,
CXOOUMOCTh €ro He Hapymaercs. 1o 3Hauut, 4dro pan (10) u mocie
NEPECTAaHOBKU COXPAHSIET a0COIIOTHYIO CXOIUMOCTb.

Jlanee, 3Ta e MepecTaHOBKA NPHUBOJUT K HEKOTOPOUM MEpPECTaHOBKE B
noJIokUTENbHBIX psanax (11) u (12), koTopast Mo nMepBOMy MYHKTY TEOPEMbI HE
HapylaeT CXOAUMOCTH PSAOB U MX cyMM. Ho Torma u mocie nepecTaHOBKU
COXpaHSIETCSI PABEHCTBO

A=P—-Q.
3. Teneps HOKaKeM TeOpeMy B OOIIIEM ClIydae.

Nrak, nan abCOMIOTHO CXOIAITUNUCS PSJT ¢ KOMIUICKCHBIMH YJICHAMM

S=z;+z,+ ... +z,+ ... (5)

Ilycts z,, = a,, + ib,,. PaccMoTpuM AEHCTBUTEILHBIC PSIBI
a;+a,+ .. +a,+ ..., (15)
by+b,+ .. +b, + ... (16)

Kaxk uzBectHo, psaasl (15) u (16) cxoastes, npuyéM, eciau A 1 B COOTBETCTBEHHO
UX CYMMBI, TO BEpHO PaBEHCTBO

S = A+ Bi. (17)

Ho psner (15) u (16) cxomsarcs aOCOJNIOTHO, YTO CJEIYyeT W3 OYEBUIHBIX
HEPABEHCTB

|an| < |Zn|: |bn| < |Zn|’ n=12,..

H IIpU3HaKa CpaBHCHHUSA IMOJIOKUTCIBHBIX PAIOB.
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[IpousBeném Temepbp MEepecTaHOBKY WICHOB psiaa (5). OTo mpuBenéT K
Takoil ke mepectaHoBKe B psgax (15) u (16), 4To MO MyHKTY 2 TEOpEMbI HE
HapylIaeT uX a0COJIOTHON CXOAMMOCTH U HE U3MEHSAET UX CyMMBI. A Torja B
pe3yibTaTe MepecTaHOBKHU COXPAHAIOTCS CXOAUMOCTD psija (5) u paBeHCTBO (17).

CxoauMocTh OyaeT abconmoTHas, Tak Kak |z, | < |a, | + |b,|.

§ 12. YMHoOkxeHHE PSAA0OB
HYCTB JAaHBbI JIBa pAaa ¢ KOMIIICKCHBIMHA YJICHAMHA

a,t+a,+ .. +a,+ .., (1)
Bi+B+ .. + 6+ ... (2)

PaCCMOTpI/IM BCCBO3MOKHBIC ITAPHBIC ITPOU3IBCACHUA YICHOB 3TUX PAO0B.
HNx moxxHO PacIiOJIOXUTh B BUAC MATPHULBIL.

a1 @B asPy By
a1By B, azfy  aup;
a1Bs  axfs asfs  aups
1By AP 3Py AP
3
Bce mapHble mpou3BeIeHUs] MOKHO MHOTHMH CHIOCOOAMH PacIoyiOKUTh B
BHJIC TTOCIICOBATEILHOCTH, HE MPOMYCTHUB HU OJHOro. Hampumep, uX MOXXHO
BBINIUCATH 10 IMArOHAJISIM MATPHIIBI:

a1y, a1B2, a1, a1f3, azxB7, azfy, a1f4, axf3, Azfz A4fy, ...,

WJIA 110 KBaJpaTaM MaTPHIbI:

a1y, a1P2, 2B, axf1, a3, azB3, asfz, azfa, azf,

Teopema. Ecmu psaer (1) u (2) cxomsarcs aOCONIOTHO, TO P,
COCTABJICHHBIN U3 BCEX MapHBIX MPOU3BENCHUI (3) U B3ATHIX B JTIOOOM TOPSJIKE,
TaK)KE CXOJUTCSA aOCOJIOTHO, MPUYEM €ro CyMMa paBHA MPOU3BEACHHUIO CYMM
psanoB (1) u (2).

Jloxkazamenvcmeo. PaccMOTpUM psiJl U3 TApHBIX IPOU3BEACHUH, B3ATHIX B
HEKOTOPOM MTPOU3BOJIBHO BHIOPAHHOM TTOPSIIKE

22‘021 alsﬁks = allﬁkl + alzﬁkz + "e + alsﬁks +

JInst mokazaTenbcTBa aOCOMIOTHON CXOJUMOCTH 3TOTO Psia JOCTATOYHO
JI0OKa3aTh aOCOJIOTHYIO CXOAMMOCTb TaKOTO K€ psijia U3 MapHbIX MPOU3BEIICHHM,
B3STHIX B KaKOM-JIMOO ONpPEeACIEHHOM TOpSIKe, TaK KakK IEepEeCTaHOBKH HE
HapyIIAl0T a0COIOTHOW CXOIMMOCTH Psiia U €0 CYMMBI,

1o ycnoBuIO TEOPEMBI CXOIATCS PSBI
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lay| + |lag| + ... + o, + .., (4)
1Bl + 182 + oo + Bl + ... (5)

[Tycte ux cymmbl paBHbl A® u B*, dacTHble cymMMBl 00O3HauuM uepe3 A,
uB,.
Paccmotpum psin
|1 B1] + (lay o] + [azB2| + lazfi]) +
+(lay sl + lazBs| + lasfs| + |asfa| + lazpy) + ... (6)

UseHsl 3TOTO psisia 00pa3oBaHbl IPYNIHPOBKON YICHOB psija

layf1] + lay B2 + |azBo| + |ayfy1] +
+lay s3] + lay s3] + lazfs| + |azfBo| + |azfi] + ..., (7)
B KOTOPOM IapHbIE Ipou3BeaeHus psanoB (4) u (5) pacionokeHsl B COOTBETCTBUM

c kBagpatamu Marpulbl (3). ['pynnupoBka clielaHa TakX e B COOTBETCTBUU C
TUMU KBajpaTaMu. Ham Hazo nokaszarh cxonumocTs psiaa (7).

3ameTuM, 9TO YaCTHBIE CyMMBI psiaa (6) umerot Bua A - By, A, - B, ...,
Ay - By, ... .Ho Torma psin (6) cxomgures k A* - B, Tak Kak
Ay By > A" - B* ipu k — oo.
Tenepr omycTuM CKOOKM B TMOJOXKUTEIBHOM psjne (6) ¥ TOIyduMm
nojoxkutenbHbii psif (7). Jlerko 3amMeTuth, 4To Jr00as yactHas cymma psiaa (7)

S,, HaxoIWUTCS MEXIY HEKOTOPHIMU YAaCTHBIMU CyMMaMH psija (6) ¢ coceTHUMU
HOMEpaMH:

Ai,Br, < Sn < Ak 1By -
Otcroga BuguM, uto S,; = A™ - B¥, o ectb psa (7) cxomutcsi kK A* - B”.
[ToBTOpsist GyKBaNBbHO BCE paccykaeHus s psanoB (1) u (2), mpoBenéHHbIC

10151 psaoB (4) u (5), Mbl HallJIEM, UTO Psif

a1 By + (a1 B2 + azfy + azfy) + (@15 + azfs + asfs + azf, + asfy) + ...

cxonutrest K cymme A - B, tie A u B — cymmsbl psgoB (1) u (2). Tenepb M0OxHO
OITYyCTUTh CKOOKH B 9TOM PsIJIe, TaK KaK MOJIydaeM CXOSIIUICS PsiI.

Onpeoenenue. 1lycts nganwl psasl (1) u (2). PanoM-npousBeqeHueM mo
Koum psinoB (1) u (2) Ha3oBEM psif

a1f1 + (@18, + axfB1) + (183 + azf; + azfy) + ... +
+(a1fn + axfpng1 + . Fapfi) + .= 2#21 ;cl=1 Ay Pr-k+1-

UiieHsl 3TOTO psAa 00pa3oBaHbl U3 TPYIIN MApHBIX NPOU3BEAECHUN MaTpullbl (3),
PACIIONI0KEHHBIX I10 €€ TUArOHAJISM.
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N3 nokazaHHOM Teopembl BBITEKaeT, 4To eciau psaabl (1) u (2) cxopsarcs
abcomoTHO, TO psa-mpousBeneHue mo Komm Tak ke cxoautcsi abCONIOTHO,
npuIEéM cyMMa ero Oy1eT MMPOU3BEICHUEM CYMM PsIIOB-COMHOKHUTEIICH.

3ameuanue. Eciu psaasl (1) u (2) ABIAIOTCA YCIOBHO CXOISIIUMUCS, TO
psan-npousBeacHUE Mo Ko 3TUX psAa0B MOKET PaCXOAUTHCS.

PaccMmoTpum yCHOBHO CXOASIIUANCS PSJT

o DT 1 1 _1)yn+1 L
Yn=1 N Sy by ol Gt O =t S

(_1)k+1
YMHOXUM ero Ha cebs mno mnpaBwiy Komm. Tak kak aq =-——,

vk
_ (_1)n—k o B _ (_1)k+1 (_1)n—k _ (_1)n+1 TOrIa IO M
n-k+1 = =T kPn—k+1 = Vn—-k+1  JVkVn—-k+1’ 2 y4

2

—-1)n+t 1 1 1 1
(B S5) =S (G st -t Eas )
1 1 1 1
NS > NN Toraa BepaskeHHe B CKOOKax Oyner
Oompuie enuHULBl. OOIINI YIEH psa HE CTPEMUTCS K HYJIIO, PSAA-TIPOU3BEACHUE
pacxomuTes.

3aMeTuM, 4TO

OnHako MOXKHO JOKa3aTh, YTO €CJIM OJUH PSJ CXOAUTCS abCOJIIOTHO, a
BTOPOIl MIPOCTO CXOJUTCS, TO PSA-NPOU3BEICHUE CXOJIUTCS K CyMME, PaBHOM
MPOU3BEACHUIO CYMM PsIZIOB-COMHOXKHUTENICH.

§ 13. O cBsI3u MeKIY AeCTBUTEIbLHBIMU PAAAMU
U HeCOOCTBEHHBIMHU HHTErPajiaMu
o +
Mpg1 Oynem paccMaTpuBaTh HECOOCTBEHHBINH WHTErpajl BUIA fa ® f(x)dx,

A
npejnoaras, Kak 00bIUHO, cyliecTBOBaHue nHTerpana F(A) = fa f(x)dx npu

ao0oM A > a. Mexay uHTerpajsaMu Takoro BUJA U ACHCTBUTEIBHBIMU PsiIaMU
Y=1 Qp CYIIECTBYET IIIy0OOKast aHAJIOTHSI.

Ecmu  mpoumecc  cymMmupoBaHMST 1O 7T 3aMEHUTh  IPOLECCOM
WHTETPUPOBAHUS TI0 X, TO aHAJIOTaMu OyIyT:

1) oOmumii wieH psaa a, v noAbIHTerpanbHas GyHkuus f(x);
2) yacTHas CymMMa psiia Y.n—q ay ¥ uaterpan F(A) = f; f(x)dx;

3) cymma psina Yp—q Ay, Kak mpeaesn )3 _, aj MPU N — o0, U HeCOOCTBCHHBIH

MHTETpal f;oo f(x)dx, xak npezen f: f(x)dx npu A - +o0;

4) OCTATOK PANA Y.j=p41 Ak ¥ MHTErpAT [ A+OO f(x)dx.
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[Ipu mOCTpOEHUM TEOPUU PSIIOB M HHTETPATIOB MBI IMOJYYUIH MHOTO
aHAJIOTUYHBIX PE3yJbTaTOB, TAaKUX KaK TPU3HAKK CpPaBHEHUSA PAIOB H
UHTETPAJIOB, MPHU3HAKU CXOAMMOCTH Abens u [upuxie ans oOouX ciydaes,
BBOJIMJIM B 000MX CITy4yasix abCOIIOTHYIO U YCIOBHYIO CXOJUMOCTb H T. [I.

bonee TOT'O, BOIIPOC O CXOOIUMOCTH MHTCIpajia MOXKXHO CBCCTU K U3YUCHUIO
¥ +o0
YUCJIOBBIX PAOOB. I[GI/ICTBI/ITCJ]LHO, HHTCI'pall fa f(x)dx CXOOUTCs K YUCITY K,

CCJIN
K = lim F(A), tne F(4) = [ f(x)dx.

Bcnomunas onpeaenenue npejaena GyHkiuu o I'eiftHe, MOKeM cKazaTh, UTO JJIS
CXOJIMMOCTH MHTErpaja K uuciy K HeoOXOoAuMO M JIOCTaTOYHO, YTOOBI MJif
6ol mocienoBatenbHOCTH umcen {A,} (4, > a) Takoi, uro A, — +o,
BBITTOJIHSJIOCH

limF(A,) = lim [*" f(x)dx = K.
n—oo n—oow “a

. A
C npyroii CTOpOHBI, BOIIPOC O MIPEAEIIE MOCIEI0BATEIBHOCTH { fa "f(x) dx}

TOIECTBEHEH BOIPOCY O CyMME PSa
[ feodx + (22 Fdx — [ fOodx) +
([ fedx = [7 fedx) + o+ ([ fdx = [ fdx) + =
= fflf(x)dx + ffff(x)dx + ..+ f:n”_lf(x)dx + o

Takum oOpa3oM, MOTy4eHA CIISAYIONIasi Teopema.

+o0
Teopema. [l cxoauMMocTH HHTErpaa fa f(x)dx nHeobxoaumo u

JOCTAaTOYHO, 4YTOOBI, KakoBa OBl HU ObLIa IOCJIEIOBATEIBHOCTh A, — +
(Ag=a; A, >a,n=1,2,3,..), pian

Siea [y f()dx

CXOAMJICS K OJHOM W TOW K€ CyMMe, KOTOpas M SBISETCS 3HAaYCHHEM
HECOOCTBEHHOTO MHTETpaa.

3ametuM, uYTo ecnu f(Xx) HeoTpuuaTeNbHas QYHKIHSI, TO IS
CYLIECTBOBAHMSI HMHTErpaia JOCTaTOYHO CXOJUMOCTH YKa3aHHOTO psia MpH
OJJHOM YacTHOM BBIOOpE BO3pacTarolleld MOCIe0BAaTeIbHOCTH uYncen A,.
JleiicTBUTEN HO, B OTOM cCiydae BospacTaromas ¢ynkuus F(A) Oyxer
OrpaHHYeHa CYMMOM 3TOro psijaa, a TOrja, Kak M3BECTHO, CYIIECTBYET
lim F(A).

A—-+©
3aMeTI/IM, YTO OTMCUCHHAsA aHaJIO0I'msi Me)KI[y pHI[aMI/I nu I/IHTeraHaMI/I HC

ABJSCTCS MONMHOM. Tak, HAaM U3BECTHO, YTO €CIU PSAI CXOAUTCA, TO a, — 0 npu
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n — oo. Ecnm ke uHTETpaN cXoauTcs, TO OTCI0AA He cienyet, uTo f(x) — 0 mpu
X — o0,

. +o .
[IpuBeném mpumep. Paccmorpum uHTErpas fo sinx? dx. ScHo, 4To

IOJIBIHTErpanbHas GyHKIHA Sin X% mpu X — +00 BOOOIIE HE UMEET Npeena, HO

HHTCTpaJl CXOOUTCA. ]_ICI‘/’ICTBI/ITGJII)HO, caciaacM 3aMCHY IICPEMCHHOIO, ITIOJIOKHNB

2 _ _ _ at
X —t.Torz[ax—\/f,dx—ZﬁH

f+OO sint

" sinx?dx = < [(FoInt
Jo sinx?dx =2 [ 77 dt.

[locnennuii MHTErpan, Kak MOKa3aHO B TEOPUM HECOOCTBEHHBIX WHTEIpajioB,
CXOIUTCS.
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3aoauu k 2naege |

1. 3anummre Gopmyny n-TO Wi€Ha psjia MO YKa3aHHBIM €ro MEPBBIM

YJICHAM U psa, UCIIOJIb3Ys 3HAK CYMMBI.

() N
2 6 12 20 30 42

)_+@+1000+

B 424424
2 10 17

2
5
DI++2+

Ni+i4>4 24
5 8 11 14

Omeemoul.
1) a, = ﬁy :z-iol n(n1+1)’
3) a, = i I 2;0:5’
5) tn = w7y AT
Na, = % By} nzn_l;

%) an = 3n+2’ Yn<1

3n+2’

R e T e
101 1001 1001
H1+-+3+-4+5+=+ ..
2 4 6
6) =+ —+—+ ...
9 19 29
8) 0,6 + 0,51 + 0,501 + ...

1@ + +——+"“
720

2) an = gy ZnZ 110"+1

n, n=2k-—1,

3

G)a”_wn 1’ Y2 110n 1’

1,1
8) an = + 10”’ n=1 (E + W);

10) an - (Zn)" Zn 1 (271)'

2. HOJ’IBSYHCI) HCO6XOI[I/IMBIM IMPU3HAKOM CXOOUMOCTH piAdd, JOKAKHUTC,

uTO PAL Yo 17— pacxoamTcs.

Pewenue. OOmmii uneH psama a, = % lima, = lim —1 =1+0,

n—-oo n-oon

CJIeI0BATEIBHO, PSJT PACXOIUTCS.

3. MHccnenyiite Ha CXOAMMOCTh OECKOHEUHYIO T€OMETPUUYECKYIO
MPOTPECCHUIO C IEMCTBUTEIILHBIMU YWIEHAMU, TO €CTh JCUCTBUTEIILHBIA PsJI BUIA
a+aq+aq’*+...+aq" 1+ ... =¥ _;aq"?

Pewenue. 3anuiiem n -10 4acTHYIO CyMmy psana 1st q # 1:

, a = const > 0.

Sp=a+aq+...+aq™" 1—a11qq
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Ecmu |q| <1, to lim|q|® = 0, a moromy limS,, = ﬁ. 3HauuT, TIpU
n—oo -

n—oo

o a
|g| < 1 nccaemyemblii psji CXOIUTCSA M €r0 CyMMa paBHA P Ecmu |g| > 1, T0O
lim|q|™ = 400, cnenoBatensHo, lim|S,,| = 400, TO eCTh psix pacxoauTCs.
n—-oo n—-oo
Haxkowern, psa pacxoautcs npu ( =—1, Tak Kak YaCTUYHBIMH CyMMaMH
pana a—a+a—a+a— .. saBmores Sy, =0, Sy =a, a
nocinenoBarenbHocTs a, 0, a, 0, ..., rae a # 0, He uMmeeT npenena.

OT10T psaad pacxXoduUTCa W IIpU ( = 1, TaK KaK B OJOTOM CJIy4dac

Sp,=a+a+a+...+a=na,alimna = +w.

n—-oo

Omeem: psaa cxogures aus |q| < 1 u pacxomutes |q| = 1.

1 1
4, Jloxaxure, uro psgx 1 +2—a+...+n—a+ v, THe O0<a<l,
pacXoIUTCHL.

1 1
Pewenue. [Insa sroro pana S, =1+ —+...+—. Tak kak Bce 4ICHBI
2¢ n%

1 1 _
CYMMBI S, He MCHBIIIE — W OHA COCTOMT U3 N WICHOB, T0 S, > n - — = n'~* Ho
n n
mpu 0<a<1 mmeem 1—a >0 u, 3Hauut, limS, = limnl™% = +oo.
Nn—aoo Nn—aoo

PacxonumocTh psia nokas3aHa.

5. Haiimure cymmy psina:

1

)=+—=+...+

n(n+1) h
1 1 1 1
)—+—+—+...F+—F ...
13 35 57 (2n-1)(2n+1)
1 1 1
Pewenue. 1. Tlonp3ysce paszioxkeHUEM = — — ——, HaxoIuMm
k(k+1) k  k+1

$i=(1-9)+ G-+ +G-m) =1

. : 1
Tak xak limS, = lim (1 - —) =1, TO psiA CXOAMUTCS U €ro cymma
n—oo n—oo n+1

paBHa 1.

2. Ilepeulii cnocob. 3aMeTuM, 4TO

1 1 1 1 2 1 1 1

S i =—== S, =— _— == S, =— - - ==

174137 3 2 1-3+3-5 50 U3 1-3+3-5+5-7 :
1 1 1 1 4

Si=—+—+—+—=-x.

4713 "35 "'57 79 9
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n o
I[OKEDKGM, qTo Sn = m BOCHOJII)BYCMCH MCTOJOM MATCMAaTHMYCCKOU

nHAyKuuu. Tak kak

n 1 _2n%+3n+1
2n+1 = (2n+1)(2n+3)  (2n+1)(2n+3)

Sn41=Sp + appq =

2n?+2n+n+1 _ (2n+1)(n+1) _ n+1 n+1

T 2ntD(2n+3)  (@n+1)(@n+3)  2n43  2(n+D)+1’

TO Hallla TUI10TC3a BEpHA.

Torna rlll—rBoS" = 71113)10 znn+1 = %, CyMMa JaHHOTO psifa CYIIECTBYET H
1

paBHa >
Bmopoii  cnoco6.  lTlomb3ysicb ~ METOAOM  HEOIPEICIICHHBIX

K02 GULIMEHTOB, MpeICTaBUM OOIIUI YICH psAJla B BUIE CYMMBI ABYX JpoOeii:

1 A B _ A@n+1)+B(2n-1) _ 2(A+B)n+(A-B)
(2n-1)(2n+1) T 2n-1 2n+1 2n-1)(2n+1) 2n-1)(2n+1) °

[IpupaBHuBas K03pHUIHMEHTH P OAUHAKOBBIX CTEMEHSIX 71, MOJIY4YUM

A+2B8=0 U3 KOTOPOU HAXO I/IM'A=11/IB=—l
A—-B=1" P MG 24 =5 '

CUCTEMY YpaBHEHHUM { .
Takum oOpazom,

1 1 1 _1( 1 1 )
2n-1)(2n+1) 2(2n-1) 2(2n+1) 2\2n-1  2n+1/’

Y YaCTHYIO CYMMY psiia MOYKHO 3aIlicaTh TaK:

Sn =%[(1_§)+(g_é)+(§_%)+“'+(2n1—1_2n1+1) =%(1_21;1)’

TaK KaK BCC CJIara€MbIC, KpOMC IIEPBOro U MOCJICAHCTO, BBAUMHO YHHYTOXKAKOTCH.

: _ 14 o1\ _1
Tenepp HaxoAUM CymMMYy psaa: S = 1111—r>1<305" = - lim (1 2n+1) >

n—oo

Omeempwi: 1) 1; 2) %

6. Haitnure cymmy psna:

| __4sn
)— + —+ -t (n+1) o A 2n -2
s __sn+3

3) anl = 4) Zn Lnm+1)(n+3)’
P _ ___n+6 .
D)1—g+i—5t i 6) ZnZ I nn+3)(n+2)’
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4n—-2

N 2 iy
9) Zn 1

1

24

11) ¥nZ 19n2—12n-5’

13) X 1m'

n(n+1)(n+3)’ !

8) 2" 19712+12n 5.

3n-5

10) Zn Z(nz 1)7’1.

12) Zn 1 5n+1’

14) ¥nZ 19n2+21n 8’

. 3n—-2

15) X2 3(n2 o 16) Yot oo
+2

17) 235 rmvenss 18) 532t ey

Omeempr.
. ) 3, 8, 2, 7, 17, . 7. )
1)1; 2) —4; 3) p 4) 3 5) 3 6) p 7) = 8)0,7; 9) e 10) 1;
. 2, 5, 33, 11, ] 1 3
11) 2; 12) o 13) " 14) e 15) et 16) 1; 17) 3 18) >
7. Wcnonp3yss mpu3HAKH CpPaBHEHUS, BBISICHUTE, CXOAUTCS WU

PACXOAUTCS PSAI:

1Yz 1\/—; 2) 342 3n; ) ) I 1sm—

Pewenue. 1. TIOT0KUTENBHBINA DAL Yy oy \/_ CPaBHHUM C PaCXOIAIIAMCS

1 1
. Tak kak — > ;, n=1, 2, 3,..., TO COrJIacHO

Vn

1
IPU3HAKY CPABHEHHMS P Y.y oy 77 pacxonurcs.

TapMOHHUYECKHM PSIZIOM Yy

2. Pag YIZ —nn SIBIIIETCSA TOJOKUTEIbHBIM. CpaBHHM €ro ¢ psaoM

4o (2 n x = =
s (5) , SIBJISIFOIIMAMCST  CXOJSINEHCS T'e€OMETPUYECKON Mporpeccueii co
2Tl 2Tl n
3HaMeHaTeJleM q = = < 1. Tak kax S = 1, 2, ..., T0 pag X2 175

CXOJIATCH.
3. Pag X}Z 1sm— ABJISIETCA TOJOKUTENbHBIM. [IpuMeHuM mpu3HaK
CPaBHEHHUS B HpeI[eJ'IBHOI/I ¢dopme. Jlyis cpaBHEHUS BO3bMEM PACXOJSALIHICS

TapMOHHUYECKUH P Yy 17 ~ Tax Kax

. a .
lim = = lim % =

n—oo Un n—oo
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TO JIaHHBIA P U TAPMOHMYECKUN Psi BEAYT ceOsl OJIMHAKOBO, TO €CTh JaHHBIM

PAO TAKIKC paACXOOUTCA.

8. I/Icnonb3y$[ MPU3HAKNA CPABHEHUS, UCCIEAYUTE CXOAUMOCTD p;ma:

1) Zn 1 ln(n+1) 2) Zn 1 n\/—’ 3) Zn 1 5n+1
_ 2M+1
4) TrZ 1m 5) Xniiy 6) XnZ 12n "
1

7) Xz 1:v— 8) Ynti i 9 Xnz 1m’
10) 33Zy sin — 11) ¥aZ, mi 12) ¥aZ, (n+2)n

w In(n+1),
13) B o 14) ¥4 2 — 15) Yz, = 3’} ,
16) Y52 1tg— 17) X% n(an) 18) X2y 2+1

3n+1 |
19) ¥n iy DR ey TR A D XSS e ret
1+
22) Yi2) =, 23) Yz —; 28) Sh 21
: n:
25) Zn 1 W’ 26) Zn 1 \/—Sl 27) Zn 2 ( 1)11'
Omeemui.

1) pacxoaurcs; 2) cxoauTces, 3) cxoauTcs;
4) cxoaurces; 5) cxoautcs; 6) pacxoauTcs;
7) pacxoauTcs; 8) cxonuTes; 9) cxonuTcs;
10) cxonurces; 11) cxonurces; 12) pacxonurcs;
13) cxonurcs; 14) cxonuTcs; 15) pacxonures;
16) pacxonurcs; 17) pacxonurcs; 18) cxonurcs;
19) pacxonurcs; 20) cxonuTcs; 21) pacxonurcs;
22) pacxoauTcs; 23) pacxoauTes; 24) cxoauTcs;
25) cxoauTcs; 26) cxoauTcs; 27) pacxoaurcsl.

9. UccnenyiiTe psig HA CXOAMMOCTH C TIOMOIIBIO TTpu3HaKa [lamamoOepa:

o8} 2 . 0 "
1) Zaa sy 2) ZnZ1 gy
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n

ZTL+1

Pewenue. 1. Tak xak a, =—, a =—— 10 D =Ilim—=
nT o AL T n-ow dn
. 2n+l on . 2
= lim :— = lim — = 0 < 1. CnegoBaTeabHO, P CXOIUTCA.
n-o n+1)! nl! n—owon
nn (n+1)n+1
2. Tak xkak a,=— a =———— 710 D=I|lim—/
n- anpr N+l ™ ont1(pi)r n-w an
(n+)™t ™ 1. ()" 1

= lim

noow 21 (n+1)! " 2Mn! o

2 n-w

CornacHo npusHaky JlaimamOepa psii pacXoguTcsl.

nn 2111_)00(1 t+ )n

an+1 __

an+1 __

10. Uccrnenyiite psia Ha CXOAMMOCTH C MOMOIIBIO MTpu3Haka Jlamambepa:

0 3
1) Z‘;l’; 3n7n ’

3n+1,

4) piz 2

7) Zn 1

3Tl

3n+2,
g4n’

10) Zn 1

n(n+1)

13) Z+oo

(Zn 1)'

16) Z+oo

nn

22) Zn 1(2 ),

Omeembi’
1) cxoaurces;
4) cxomuTcs;
7) cxomuTCs;
10) cxonurcs;
13) cxomurcs;
16) pacxoautcs;
19) pacxomurcs;

22) CXOIUTCS;

2n+3,

Z)Zn 1 gn

5) Zn l—n

3n(2n-1)’

8) Zn 1 3n’

n3+2n+1

11) Y72 1m'

14) Zn 1(2 )|

1) 3z () 4

n5’

20) Z+oo (n)

n=1 (27’1)'

23) 2:1-0:01 eln;

2) CXOIUTCS;

5) pacxoaurcs;
8) pacxoautcs;
11) cxoauTcs;
14) cxomgurcs;
17) pacxoaurcs;
20) cxomuTcs;

23) cXOauTCS;
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3) Lhe,
6) 2;1_021 n_:LL;
9) ZTI, 1 Sn.;
w/(n +1)3”

n22

12) ¥rZ

15) Zn 1 ( 1)|

18) Z-Hio (n+1)!,

n=1 ony

21) 55,

24) y+e, I,

nn

3) pacxoauTcs;
6) cxomutes;

9) pacxoauTcs;
12) pacxoaurcs,
15) cxomgurcs;
18) cxomurcs;
21) cxomuTcs;

24) pacxoauTcs.



Nn—oo

PSIL PACXOJIUTCA.

o w (3n+1\"
11. Uccnenyite psim Y =1 ;) Ha CXOIMMOCTB C MOMOIIBIO MPH3HAKA

Kommn.

n+1
2n—1

. . 3 n
Pewenue. Psn nonoxurensupiii. OOmuii WieH psaaa a, = (—) . Torga

3n+1

lim \/_

n—>oo 2n—1

3 3
= Tak xak npenen 5> 1, To cornacHo npusHaky Komm

12. Vccnenyiite psam Ha CXOAUMOCTH C IIOMOIIIBIO TTpu3Haka Korm:

1) Xz

)"
yyiz ()
)iz (1 )nz;
10) XnZy
13) Y72y

(4n—3)n_
5n+1/ '’

16) X7z

)27’l+1

19) Z (3n+1

@

Omeemut.

22) Yo

1) cxonutcs;

4) cxonurcs;

7) pacxoauTcs;
10) pacxomutcs;
13) cxomurcs;
16) cxomauTcs;
19) pacxoautcs;

22) pacXOaHTCS;

[2+ (0, 1) H]™;

(2n+1) ( +1)2

2) ¥nta

n

5) ZnZ

8) Y=, arcsin™

11) iz, (2
14) 352 (3n+5)’
17) 2 (s
20) T (nH)
23) 3+‘9‘+%+

2) CXOIMTCS,

5) cxoautes;

8) cxonwures;
11) pacxoaurcs;
14) cxomgurcs;
17) cxonmuTcs,
20) cxoauTcs;

23) cX0uTCS;
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(n+1 )"_
2n—1

(Znﬂ)g:

) ;

)

3) ZTI, 2 (ln n)n’

6) Y42, sin™ L —;

9) Xnty (%)n;
12) 337, (221)'
15) 332, (22",
1924 (1+5)
SPES
24) Tt

3) cxoauTes;
6) cxoauTes;
9) cxomuTcs;
12) cxomgurcs;
15) cxomgurcs;
18) cxomuTes;
21) cxomuTcs;

24) cxomuTcsl.



13. Onmpasce Ha (Gopmyny CTHPIMHTa, JOKAKHTE, YTO PAN Ypeq n—\/'_

PacxXoauTCs.
n
Pewenue. Cornmacao hopmyne Ctupaunara n! ~v2nn (g) npu n — +oo.

n n
Torma Vn!~ S npun - +00 U, CIe10BaTEIIBHO,

n!
lima, = lim ' |- = llm = lim =400 > 1.
n—-oo n n—wo n\/— n—o0 n‘/ Tl n—oo n

Inn
[Ipu 3TOM BOCIOJIB30BAIIUCH TEM, YTO llmn\/_ = limev» = e° = 1. Torna pan
n—oo n—-oo

PacxXoauTcCsa COIJIaCHO IIPU3HAKY Komm.

14. C noMo1IpI0 HHTETPAIBHOTO MPU3HAKA 10KA3aTh CXOAUMOCTh Psia’

1)271 1

Pewenue. 1. OOmuii uneH psga a, =

1
n2+1 2) Zn 1 (n+1)In2(n+1)"

—~7; = f(n). 3amenss B stoi

dopmyne n Ha x, momydaeMm QyHkmuoo f(x) = x21+1’

YIAOBJICTBOPSIET  YCIIOBUSM  HMHTEIPAJIBHOIO IIPU3HAKA: OHA MPUHUMAET
MOJIOKUTENIbHBIC 3HAY€HWs, HEMpepblBHA U YOBIBa€T C BO3PACTaHHEM X.

Bobruncinm HeCOOCTBEHHBIN HHTETpa

4+ dx o0
J; 21 = lim arctg x —arctg 1 =

= arctg x
& 1 x>+

Nl:l
I
SNE
NE!

Tak kak HHTETpATI CXOOAUTCA, TO CXOAUTCA U I[aHHBIﬁ P,

2. Oynknus f(x) = X = 1, NOJNOXHUTEIbHA, HETIPEPhIBHA U

(x+1) In2(x+1)’
Y6BIBaeT, HOBTOMy L UCCICAOBAHUA JAHHOI'O pAda HAa CXOAUMMOCTb MOIKHO

BOCIIOJIB30BATHCA MHTCTPAJIbHBIM ITPU3HAKOM. HaXOI[I/IM

f+oo dx _ f+oodln(x+1) _ . 1 |b _
1 (x+DIn2(x+1) 1 In2(x+1)  botolnx+1) 11
1 1 1

im :
bowIn(b+1) In2 In2
BuauMm, dYTO COOTBETCTBYIOIIMM HECOOCTBEHHBIM WMHTErpall paBEH

KOHCYHOMY 4YHUCITY, TO €CTh CXOAHUTCA, 3BHAYUT, U I[aHHI)Iﬁ PAd TAKIKS CXOOUTCA.
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15. Hccnenyiite psiag Ha CXOAUMOCTH C IOMOIIBK HHTETPaIbHOTO

HpI/IBHaKaZ
1 -

1) Z nlnn 2) Z 2nlnnlIn2(lnn)’ 3) Zn T1+10n’

+00 i —1 '
4) Znz1 np’ 5) Zn I (n+1)In(n+1)’ 6) Zn 1 1+n2’
7) ZaZine ™ 8) YnZ1 2o 9) XrZy a{f,fz";
10) XnZ, 11) X572 1m 12) $i2 —;

. lnn
DL )} 15) 37
Omeemui.

1) pacxoauTcs;
4) cxomutcs pu p > 1,
pacxomurca npu p < 1;

7) cXOauTCs;

10) cxomures;

2) cXOauTCH;

5) pacxonurcs;

8) cxomures;
11) cxomgurcs;

14) pacxonurces;

3) pacxonurcs;

6) pacxoauTcs;

9) cxoautces;
12) cxomurcs;

15) cxomures.

13) pacxoaurcs;

16. VccnenyiiTe Ha CXOAUMOCTh 3HAKOYEPETYIOIIUICS P

DX CEVLR PR D R D e

n=1 m41)n2

Pewenue. 1. Psan sBnsercss 3Hakouepenyromumcs. OOmuii wieH psaa
OUYCBHJIHO HE CTPEMUTCS K HYJIIO, 3HAYUT, HE BBITIOJIHEH HEOOXOUMBIN IIPH3HAK
CXOIUMOCTH PsJIa ¥ PSJT PACXOIUTCS.

2. Pan sBnsercs 3Hakoudepenyroommmcs. Hamomuum  hopmymupoBky
npu3Haka JleWOHMIIA: eclnM WiIeHbl 3HAKOYEPEAYIOIIETOoCs psia MOHOTOHHO
yOBIBAIOT 1O a0COMIOTHOM BEJIMYMHE U OOIIUIA WICH Psiia CTPEMUTCS K HYJIIO TIPU

Nn — 00, TO P CXOJIUTCA.

(-n"

n

OOmuit  ujgeH  Hamero psga paBeH a, = Tak  kak

1
nocieaoBaTeabHOCTD {|a, |} = {;} MOHOTOHHO CTPEMHUTCS K HYJIO IPU N — 00,

TO psAad CXOOUTCA.
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(_1)1’1.—1

3. P sBnsercst 3nakouepenyronmumes. OOmuii 4ieH pana a, = D

Tak Kak MoC/IeI0BaTeNbHOCTS {|a, |} = { } MOHOTOHHO CTPEMUTCS K HYIIIO

(n+1)n?

Ipu n — o, TO pAa CXOAUTCA.

17. ViccnenyiiTe Ha aOCONIOTHYIO M YCIIOBHYIO CXOJUMOCTD PSIII:

+oo ( 1) + 00 ( 1) n-l + o0 2 n
DLaTS AEas dma(R)
Pewenue. 1. Psan cxonurca no npusHaky Jleitonuia. BeisicHuM, yCIOBHO

WJIA a0COJIFOTHO CXOOUTCA pAn. I[JI}I 9TOI'0 COCTAaBUM U UCCIJICAYEM Ha CXOINMOCTb
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Takum 00pa3om, psii CXOAUTCSE aOCOTFOTHO.
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I'JIABA |l. ®YHKIUOHAJIBHBIE ITOCJIEJOBATEJIBHOCTHU
N ®YHKIIMOHAJIBHBIE PsA1bI

§ 1. IllonsiTHe QYHKIUMOHAJIBHOM MOCJI€10BATEIbHOCTH
U PYHKIMOHAJIBHOIO psiaa

Onpeodenenue 1. OyHKIMOHAIBHOW MOCIEIOBATEILHOCTHIO HA3bIBACTCS
MOCJIEIOBATEIFHOCTh KOMITJIEKCHBIX (DYHKIIMI KOMIUIEKCHOTO TIEPEMEHHOTO,
3a/IaHHBIX HAa OJHOM M TOM K€ MHOXeCTBe D'

fl(Z)J fZ(Z)t ---:fn(Z); e (l)

B wactHOCTH, QyHKINHU f;,(Z) MOTYT OBITH KOMIUIEKCHBIMHA WJIH JCHCTBUTEIh-
HBIMU (DYHKITUSIMH JCHCTBUTEIIBHOTO TIEPEMEHHOTO.

Jlns  dyHKIMoHAIBHOM — mocienoBaTenbHOCTH (1)  Takke Oynem
WCITOJIB30BaTh CIICAYIONe 0003HAUCHHUS:

{12, 12(2), ... fu(2), .. }; (@} n=12,...; (@D} (2}
IMpumepsi
1.1, 2,22 ..,z", ..., tne z € C.
2.Inx,In?x,...,In" x, ..., re x € (0, +).

Onpeoenenue 2. 1lycts zy € D. C nomomniplo nocienoBateabHocTH (1)
o0pa3yeM YHCIIOBYIO MTOCIEI0OBATEILHOCTh

f1(20), f2(20), ) [ (20), ... - (2)

Ecnu yucnoBas mociieqoBaTeNbHOCTh (2) CXOAWUTCA, TO TOBOPST, 4YTO
dbyHKIIMOHATBHAS TTOCIEA0BATEIBLHOCTD (1) CXOIUTCS B TOUKE Zo. MHOXECTBO
BCEX TOYEK CXOAUMOCTH mocienoBaTeabHOCTH (1) Ha3biBaeTcs €€ 001acThiO
CXOJIUMOCTH.

Onpeoenenue 3. [lycte E C D 00651aCTh CXOAUMOCTH MOCIEI0BATEILHOCTH
(1). B aTom ciiydae kaxaoil Touke Z, € E MOXHO MOCTaBUTh B COOTBETCTBUE
YHUCIIO0

1im £, (o).
Toraa Ha MHOecTBe E MokHO 3anath pynkuuio f(z) = limf,(z), z € E. Oty
n—oo

(GyHKUIHIO Ha3bIBAIOT MPEAEIbHOMN ISl mocieaoBarenbHocTu (1).

Takum o0OpaszoM, 37€Ch MBI BCTpPEUaeMCsl C HOBBIM Ba)KHBIM CIIOCOOOM
3aaHus QYHKITHH.

B KOHKpeTHBIX cHUTyamusix 4acTo 3amaércss  (QyHKIIMOHAIbHAS
MOCIIEI0BATEIBHOCTE 0€3 yKa3aHus 00JacTh CXOAUMOCTH, KOTOPYIO MPUXOIUTCS
HAXOIUTh.
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IIpumepsbi
1. {x"}, n=1,2,... . O6Gnacts omnpeneneHuss TaHHOW (YHKIIMOHAIHLHON
nociaenoBareabHOCTH €cTh D = R. SIcHO, 4TO

{O,—1<x<1,
1, x=1.

IIpy x = —1 mnoay4aeM pacXOMSIIylOCS YHCIOBYIO ITOCIEAOBATEILHOCTE
{(—=1)"}. B ocraibHBIX TOYKaX JCUCTBUTEILHON ocU |x|™ — oo mpu n — oo, TO
€CTb IOCJIEIOBATEIBHOCTh B OTHX TOYKAX PACXOIUTCA.

f(x) = limx™ =

n—-oo

Wrak, ycranoBieHa obiacte cxogumoctu E = (—1; 1] yHKIHOHATHHON
nocienosareiabHocTr {x"}, n = 1, 2, ... (cM. puc.).

A

1

"""""" *
y=f) §
—o o>
-1 0 1

3aMeTHM, YTO B OTOM MpHMepe (YHKIHUU IOCIEI0BATEIBHOCTH
HenpepsiBHBI Ha (—1; 1], a ipenenbHas GyHKIHs OyAeT pa3pbIBHOIA.

2. {In"x}, n=1,2,.., x €D = (0;+0c0). Onupasch Ha MPEABITYIIAI
puMep, MOXKEM cKa3aTh, 4To eciau —1 <Inx < 1, To mociienoBaTeIbHOCTh
CXOOUTCS. B OCTaJdbHBIX CiIydasx — pacXOAMTCsA. A Toraa s CXOIUMOCTH
ITOCJIEN0BATEILHOCTH JOJDKHO OBITh 1 /e < x < e.

Urtak, ob6macts cxogumoct E = (1/e; e], mpuuém npenenbHas QyHKIUsI
HMEET BT
0, ectu 1/e< x<e,

— 13 n —
f(x) = limIn x—{ 1 ecmi x = e

n—-oo
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1+nz?

3) {anz}, n=12,.. z€D =C. fcHo, uto f(2) = lim

=0

1+n2 noowo 1+n2 !

z € C. Takum o00pazomMm, (YHKIIMOHANBHAS IOCIEJOBATEILHOCTh CXOAUTCSA K
npenenbHor pynkiun f(z) = 0 na mHOXKecTBe E = C.

4) {z"}, n=1,2,.., z€ D = C. Haiiném o0sacTb CXOJAUMOCTH 3TOU
nocieaoBareabHOCTH. SIcHO, uto eciu |z| < 1, To |z = |z|™ — 0 npu n — oo,
3HauuT U z" = 0 mpu n - . Ecmm xe |z| > 1, to |z|" = 40 u {z"}
pacxoautcs. Takum oOpa3om, IMOCIEA0BATEIBLHOCTh CXOAUTCS B Kpyre |z| < 1.

Hccnenyem mosenenne {z"} Ha okpyxuoct |z| = 1. Ecim z =1, To
z"=1-1npu n - . [lycte z # 1. [IpeacTtaBuM Z B TPUTOHOMETPHUECKOU

dbopme:

z = |z|(cosp +ising) =cosp +ising, 0 < ¢ < 2m.
Torma z"™ =cosng + isinng. BumuMm, 4YTO TpU HAMKMX YCIOBUAX HE
CYIIECTBYET IMpejieia coS N NpU N — 00, 3HAYHUT HE CYIIECTBYET Ipe/ena u z"
IpU N —> 0.

BeIBoa: 0071aCTh CXOAMMOCTH E €CTh TOYKH OTKPBHITOro Kpyra |z| < 1 u
Touka z = 1.

Onpeodenenue 3. Ilycth nana GpyHKIMOHAIBHAS MOCIEIOBATSIIEHOCTD (1).
Bripaxxenue Busa

L@+ @)+ .+ i@+ =255 (@) (3)
Ha3bIBAIOT (DYHKIUOHATIEHBIM PAIOM.

CDYHKHI/IOHaJ'IBHaﬂ IIOCJIICAOBAaTCIBHOCTD

{5n(2)} = (Xk=1 fi(2)} (4)
Ha3bIBAETCA MOCIEI0BATEILHOCTIO YACTHRIX CYMM psia (3).
["oBop#T, uto psax (3) cxoauTcs B TOUKE Zg K f(Z,), ecnu

limSy(20) = £ (20)-

O6nmactpio cxomuMocTH psifa (3) HaszbpiBaeTCs 00JACTh CXOJAMMOCTHU
nocinenoBarenbHoct  (4). Cymma psga (3) ectb mnpenenbHas GyHKUIUS
nocnenoBarenbHocTH (4). Ecu f(z) cymma psiga, To MUyt

f@=f@+L@+ . +h@D+ .. =2 fu(2), Z€E.

Ecnmu mana mocnenoBarenbHOCTh {S,(Z)}, TO €li MOXXHO COTNOCTaBHUTH
(YHKIIMOHATBHBIA PSIJT

S1(2) + (S2(2) = S1(2) + ... +(Su(2) =821 (2) + ...,

YaCTHBIE CYMMBI KOTOPOTO ecThb {S,,(2)}.
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Tak 4yTro Teopus (PYHKIMOHAIBHBIX PSIOB €CThb MHas (opma Teopuu
(YHKIIMOHAJIBHBIX MOCJIEI0BATEIHHOCTEH.
IIpumepbi

lL.z+(Z*—2)+ (2> —z)+ -+ (2" —z""1) + -

Jlerko BumeTh, uto0 S,,(2) = z", m0TOMY 00JIACTH CXOJAUMOCTH PsIa €CTh
0,ecmm |z| <1,

OTKpBITHIN KpyT |z| < 1 mTouka z = 1. Cymma psana f(z) = { 1 ecmn z = 1

2.14z4+2%+ ... +2"+ ...

BcnoMuHas reoMeTpuuYecKyro MpPOTrpecCrro, JelIaeM 3aKIIOYEeHHE, YTO
1

00JIaCTh CXOJMMOCTH psiia ecTh Kpyr |z| < 1, cymma psina paBua f(z) = —

(aKKypaTHBIE PacCy>KJIEHHUS TPOBEAUTE CAMOCTOSITENBHO).

§ 2. PaBHOMepHas ¢X0AUMOCTh PYHKIIMOHAJIbHOM
MOCJeI0BATEJIbHOCTH U (YHKIUOHAJIBHOIO Psijia

[Tycte mocnenmoBatenbHOCTh {f,(Z)} cxomutcs Ha MHOXecTBe E K
bynkuuu f(z). T0 3HAYUT, YTO

VZzeEEVe>03AN(gz) Vn (n> N = |f,(2) — f(2)]| < &).

B sToMm onpenenennn Homep N 3aBUCHT OT MPOU3BOJIBHO B3STHIX € U Z. B
3TOM clly4ae TOBOPAT, YTO TMOCIEN0BAaTENbHOCTH {f,(Z)} cxomutcs k f(z) Ha
MHOECTBE E' 1MOTOYEYHO.

Ecnu sxe moTpeboBaTh He3aBUCUMOCTH HOMepa N OT TOUku Z € E, TO MBI
npUsIEM K ONPEACIICHUIO PAaBHOMEPHOU CXOIMMOCTH.

Onpedenenue 1. DyHkumoHaNbHas TochenoBaTenbHOCTE  {f,,(2)}
Ha3bIBACTCS] PABHOMEPHO CcXodIIeiicss Ha MHOXKecTBe E k pyHkimu f(z), ecnu

Ve>03INVzeEVn (n> N = |f,,(2) — f(2)| < ¢). (1)

3neck N 3aBHCHUT TOJBKO OT €, HEpaBEHCTBO |f,,(2) — f(2)| < € BuimonHsAeTCS
npu n > N cpa3y mist Bcex z € E. Ecu {f,,(z)} cxomutcs paBHOMEpHO Ha
mHoxecTBe E k dynkuuu f(z), To mumyt f,(z) =2 f(2), z € E, npu n — .
JlanuM SKBHUBaJIEHTHOE OTpEACICHUE PABHOMEPHOMN CXOIMMOCTH.
Onpeodenenue 1'. @OyHKIWMOHATBHAS MOCIENOBATENLHOCTE  {f,(2)}
Ha3bIBACTCS] PABHOMEPHO CXOAIIEHCs Ha MHOXKecTBe E K pyHkmu f (z), ecnu

Ve >0 3AN Vn (n> N = sup|f,,(2) — f(2)| < €), 10 ecTh
Z€EE

limsup|f,(z) — f(2)| = 0.

Z€EE
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JIoKa)keM DKBMBAJICHTHOCTH orpeesieHuii 1 u 17,

1. Ilycts ¢yHKIMOHANBHAS TOCIEAOBATEIbHOCTE {f,(Z)} cxomuTcs
paBHOMepHO Ha MHOKecTBe E K (yHkuuu f(z) B cMmbiciae ompeneneHus 1 u
€ > 0 — npousBosbHOE. Torna

aN Vz € EVn(n >N = |f,(2) — f(2)] <§)

Tak kak HepaBeHCTBO |f,,(2) — f(2)| < g CTIpaBeTUBO sl Bcex Z € E, o

YKCI0BOe MHOXECTBO {f,,(z) — f(2):z € E} orpaHuyeHO CBEpPXy UYHCIOM %

CnenoBarenbHo, cymiecTByeT sup|f,(z) — f(z)|, npu atom
ZEE

sup|fn(2) — f(2)| < % <.
Z€EE

Taxum ob6pasom, {f,(z)} cxogurcs paBHOMEpHO Ha MHOXecTBe E K (yHKIUU
f(z) B cmbicie onpenenenns 1.

2. Ilyctp QyHKOMOHANBHAS MOCIENOBaTeNbHOCTh {f,,(2z)} cxomurtes
paBHOMEpPHO Ha MHOKecTBe E k dyukuuu f(z) B cMmbiciae onpexnenenus 1 u
& > 0 — mpousBonwsHOE. Toraa

AN Vn (n > N = sup|f,,(2) — f(2)| < &).

Ho ecmu sup|f,(z) — f(z)| <&, 10 mis Bcex z € E BBIMOIHSICTCS
z€E

HepaBeHCTBO |f,, (z) — f(2)| < €. Takum obpazom,
AN Vze EVn(n > N = |f,(2) — f(2)| < €),

U (QYHKIMOHANBbHAS TIOCIENOBaTeNbHOCTh {f,(Z)} cxoauTcs paBHOMEpHO Ha
mMHOXxecTBe E k ¢yHkimu f(z) B cMbIciie onpeaeieHus 1.

Ipumepsi
L {fu(0} =

cxomutes K f(x) = 0 Ha Bcel AeHCTBUTENHHOM OCH.

JIeiCTBUTENBHO, 3adaguMCsl TPOM3BOJBHBIM & > 0 . 3ameTum, 4TO
sinnx
_ 0| —

sinnx

}, x € E = R. Dta nocienoBaTelbHOCTh PABHOMEPHO

sinnx

1 1
" —|=-<empun> N = [E] cpa3y s BceX X € (—oo; +00).
sinnx
Torpa coryiacHO ompeneseHro | MocieT0BaTeIbHOCTh {T} PaBHOMEPHO

cxomutes K f(x) = 0 Ha Bcel AeHCTBUTENHLHOM OCH.

z"+nz
2. —Z€ E = C. Ota nocnenoBaTeibHOCTh PABHOMEPHO CXOJUTCS K

f(z) =z B 3amkuHytoM kpyre |z| < 1. (OOwsicaute, mouemy mpu |[z| > 1
MOCJIEA0BATEILHOCTh PACXOIUTCS?)
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Nmeem

. . z"nz . |z|™ .1
limsup|f,,(z) — f(z)| = limsup |—— Z| = limsup— = lim = = 0.
N—=%zeE N—=%zeE n n-owzep N n-on

z"nz

Torz:a COIJIACHO OIIPCaACICHUIO 1 IIOCJICOA0BATCIBHOCTD { } PaBHOMCPHO

cxomutes K f(z) = z B 3amkHyTOM Kpyre |z| < 1.

3ameuanue 1. Ecnu cymecTByeT CTpeMSIIIAsCcs K HYJIO MOCIEIOBATEIb-
HOCTh {@,} Takas, dro s BceX Zz € E BBINIONHSAETCS HEPABEHCTBO
|fn(2) — f(2)| £ a,, To nocnenoBaTenbHOCTS {f;,(Z)} paBHOMEPHO CXOIMTCS K
dbynkuuu f(z) Ha MHOXecTBe E.

JIeWCTBUTENBHO,  MOCKONBKY  HepaBeHCTBO  |f,(2) — f(2)| < a4,
BBIMIOJIHsIETCST [uis Bcex z € E, 1o sup|f,(z) — f(2)| < a,, a nosTomy wu3
zeE
ycnoBus lima,, = 0 noxyuaem, uto limsup|f,(z) — f(z)| = 0.

n—-o0 n—)OOZeE

3ameuanue 2. SIcHO, 4TO eciau mocIeA0BaTeNbHOCTD {f,(2z)} paBHOMEpHO
cxoautes K f(z) Ha MHOXecTBe E, TO OHa U mOTOYe4HO cxoauTcs K f(z) Ha E.
O6paTHOe, BOOOIIIE TOBOPS, HE UMEET MECTA.

IIpumep
PaccMotpuM niociienoBareabHocTh {f;,(x)}, x € [0; 1], roe
2nx , 0<x<1/2n,
fn(x) =1—-2nx+2, 1/2n<x < 1/n,
0, 1/n<x<1.

3ametum, uto limf,(x) = 0, x € [0; 1].
n—o0

I'padux f,, (x) mokazan Ha CJIEIYIOIIEM PUCYHKE.

y A
1rx---------------- r
\ v=rH
ol 1 1 1 x
2n ;
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Wrak, nocnenoBareabHOCTh CXOAUTCS MOTOYEYHO K HYJIO B KaXKJ0M TOUKE
orpe3ka [0; 1]. OmHako cxogumocTh He OyneT paBHOMEpPHOW. J[eHcTBUTENBHO,
BO3bMEM € = 1/2 > 0, Torna kakoi Obl HoMep N MbI He B3sutd, ipu n > N B
touke x = 1/(2n) oymer |f,(1/(2n))—0|=1>1/2. Takum o006pa3om,
BBITIOTHEHO oTpuiianue (1):

de>0VN 3Iz=z(N)e Ean=n(N) (n> N A|f,,(2) — f(2)| = ¢).

OTO0 03HaYaeT, YTO paBHOMEPHOM CXOJAUMOCTH HET.
Onpeoenenue 2. OyHKUMOHAIBHBIN Psijl

L@+ 2+ o+ (@D + =205 fu(2)

Ha3bIBACTCSI paBHOMEPHO cxomsammmcst K f(z) Ha mHOkecTBe E, ecnu k f(z) Ha
E cxomauTcst paBHOMEPHO MOCJIE0BATENIFHOCTD YACTHBIX CYyMM psifa.
Ilycth

fAO=fi@D+L@D+ .+ L@+ .. =2 f(2),
Sn(2) = f1(2) + [2(2) + ..+ fu(2).
Torna

Rn(2) = f(2) = $n(2) = fo11(2) + frs2(2) + .. = EiZni1 i (2)
— OCTaTOK psifa.

PaBHOMEpHAst CXOAMMOCTh (DYHKIMOHAILHOTO pana Yo fn(z) nHa
MHOecTBe E (cormacHo ompeneneHuto 2) o3Havaet, uto S,(z) 2 f(2), z € E,
pu n = oo,

[Tocneanee yciioBre paBHOCHIIBHO CIIEYIONIEMY YCIOBHUIO

R,(z) =S5,(z) — f(z) 30,z€ E,npun — .

Takum o00Opa3oMm, paBHOMEpHas CXOAMMOCTh Ha MHOXecTBe FE
(GYHKIIMOHATIBLHOTO Psifia paBHOCHIIbHA PAaBHOMEPHOU CXOAMMOCTH Ha MHOYKECTBE
E K Hy/II0 1moclienoBaTelbHOCTH ero ocrarkoB. Otcroga B cuity onpenencaus 1’
MOJIy9aeM, YTO JIJIsi TOTO YTOOBI QYHKIIMOHATBHBIN PSIJT pABHOMEPHO CXOJIUJICS HA
MHOecTBe E, He0OX0AUMO M JOCTATOYHO, YTOOBI

rlli_r>nsup|Rn(z)| = 0.

©zeE

§ 3. Kputepnii Ko paBHOMEpHO# CXO0AMMOCTH
(PYHKIHOHAJIBHON MOCJIEA0BATEIbHOCTH
U QYHKIHOHAJIBHOIO psiia
Teopema 1. Jlnsg Toro 4toObl (yHKIMOHAIBHAS MOCIEI0BATEIHHOCTh

{f,(2)} cxomunacr paBHOMEpPHO Ha MHOXXeCTBE E, HEOOXOIMMO M JOCTaTOYHO,
YTOOBI

Ve>0 INVzEEVnVp=>1 (n >N = |fn+p(z) —fn(z)| < e). (1)
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Hokaszamenvcmeo. 1. Heobxooumocmo. Ilycts f,(z) 3 f(2), z € E, ipu
n — oo, 3agaaumMcs Npou3BoJibHEIM € > 0. Torma

INvnvzeE (n>N=lf2) - f@)]<3).

Ecmun > N, To tem 6onee n + p > N nipu mo6om p = 1, a Toraa asis Bcex
z € E crpaBenimBO HEPABEHCTBO | foep(2) — f (Z)| < g Torma

fasp@ — @] = |(Farp(@ — £(D) = (fu@) — f@)] <
< furp@ — @]+ 1fu(@D — fDI <Z+Ei=¢

utsi Bcex z € E nmpun > N u mobom p = 1. Takum oOpazom, (1) BEIIOTHEHO.

2. [locmamounocmo. Ilycts BeImonHseTcs: cooTHomenue (1). Ono mmeer
MeCTO I BcexX Z € E. PaccMOoTpuM NMPOU3BOJIBHYIO TOUKY Zo € E, Torma mis
3amanHoro € > 0

INVAVDp 21 (> N 2 |frn(Z0) — fu(Z0)| < ). )

Ho »To0 o3Hawaer, 4Tto umcioBas MOCIeNOBaTeNbHOCTDh {f,(Zy)} sABIsETCS
dbynnamenTtanbHOl. Tak kak € — MOTHOE METPUYECKOE MPOCTPAHCTBO, TO {f,,(Zo)}
CXOJIUTCSL.

Takum o00pa3oM, TIOCKOJIBKY Z, BBIOMpaNach MPOU3BOJIBHO, IS
MOCJICTIOBATEILHOCTH {fn(2)} CYIIIECTBYET npeaebHas byHKIHS

f(z) = limf,(2),z € E.
n—-oo
B HepaBeHcTBe | frnp(2) — fn (Z)| < & cootHouieHust (1) mepeitném K

npeaeny npu p > u  JoboM  ¢ukcupoBanHoM n > N. Ilomydum
If(z) — fn(2)| <€ mpu n>N nans Bcex z € E. Ho 310 u o3Hauaer, 4To

fn(2) 3f(z) ma k.

3ameuanue 1. Teopema 1 wumeer mecto u Torma, korma {f,(z)}
MOCJIEIOBATEIHLHOCTD JIEHCTBUTENBHBIX (DYHKINH, MPUYEM mpeenbHas QyHKIIHS
B OTOM CIlIy4ae SBIIETCS JEHUCTBUTEIBHOM, YTO CJIEAYET U3 IOJHOTHI
npoctpancTia R.

JlokazaHHYIO0 TeOpeMy MOXKHO repedpasupoBath IJIsl PSIOB.

Teopema 2. J[11s1 TOro 4T00BI (PYHKITMOHATILHBIN PSIJT

i@+ L@+ .+ 2+ ..

PaBHOMEPHO CXOJWJICI K HekoTropod ¢yHkuuu f(z) Ha MHOXecTBe FE,
HEOOXOAUMO U IOCTATOYHO, YTOOBI

Ve>0 AINVzeEEVnVp=>1(n>N=
= |fn+1(z) + fo+2(2) + ... +fn+p(Z)| <e).
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Hoxazamenvcmeo. PaBHOMEpHas CXOJIUMOCTh pPsijia €CTh paBHOMEPHAs
CXOJMMOCTh TOCIIEZIOBATEILHOCTH €ro dacTHeIX cymMMm {S,(z)}. Ocraércs
3aMETUTb, YTO Sy, (z) — S,(2) = fr41(2) + ... + fr4p(2), U cocnatbcs Ha
Teopemy 1.

3ameyanue 2. Teopema 2 UMEET MECTO ISl ACHCTBUTEIBHBIX PSIOB,
npuuéM cymma psiia OyAeT sBIAThCS JEHCTBUTENbHON (QyHKIUEN. DTO cienyer
U3 3aMedanus 1.

CaeacrBue (HE0OXOIMMOE YCIIOBHE PAaBHOMEPHOW CXOIMMOCTH Dsja).
Ecin  ¢yukumonanensiit psin fi(z) + f,(z) + ... + f,(z) + ... paBHOMepHO
cxoauTcst Ha MHOXecTBe E, 10 f,,(z) =2 f(2) =0,z € E, ipun — oo.

§ 4. [Ipusnak BeilepuiTpacca paBHOMEPHON CXOAMMOCTH
(pyHKIMOHAIBHOIO psAA

[TycTh naH pyHKIIMOHAIBHBIN Pl

i@+ fL,(@)+ ...+ f,(2) + .. (1)
Y TOJIOKUTEIIbHBIA YUCIIOBOU PSif
a+a,+ .. +a,+ ... (2)

Ecnu s m00b1x z € E u 1uis m00BIX N CIIpaBeIIMBO HepaBeHCTBO | f,,(2)| < a,,,
TO TOBOPST, uTo psn (1) maxopupyercs psgom (2) Ha MHOkecTBe E.

Teopema (Beiiepmrpacc). Eciiu dyHkunonansHbii psia (1) Ha MHOMXKECTBE
E MaXOPHUPYETCS CXOIAIIUMCS TOJOKUTEIBHBIM YHUCIOBBIM PSAIOM (2), TO psia
(1) cxoauTcst Ha MHOKECTBE E aOCOJIFOTHO U PAaBHOMEPHO.

Jloxazamenvcmeo. AOcomoTHas cxoauMocTh psaa (1) cmemyer wu3
HepaBeHCTBa |f,, (2)| < a,, v mpHU3HaKa CPABHEHHUS TOJIOKHUTEIBHBIX PSIOB.

[Tokaxkem paBHOMEpHYIO cxoauMocTh psana (1) nHa E. 3amaaumcs
npousBosibHBIM € > 0. Tak kak psjn (2) cxogurcs, To B cuiny kpurepus Ko

AINVAVp =1 (n>N=>apq +apa+ o +apyy, <8).

3aMeTuM, 4TO
i1 + frsz(@ + oo + frin(@)] <

< 1D+ 2@+ . + |fn+p(z)| S Qpiq + Apyz T o T Ay

g Bcex z € E. Torna
ANVzEEVnNnVYp=>21(n>N-= |fn+1(z) + fri2(2) + ... +fn+p(z)| < €).

B cuny Teopemsl 2 u3 § 3 riassl || psig cxoguTcs paBHOMEPHO.
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sin x sin 2x sinnx

1 + 2 + ..+ —

sinnx

IHpumep. + ...

1 w 1
g Bcex x € R numeem < —» Pl Zn:lﬁ CXOJIUTCS. 3HAYMT,

JAHHBIN Pl CXONUTCS PAaBHOMEPHO Ha BCEM NEHCTBUTENHHOM OCH B CUITY
npusHaka Beliepmrpacca.

§ S. YciioBus HennpepbIBHOCTH NpeaeabHON GyHKIMH
U CyMMbI QYHKIIHOHAJILHOIO psiia

Teopema 1. Eciin mocneoBaTeabHOCTh HENMPEpBIBHBIX pyHKINH {f,,(Z)}
CXOIUTCSL paBHOMEpHO Ha MHoxectBe E k dynkumu f(z), 10 f(2) —
HernpepbiBHAsS QPyHKIMS Ha E.

Joxazamenvcmeso. Ilycth z, — mpousBosibHas Touka E. HeoOGxomumo
JI0Ka3aTh, 4yTo f(Z) HEenmpephIBHA B TOUKE Z.

3agaaumMcs Mpou3BoJbHBIM € > 0. Umeem

1f(2) = f o) = |(f(2) — fu(2)) + (u(2) — fu(20)) + (Fa(20) — f(20))]| <

< f @ = F @1+ 1fu(2) = fu(20)] + [ fu(20) = f(20)]. (1)
Tax xak f,(z) = f(2), T0
AN VzeEvVn (n>N = |f,(2) — f(2)| < &/3). (2)

B wactHOCTH, B TOUKE Z,

|fn(20) = f(20)| < &/3mpun>N. 3)
[Tycts Teneps B HepaBeHCTBax (1), (2) u (3) HOMep n = Ny HUKCUPOBAH U

ny > N. Tak xak Bce QyHKIMH f;, (Z) HENPEPBHIBHBI B TOUKE Z(, TO AJIS 33JaHHOTO
BbIlIE £ > 0

36 >0 Vz (|z — 20| <6 = |f,(2) — fn,(20)| < €/3). (4)
W3 uepasencts (1), (2), (3) u (4) umeeMm |f(2) — f(zy)] < Z + § +§ =¢

npu |z — zy| < §, 9TO ¥ 03HAYAET HEMTPEPHIBHOCTD (DYHKIMH [ B TOUKE Z,.

3ameuanue 1. VI3 TeopeMbl BBITEKAET, YTO €CJIM IOCIEIOBATEILHOCTD
HenpepbIBHBIX GyHKIWHIA {f,, (z)} cxoaures k pa3psiBHOM pyHKImME f(2) Ha E, TO
{f(2)} HE MmoxeT cxonuThCs paBHOMEpHO K f (z) Ha E

Tak, B § 1 rnassl || MbI paccmoTpenu nocnenoBaTeIbHOCTh HEMPEPHIBHBIX
Gyukumit {x"} u nokasamm, uro Ha E = (—1; 1] oHa cxomuTcs K pa3pbIBHOM
byHKIIUN

0, -1<x<1,
f(x)={1 x = 1.

CnenoBatenbho, {x"} HepaBHOMepHO cxoautcs Ha (—1; 1] k f(2).
60



3ameyanue 2. B § 1 rnasel || Mbl ipuBeny nmpumep Mocien0BaTeIbHOCTH
HETPEPBIBHBIX (PYHKITHI

2nx , 0<x<1/2n,
fan(x) =1—2nx+2, 1/2n<x<1/n,
0, 1/n<x<1,

KOTOpasi HepaBHOMepHO cxoautcs Ha [0; 1] k HenpepsiBHOH pyHKuMu f(x) = 0.
OTOT NMpUMEp MOKA3bIBAET, YTO PaBHOMEPHAsl CXOJWMOCTb HE SIBIISETCS
HEOOXOIMMBIM yCIIOBHEM HETIPEPHIBHOCTH MPEAEIbHON (DYHKIIHH.

JlokazaHHas Teopema Jerko mepedpasupyercs sl (PyHKIMOHAIbHBIX
PSIOB.

Teopema 2. Ecium ¢yukmuu f,(z), n=1,2,.., HenpepbiBHbI Ha
mMHOkecTBe E, a psia Y- f(2) paBHOMepHO cxoautcs Ha E x dyukuuu f(z),
To f(z) HempepniBHA Ha E.

Hoxazamenvcmeo.  UneHbl  MOCIEAOBATENILHOCTH  YACTHBIX  CyMM
Sn(2) = Xk=1 fi(2) pana Y. -1 fn(2) SBASIOTCS HEMPEPHIBHBIMU (DYHKIIUSIMU KaK
KOHEYHBIE CYMMBI HETIPEPHIBHBIX ()yHKITHIA.

Torma st 1oKas3aTenbCTBA HEMPEPHIBHOCTH CyMMBbI f(z) = Tlango Sp(2)

(GYHKIIMOHATIBHOTO psAZia OCTAaETCs MPUMEHHUTH Teopemy 1.

§ 6. MeTpnueckue npocrpanctsa M|a; b], C[a; b] n ux nojHoTa

B Hauvane Hamero Kypca Mbl BBEJIM METPUUIECKOE TIpocTpaHcTBo M [a; b].
DTO0 MHOXKECTBO BCEX JICHCTBUTEIBHBIX OTPAHMYCHHBIX (DYHKIIMH, 3aJaHHBIX Ha
[a; b]. MeTpuka B 3TOM IPOCTPAHCTBE CIICIYIOMIAS:

p(fisf2) = x:;{llpbllfl(x) — (0.

[TycTh Temeph AaHa MOCIe0BATEIbHOCTh TOYEK ITOrO MPOCTPAHCTBA { f;, }
uTouka f € M.

CxomumocTs {f, } k f B MeTprueckoM npoctpanctse M[a; b] o3nauaer, uro
rlll_r)rolo p(fu; f) =0. Torma B cuwiay onpenenenus 1° w3 §2 o5Tod TiaBbl

(GyHKIMOHATBHAS TTOCTIEAOBATENLHOCTS { f;, (X)} paBHOMepHO cxoauTes Ha [a; b]
K (ynkmun f(x). Takum oOpa3oM, cxomaumMocTh B mpoctpancTBe M[a; b]
nocienosarenbHoctTn  {f,} Kk f € M[a;b] paBHOCWIBHA paBHOMEPHOMH
cXOIUMOCTH (YHKIIMOHAIBLHOU TocnenoBarenbHOCTH {f;,(x)} k dyHkmum f(x)
Ha oTpe3ke [a; b].

Teopema 1. [IpoctpanctBo M[a; b] nmonHoe.

Hoxazamenvcmseo. HyXHO mMoKa3aTh, 4TO B 3TOM IPOCTPAHCTBE BCSAKAs
¢dbyHIaMeHTaIbHas OCIE0BATEIBHOCTD SBISIETCS CXOASIICHCA.
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[Tycte nmanma d¢yHnameHTanbHas MOCIENOBATENbHOCTD {f,} TOYeK wu3
M]a; b], To ecTh GyHKIHOHATBHAS TOCIEAOBATEIILHOCTh OTPAHUYCHHBIX Ha
[a; b] byHKIMH, 1715 KOTOPOH
Ve >0 3IN vnvm (n,m > N = sup |f,,(x) — fn(x)] < &).

x€[a;b]

Ho ecmm  sup |f,,(x) — fin(x)| <&, To mias Bcex x € [a; b] BwImOTHSACTCS
x€[a;b]

[fn(x) = fn ()] <.

Bcnomunas KpUTEepUit Komm paBHOMEPHOU CXOJUMOCTH
GbyHKIHOHATBHOM mocienoBarenbHOCTH (Teopema 1 § 3 rnaBer |l), nemaem
3aKJIoueHue, uto {f,, (x)} paBHOMepHO cxoauTcs Ha [a; b] kK HeKoTOpo#t QyHKITUH
).

Octaéres nokaszath, 4to f(x) orpaHudeHHas QyHKIHS Ha [a; b], TO ecTh
f € M|a; b].

Tak xak f,(z) =2 f(2) na [a; b], T0

AN Vavx (n> N = |f,(x) — f(x)| < 1).

[Iycth Ny — GUKCUPOBAHHOE YUCIO TAKOE, 4TO My > N, Torga sl Bcex
X € [a; b] BeimonHsETCS |fn0 (x) — f(x)| <1
[Tyctp nanee |fn0 (x)| < M,, tak kax f, (x) € M[a; b]. Torna

GOl = [ () = fog () + oy ] < [F(0) = oy )] + |y ()] < 1+ M.
BuauMm, uro f(X) orpanmuennas GpyHKIms.

PaccmMoTpuMm Temeph MOANPOCTPAHCTBO TMpocTpanctBa — M[a; b] —
MHOKECTBO BCEX HENPEPHIBHBIX Ha [a; b] dyHKOMA. DTUM MBI coXpaHsieM
METpPUKY, BBeAEHHYIO B M [a; b]. B Hamem cinydae

p(fi; f2) = sup |fi(x) — ()| = xg%g?é”ﬁ(x) — ()| = Ifi = f2ll,

x€[a;b]

TaK Kak paboTtaer Teopema BeiliepmiTpacca O JIOCTHKEHUM HaUOOJBIIETO
3HaUeHHs HenpepbiBHOUN QyHKimu |f; (x) — f2(x)| Ha oTpeske [a; b]. ScHo, uTO
paccMaTprBaeMoOe MHOXECTBO HEMPEpPhIBHBIX Ha [a; b] GyHKuuil sBiseTcs
METPUYECKUM TIPOCTPAHCTBOM, KOoTopoe oOo3Hawaercs uepe3 C[a; b]. ScHo
TaK)Xe, YTO CXOJAMMOCTH TOCJICIOBATEIIBHOCTH TOUYEK B 3TOM ITPOCTPAHCTBE €CTh
paBHOMEpHAsi CXOJMMOCTh COOTBETCTBYIOIIEH (YHKIIMOHAIBLHOW IOCIIEIO-
BaTEIBHOCTH Ha [a; b].

Teopema 2. [Ipoctpanctso C[a; b] monHoe.

Hokazamenvcmeo. Ilycto {f,,} — byHnameHTabHAS TOCIEIOBATEILHOCTh
u3 C[a; b]. Tak kak C[a; b] € M]a; b], To, KaK 3TO OBLJIO MMOKa3aHO B Teopeme 1,
(GyHKIIMOHAIbHAS TOCJIEN0BATeNbHOCTh {f,(X)} paBHOMEPHO CXOIUTCS K
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HekoTopor ¢yHknmu Ha f(x) Ha [a; b]. Tlo Teopeme 1 mu3 § 5 sT0lt TrIaBHI
¢bynkmus f (x) HenpepbiBHA Ha [a; b], To ecTh f € C|a; b].

Pesynbrathl § 6 MOXHO CyIIecCTBEeHHO 0000mMTh. Tak, HampuMep, MOKHO
paccMaTpuBaTh KOMIUICKCHO3HAYHbIE (YHKIIMA Ha HEKOTOPOM MHOXKECTBE
MeTpudeckoro npoctpancta C. Onpenenenne npoctpancTB M (C) u C(C) Takoe
e, U TaK )K€ TOKa3bIBaeTCs X TIOJTHOTA.

§ 7. louieHHOE MHTErPUPOBAHUE U MTOYJICHHOE
nuddepenuupoBanue PyHKUMOHAIBHOU MOCIAEA0BATEIbHOCTH
U PYHKIHOHAJIBHOIO psiia

B oatomM maparpade moinér pedb O JACUCTBUTENBHBIX (DYHKIIHIX
JEWCTBUTEIBHOTO IEPEMEHHOTO.

Teopema 1. ITycts {f,(x)} € C[a; b] u f,,(x) =3 f(x) Ha oTpe3ke [a; b].
b b (.. b
Torma [, f(0)dx = [ (limf,(x)) dx = lim [ £, (0)dx.
HHokazamenbcmeo. 3aMeTHM, 9TO B CHIIY IOJHOTHI TipocTpancTBa C[a; b]
dbynkuus f(x) HenpepbIBHA, a 3HAYUT UHTETPUpyeEMa.

3agagumcs Npou3BOJBHBIM € > (0. B cuimy paBHOMEpHOM CXOAMMOCTH
nocjenoBareabHoCTH { f;, (x)}

3N vx € [a;5] ¥n (n> N = |f,00 - f(0)] < =)
Torna
|2 fudx = [2 Fdx| = |2 (fu@) = F0)dx| < [1f0) = FO0)ldx <

b ¢ € b 3
< amdx—ﬁ fadx—m (b—a)=c¢

npu n > N. Cle0BaTeNIbHO, 11113.10 f; fu(x)dx = f; f(x)dx, uro u TpebGoBanoCch
JI0Ka3aTh.

3ameuanue. be3 npenmnonoxenus paBHomepHoil cxomumoctu {f (X))}
YTBEPIKICHHE TEOPEMBI MOYKET OKa3aThCs HCBEPHBIM.

Ipumep

Mycrs f,(x) = 2n2xe ™%, x € [0;1]. 3aMeTnM, 4TO NPH KaKIOM
¢ukcupoBannom  x € [0;1] Oyzer 111i_r>1010(2n2xe_”2x2) =0, TO ecTh

1 2
nocneaoBareabHOCTh cxoautes Ha [0; 1] k f(x) = 0. OrmeTum, 4TO f, (;) = ?n
1

)41 fn (z) — +00 Inpu n — o0, TO C€CTh IIOCICAOBATCIBHOCTE CXOIUTCA

HEPaBHOMEPHO K CBOei npenensHoi pyHkuuu Ha [0; 1].
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Hanee, lim fol frn(x)dx = lim fol 2n2xe ™ **dx = lim (—e—”zxz)
n—o n—oo

n—oo
= lim(l - e‘”z) = 1.

n—-oo

1:
0

C 1pyroii CTOPOHBI, fol f(x)dx = fol 0dx = 0.
Taxum o6pasom, [ f(x)dx # lim [ f,(x)dx.
n—-oo

Teopema 1 cooTBeTcTByOImMM 00OpazoM mnepedpazupyeTcs  Uis
(GYHKIIMOHATBHBIX PSIIOB.

Teopema 2. Eciu {f,,(x)} © C[a; b] v psin
L)+ H0)+ o+ f(0)+ . 1)
CXOIUTCSl paBHOMEPHO K f (x) Ha [a; b], TO
[y FOOdx = [} (Sies fu())x = Tiics f) fu(x)dx.

Hokazamenvcmeo. Ilycts S,,(x) — yactHbie cymmel psiaa (1). Toraa scHo,
uro S, (x) = f1(x) + f,(x) + ... + f,,(x) HenpepriBHBIC HA [@; b] hyHKINHU U

b b b
Jo Sn@)dx = [ (Xk=1 fi())dx = T—y J, fie C)dx.
Kpowme Toro, S,,(x) =2 f(x) Ha [a; b], moaTomy 1o Teopeme | nmeeM
b . b : b w (b
[} FOOdx = lim [75,(x)dx = lim T2y [7 fu(Odx = Ticy [ fi ().

SIcHO, 4TO 3aMeYaHue, CASIaHHOE TIOCIe TEOPEMBI 1, MOYKHO OTHECTH U K
Teopeme 2.

Teopema 3. Ilycts {f,(x)} ompenenena ©Ha [a;b], cymecTByrOT
fn(x), mpuuém f,, (x) € C[a; b], n = 1,2, .... Eciu {f,,(x)} Ha [a; b] cxomuTcs K
f (%), a{f,(x)} paBHOMEpHO cxomuTcs Ha [a; b], To cymecTByeT f'(x) U

f100) = = (limf(x)) = lim £ (x).
THokazamenvcmso. ITycts fi(x) =3 (x) Ha [a; b], Toraa mo Teopeme 1
[y $@dx = lim [ fi(x)dx, x € [a; b].
Ho [ fi(x)dx = f,(x) — f,(a), crenosarensHo
J3 wedx = im[£,(x) = fu(@] = limf,(x) = limfo(@) = £ () — f(@).

Otkyma f(x) = f; Y(x)dx + f(a), toe f(f Y (x)dx — uHTETpAN C IEPEMEHHBIM
BepxHUM Tipenenom. Tak kak Y (x) € Cla; b], To, nuddepeHupys mocieaHee
paBeHcTBO, monyduM f'(x) = Y(x) = limf, (x).

n—-oo
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[lepedpasupyem Teopemy IUIst psIOB.
Teopema 4. [TycTb unieHbI paaa
L)+ fG0)+ o+ () + .. (1)
OIpeIeTCHbI Ha OTpe3ke [a; b] U UMEIOT HempepbIBHbIC MPOU3BOHbIC f;, (X) Ha
sToM otpeske. Ecnu Ha [a; b] psin (1) cxoautes k f(x), a psan

AR+ + o+ () + .. (2)

CXOJIUTCSI pABHOMEPHO, TO cymiecTByeT f'(x), mpuuém

@) = = Ciiea o)) = s £ ().

Joxazamenvcmeo. Ilycte S, (x) — dactaeie cymmsbl psga (1). Torma
cymectByloT Sp(x) = Y-, fr(x), mpuuém S;(x) € C[a; b]. Buaum, uro
{S;,(x)} ecThb mMOCIEAOBATEIILHOCTh YACTHBIX CyMM psiga (2), a Torga oHa
cxomutcsi paBHoMepHo Ha [a;b]. Ilo Teopeme 3 cymiectByer f'(x) u

£/@) = limS; (o) = lim $E_y £ () = Btz fi(0).
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I'JIABA I1l. CTEIEHHBIE PAbI

§ 1. [TonsiTue crenennoro psaga. Kpyr u paaunyc cxoaumocrtu
CTEIEHHOI'0 psiaa

Onpeoenenue 1. DyHKIMOHATBHBINA Pl BUIA
cotca(z—a)+c(z—a)’+ ..+ (z—a)" + .., (1)

rae a,Cg, Cq, -, Cp, ... — NOCTOSIHHBIE KOMIUIEKCHBIE YHCIIA, & Z — KOMIUIEKCHAs
NepeMEHHas1, Ha3bIBAECTCA CTEIIEHHBIM PSIIOM.

Msl BuauM, uto ¢yHkumu f,(z) = ¢, (z — a)™, obpasyromiue CTeneHHON
P, ONPEEIIEHBl HA BCEW KOMILIEKCHOM INIOCKOCTH, TO €CTh IS Beex Z € C.

ScHo, 4TO I 3ajaHusl CTETIEHHOIO pAJia JOCTAaTOYHO 3aJaTh YUCIO d,
Ha3bIBAEMOE LIEHTPOM CXOJHMMOCTHU PsiAd, U YUCHA Cg, Cq, ..., Cp, ., HA3BIBAEMBIE
koadurmentamu psina (1).

Ecmu a,cy,cq,...,Cy, ... — JACUCTBUTENBHBIE 4YHCIA, & Z =X —
NEHUCTBUTENbHAS TepeMeHHass, To psan (1) mpeBpamaercs B JAEHCTBUTEIbHBIN
CTENIEHHOM PsiJl, TO €CTh MOJIy4aeTCs YaCTHBIN citydaid psaa (1).

3ailMéMcs HM3y4E€HHEM CTPYKTypbhl oOnactu cxoaumoctu psaga (1).
3amerum, uto psax (1) Bcerma cxoamTcs, TpuaéM abCOIOTHO, B TOUKE Z = A, H
€ro cymMma paBHa C.

Cyl11ecTBYIOT psJibl, CXOASIIMECS HA BCEM KOMIUIEKCHOM MIOCKOCTH.

IIpumep
zz  z3 z" w Z"
1+2z +'ET'+'§T-F e 4—;;—4— e ::}En=(V;?

[Iycts z # 0 — mpoU3BOJNIBHOE (PUKCHPOBAHHOE KOMIUIEKCHOE YHCIIO.
Torpa psan Oyner uncioBbiM. Mcciienyem ero Ha aOCONIOTHYHO CXOAUMOCTH C
MOMOIIIBIO aHaiora mpu3Haka Jlanamo6epa. Mmeem

z" in| |z

. | . 1
= lim—=|z|lim—=0<1
n-oo n+1 n—o n+1

Zn+1

Zn

D = lim

n—-oo

= lim
nowo l(n+1)1z"

st mroooro z € C\{0}. IIpu z = 0 psa Takke cxomutcst. Utak, psa CXOIUTCS U
a0COJIFOTHO Ha BCEH IJIOCKOCTH.

CyIIECTBYIOT PSAIBI, CXOIAIINECS TOIBKO B TOUKE Z = d.
Ipumep

1+@zZ—-a)+2!(z—a)’+ .. +nl(z—a)" + ...
[Tycth z # a, Toraa |z — a| # 0. [daiee,

n+1)!(z—a)™*?
nl(z—a)"

Zn+1

Zn

D = lim

n—oo

=1im|

n—-oo

=|z—allim(n+1) = 4+
n—-oco
IS TIOOOTO Z # a. Psim cXoauTest TOBKO B TOUKE Z = d.
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CYHIGCTBYIOT CTCIICHHBIC PAObI, 001acTh CXOOIUMOCTH KOTOPBIX CCTb
IMpaBWIbHAA 9aCTh INIOCKOCTHU, HC COBIIaAArOmas € TOYKOH Z = a.

IIpumep
14z4+2%4+ ... +2"+ ...

OTo TeoMeTpHyecKas HpOrpeccusi, 00JacTh CXOAUMOCTH KOTOPOH €CTh
OTKPBITHIH KpyT |Z| < 1.

CtpykTypy o01acTu cxoaumocTs psiaa (1) BesicHsIET
Teopema 1 (Komu — Axamap). ITycts nas psig (1) unyers K = lim %/|c,,|.
n—-aoo
ITpu 0 < K < 400 psix cxoautest abCOMIOTHO B Kpyre |z — a| < % U PaCXOIHUTCS

1
BHE ATOT'0 KPyra, TO eCTh 1pH |z — a| > < IIpu K = 0 psan cxoautcst aDCONIOTHO

Ha Bced IUIOCKOCTU, pu K = +00 psasl cXOAUTCs aOCOJTIOTHO TOJBKO B TOYKE
Z =a.

Joxazamenvcmeo. Ilycth 0 < K < +o0. UccnenyeM psig Ha aOCOJIIOTHYIO
CXOJIUMOCTh C TOMOIIBIO aHajora mnpusHaka Komm—Apgamapa cXoauMocTd
MOJIOKUTEIIBHBIX psiioB. Mmeem

Tlligrgﬂlfn(z)l = Tlliggo’i/lcnllz —al* = rlggo(lz —alVleal) =
= |z —a|lim%/[c,| = |z — alK.
n—ooo

3aMeTHM, YTO MbI IPUMEHHUIIH 3/I€Ch OJHO U3 CBOMCTB BEPXHETO Mpejea:
ecm  {a,} wu {b,} TOCIEIOBATENTLHOCTH HEOTPUIIATCIBHBIX  YHCET,

lima, =a >0, limb,, = b, TO lim(a,b,) = lima, - limb,, = ab.
n—o n- n—o

n—oo n—oo 0
[IpuMeHHTEIBPHO K HaIIEMy CIy4al0 HYKHO IMOJOXHTh d, = |z —a| -
IIOCTOSTHHAS TTOCJIEI0BATEIILHOCTh, a b,, = Tm

Urak, npu |z —a|lK <1 u |z — a| # 0 psag cxomutcst adbcomroTHo. Ho u
npu |z —a| =0, TO ecTb B TOYKE Z = d, KaK OTMEYEHO BBIIIE, PSI CXOTUTCS
aOCOJIFOTHO.

Takum oOpasom, npu |z — a|K < 1 psaa cxoautcss aOCOJIOTHO, TO €CTh

1
CXOJUTCS a0COJIFOTHO B Kpyre |z — a| < -
Eciu xe |z — alK > 1, TO psAa pacXoauTcsi, TO €CTh PAI PACXOIAUTCS BO
1
BHEIITHOCTH KpyTa |z — a| < =

[Tycts Temeps K = 0. Torma |z —a|lK <1 ama Bcex z, psia CXOIUTCS
a0COJIFOTHO Ha BCEH MIOCKOCTH

[Tycts Temeps K = +o0. Torma s Becex z # a Benuuuna |z — a|K = 4o,
U P PACXOIUTCS BCIOY, KPOME TOUKH Z = @, TJI€ OH CXOIUTCS a0COIOTHO.
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Onpeoenenue 2. Eciu ns psaga (1) 0 < K < +oo, rie K = lim? lc, |, TO
n—-oo

qucio R = % Ha3bIBAIOT PaMycoM cxomumocTu psaa (1), a kpyr |z —a| <R —
KPYTrOM CXOJMMOCTH psJa (CM. puc.).

Eciu K =0, 10 psaag cxoaurcss aOCOMIOTHO Ha BCEH KOMIUIEKCHOM
IUIOCKOCTH, TO3TOMY €CTECTBEHHO CUMTaTh R = +00, a BCIO INIOCKOCTh — KPYTOM
CXOJIUMOCTH.

Ecimu K = 400, TO psin cxoaurcss abCONIOTHO TOJBKO B TOYKE Z = A.
Cunrarot, yto R = 0, a Kpyr CXOJUMOCTHU BBIPOKJIAETCS B TOUKY Z = d.

3ameuanue 1. Eciu psg (1) siBasieTcss NeWCTBUTENBHBIM, TO IS HETO,
€CTECTBEHHO, OCTAETCsl BEpHBIM BCE CKazaHHOE BbIlie. Ho B 3TOM citydae roBopsT
HE O Kpyre CXOOUMOCTH, a o0 WHTEepBaje CXoauMocTH. HepaBeHCTBO
|x —a| <R, paBHOCWIBbHOE JBOWHOMY HepaBeHCTBY —R < x —a <R,
omnpenensieT uHTepBan (@ — R;a + R) ¢ LEHTPOM B TOYKE X = @, KOTOPHIA H
Ha3bIBAIOT MHTEPBAJIOM CXOJMMOCTHU JiecTBUTEIbHOTO psiaa (1) (cMm. puc.).

R

[ \ -
\ * / i
a—R a a—+R X

3ameyanue 2. B mOpakTHYECKUX 3aJadax sl HaXOXKICHUS paauyca
CXOJIMMOCTH 4acTO MPUMEHSIOT HE TOIbKO Teopemy Komm — Anamapa, HO H
CJICAYIOIINE TIPEAJIOKEHUS.

Teopema 2 (Komm). Eciu s psima (1) cyliecTByeT KOHEUHBIA WIU

y : 1
OeckoHeuHbId nipeaen K = 1lllm V/lc, |, To pannyc cxomumoctu R = e
—00

Teopema 3 (Janambep). Eciu B psine (1) Bce Ko3pPUIUEHTHI ¢, OTAUYHBI

‘n+1

OT HYJISl U CYHIECTBYET KOHEUHBIN Wi OeckoHeuHbId npeaen D = lim

n—-oo

, TO
‘n

1
pagnyc CXOIUMOCTH R = >
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Teopema 2 ecTh 4acTHBIN ciydail Teopembl 1, a Teopema 3 H0Ka3bIBaeTCA
TaK ke, Kak U Teopema 1, To ecTh myTéM ucciieioBanus psiaa (1) Ha abcomoTHYIO
CXOJAMMOCTh C TOMOIIBI0 Mpu3Haka JlamamOepa, YTO Mbl Jenajad B Hauaie
naparpada MIpUMEHUTETFHO K KOHKPETHBIM PSI/IaM.

Ipumep
o e (Z—i)zn
Haiiném pagmyc cXoauMOCTH Psilia Yip—q S
Jlng  Hamero ciay4ash IOCIEIOBATENbHOCTh KOI(PQPHUIIMEHTOB psiaa
1 1 1 1
{C’n} = {O;O,E, O,Z, 0,5, O'E’ . } Torna

n 1) 21 4, 1 6, 1 8 ’ 1
{ |Cn|}_ 0,0’ \/;,O’ 2_2’01 ;IOI 2_4_"" ]
lim?/]c, | = lim " |= = lim — = —.
n—ow n N—0o0 2n n—owo V2 V2
Paguyc cxomumoctn R = /2. Utak, psa cxomutest B kpyre |z —i| <V2 u
PACXOUTCSI BHE 3TOTO Kpyra.

¢ Ai(l +1/2)

1<C

i(1-v2) .

3amMeTuM, YTO B ATOM MpUMEpPE NMPUMEHUTH aHaAIOr npu3Haka J(amambepa

JUIL HaXOXKICHUA paauyca CXOAWMOCTH HEJIb35, TAK KAaK IIOCICA0BATEIbHOCTU
C
{—"“} HE CYIIECTBYET, MO0 ¢ = ¢; = €3 =...= Cap—1 =...= 0. OmHaxo eciau

‘n

npuMeHuTh pu3Hak [lanambepa B Takoii hopme

(Z_i)2n+2_2n

2n+1.(z_i)2n

fn+1(2)
n(2)

|2

_z—i?
2

= lim

n—-oco

lim

n—-oo

|z—i]?
2

|z—i
2
pacxoaurcs. Torma R = V2.

B otomM pemeHun MBI CMOTPUM Ha CTENEHHOM pPAJ  Kak Ha

TO MOJIYYUM, 4YTO IIPU < 1 psan cxonutcs abCOMIOTHO, a TIPH > 1 psn

o . (Z_i)zn
(GYHKIIMOHAIBHBINA Psifl ¢ 0OLIUM UiieHOM f;, (Z) = TR
3ameuanue 3. Hu B Teopeme Komm — Anamapa, Hu B Teopemax Kowmm n

I[aHaM6epa HHUYCTO HC TOBOPUTCA O IOBCACHHH psAga Ha OKPYXHOCTH
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|z—al =R. Ha »>Toii OKpPYXHOCTH PSS MOKET CXOTUTHCS, MOXET U
pacxoauThes. HyHbI TOMIOJTHUATENBHBIE UCCIIEIOBAHUS.

Tak, B mNpeipyIylIeM HpUMepe psi HA OKPYKHOCTH |z —i| =+/2
pacxomutcs. JlefiCTBUTENBHO, B 9TOM Clly4ae

. 2n
|z —i|?" (\/E)
2n2n

IIPU N — 00, TO €CTh OOUIUI WIECH psiia HE CTPEMUTCS K HYJIIO.

=140

IIpumepsI
2 n
1. Haitnure o6acTh cxoaumocTH psiia 1 + z + Z—Z +...+ i—z +
2
D = lim |™| = lim =1,R=1.
n-wl ¢cp n-ow (n+1)2

Psin cxomures abcomoTHO B Kpyre |z| < 1 ¥ pacXOAUTCs BHE 3TOTO Kpyra.
Hccnenyem moBeneHue psijaa Ha OKpYKHOCTH |z| = 1.
EcTi TOUKa Z IPUHAUISKHT OKPYKHOCTH |z| = 1, To z = ', ¢ € R. Tak
w |em?] o 1 . o zZm
KaK P anlT = Zn:lﬁ CXOJIUTCS, TO 3aJaHHBIA Psa Zn:lﬁ Ha
OKPYXXHOCTH |z| = 1 cxoauTcsi abCONIOTHO.
BbIBOI: 00J1aCTh CXOMMOCTH — 3aMKHYTBIN KpyT |Z| < 1.

o0

[ o xn
2. Hatimure o0iacTh CXOIMMOCTH JEHCTBUTEIBLHOTO psiia Zn=0_a pu
n

pa3nuuHbiX @ € R.

k=T [Le =
nowo\n%  lim Vn® (limW)

n—-oo n—w

z=1,R=1.

Wtax, nmst BCAKOTO @ psAMl CXOAUTCSA aOCOMIOTHO B nHTepBaie (—1; 1).
HccenenyeM noseneHue psijia Ha KOHIAX MHTEpBAJIA CXOIUMOCTH. IlycThb
1 .
x =1. Torma momydaem psin dupuxiie Y — —» KOTODBIH, Kak W3BECTHO,

cxonutes npu @ > 1 u pacxogutes npu o < 1.
G

n«

[Tycts x = —1. [Toay4aem 3HAKOYECPESIYIOLIHICS PSII Y e . Orcrona

BHJIUM, 9TO TIpH & > 1 psa cxoautcs adbcomtoTHo, ipu 0 < a < 1 psag cxoauTes
YCJIOBHO MO mpu3Haky JlehOHuia, mpu a < 0 psiag pacxoauTcs, TaK Kak €ro
OOIIIMIA YJIeH HE CTPEMUTCS K HYJIIO TIPU N — 0.

BeiBox: ipu a > 1 psim cxomures Ha otpeske [—1; 1], mpu 0 < a < 1 psn
cxoautcst Ha moiayuHTepBane [—1;1), npu a < 0 psa CXOAWTCS HAa WHTEPBAJE
(—-1,1).
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§ 2. CBoiicTBa CTeNEHHBIX PSIA0B

Teopema 1. [1ycTh 1aH cTeneHHON ps
cotc(z—a)+c(z—a)+...+c,(z— )" + ... (1)

C paanycom cxoguMocTd R > 0 u mycTh 7 — MPOU3BOJIBHOE YHUCIO TAaKOE, YTO
0 < r < R. Toraa psii CXOAUTCS paBHOMEPHO B 3aMKHYTOM Kpyre |z — a| < r.
Jloxkazamenbcmeo. PaccMOTpUM TPOU3BOJIBHYIO TOYKY Z; OKPYXHOCTH
|z — a| = r. Touka HaxXOAUTCS BHYTPU Kpyra CXOAMMOCTH U modTomy psia (1)
CXOIUTCS A0COIOTHO B TOUYKE Zy, TO €CTh CXOAUTCS MOJOKUTEIbHBIN Pl

lcol + leillzo — al + ... +leyllzo —al™ + ... =
= lcol + lerlr+ ... +lepr™ + ... (2)

Ho 1t Bcex z w3 kpyra |z—a| <7 BBIIOJHIETCS HEPABEHCTBO
|z —a| < |zy — a| = r. A Toraa BepHBI CIeayIONINE HEPABCHCTBA!

lenllz = al™ < fenllzo — al™ = leplr™,n=10,1,2, ...,

IUIsl BCex Z U3 kpyra |z — a| < r. Dto o3Hayaer urto B kpyre |z — a| < r psan (1)
MaXKOPUPYETCSI CXOSIIUMCS TOJIOKUTETBHBIM psjioM (2). Takum oOGpaszoM, 1o
npusHaky Beiteprrpacca psia (1) cxoaures paBHOMEPHO B Kpyre |z — a| < 7.

3ameuanue 1. Teopema 1 TOBOPHUT O TOM, YTO PsII CXOAUTCS PABHOMEPHO B
J1000M 3aMKHYTOM KpyTe, IEHTP KOTOPOTO €CTh TOUKA d U KOTOPBIM HAXOIUTCS
BHYTpPH Kpyra cxoaumoctu. Ho Torna creneHHoi psii CXOAUTCS paBHOMEPHO U B
JT1000M 3aMKHYTOM KpyTe, HaXOAIIEMCS BHYTPH KPYyTra CXOJUMOCTH.

3ameuanue 2. Ecnv psan (1) nelicTBUTENBHBIN, TO TeOpeMa 1 TOBOPHT O TOM,
YTO PsiJl CXOAUTCS PAaBHOMEPHO Ha JIOOOM OTpEe3Ke C IEHTPOM B TOYKE a,
HaxOJISIIEMCS BHYTPU MHTEpPBaja CXOAUMOCTH. Takke HETPYIHO MOKa3aTh, YTO
B OTOM CJIy4ae CTEIIEHHOM Psii CXOIUTCS paBHOMEPHO Ha JIF00oM oTpeske [b; c],
JeXallleM B HHTepBaJle CXOJUMOCTH (CM. pHC.).

R

T~
(o I |
+ -

a—R a+R X

Teopema 2. Cymma crenennoro psima (1) saBmsercs QyHkiuen
HETPEPBHIBHOW BHYTPHU KPyra CXOJAUMOCTH.

Hoxazamenvcmeo. TlycTb Z, — MPOU3BOJIbHAS TOUKA M3 KPYTa CXOJMMOCTH
|z —a|l < R. HyxHo mnoka3atb, uto cymma f(z) psma (1) HempepbiBHA B
TOYKE Z).

Bri6epem umciio r Takoe, uto |z, — a| < r < R.
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ty

0 X

Mo Teopeme 1 psix (1) cxoautcest paBHOMEPHO B Kpyre |z — a| < r, dieHbI
psina c,(z —a)™ HenpepbiBHBIC (QYHKIUH, TIOATOMY MO TEOpEMe 00 YCIOBHSIX
HEMPEPBIBHOCTH CYMMbI (DYHKIIMOHAIBHOTO psijfia CyMMa CTCIEHHOTO psiia
HempepbiBHA B Kpyre |z —a| < r. Ho Tak kak Touka Z, MPUHAIICIKUT ITOMY
Kpyry, To cymma f (z) psana (1) HenpepbiBHA B TOUKE Z.

3ameuanue. Eciu psan (1) nedcTBUTENBHBIN, TO TEOPEMA TOBOPUT O TOM,
4TO CyMMa 3TOTO psifa SIBJISETCS (YHKIMEW HEeNpepbIBHON BHYTPU HWHTEpBalia
CXOJIUMOCTH.

Jlanee B 3TOM maparpade MoMnET peub O JCHCTBUTEIBHBIX CTEICHHBIX
psiiax.

Teopema 3. [1ycTh naH cTENEHHOU pAl
Cote(x—a)+c,(x—a)+...+c,(x—a)" + ... (3)
¢ paauycoM cxoaumoctd R > 0. Torga psa MOXKHO MOYJIEHHO HHTETPUPOBATH HA
uHTEpBaje cxoaumoctu (a — R; a + R), Toecth, ecnu f(x) = Yo Cn(x — a)™,
TO 1151 Mr00oro x € (a — R; a + R) BeITIONHSIETCS

cn(x—a)”+1

[y fO0dx = Ty o ——.

n+1

Jloxazamenvcmeo. Bwibepem mnpousBoibHO X € (a — R;a + R). s
OIPEeeIEHHOCTH OyJeM CuuTaTh, 4yTOo X > a. Tak Kak QyHKuuu c,(x —a)”
HENPEPBIBHBI HA OTpe3Ke [a; x|, To, yuuThIBast 3aMedanue 2 K Teopeme 1 0 Tom,
4TO PO CXOAUTCSA PABHOMEPHO HA OTPE3KE, COMAEPIKAIIEMCS B HHTEpBAlC
CXOIMMOCTH, 3aKII0YaeM, 4TO JOKa3bIBaeMas TeopeMa SIBISCTCS CIIEACTBHEM
TEOPEMbI 00 HHTETPUPOBAHNH ICHCTBUTEIBHOTO (DYHKIIMOHAIBHOTO Psija.

3ameuanue. B pe3ynbTare IOYJIEHHOIO MHTETPHPOBAHUS P
cotei(x—a)+c,(x—a)’+...+c,(x —a)™ + ... (3)

MbI CHOBA I10J1y49acM CTCIICHHBIN pAaa:
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co(x—a)+%1(x—a)2+%2(x—a)3+...+%(x—a)"+1+ . (4

1
Ecnu paguyc cxonumoctu psiga (3) ectb R = —

n b
fim Vil

TO KaKOB pajinycC

CXOJIUMOCTH psna (4)?
1
Ilycts x # a, Torga x —a # 0. YMHOxkuM psg (4) Ha ~— TOIyInM

CTETICHHBIN P
ot 2 - +2ZEx -+ A (x— @) (%)

ScHo, uro pagsl (4) u (5) cxomaTcs B Touke X = a. Bo Bcex Apyrux Todkax
X # a pansl (4) u (5) cXOaATCA WU PACXOASATCS OJHOBPEMEHHO, TaK KaK OT
YMHOXKEHHSI psfla Ha YHUCIO, OTIMYHOE OT HYJS, €ro CXOJAUMOCTb WJIH
pPacxoJIMMOCTh HE HapyiiaeTcs. A toraa psabl (4) u (5) UMEIOT OJUHAKOBBIC
pazMyCchl CXOAMMOCTH, PaBHEIE HEKOTOpOMY uuciy R’

Ecnm BOCmONb30BaThCS CBOMCTBOM BEPXHETO Mpenesia MPOW3BEICHUS
HEOTPULIATETIFHBIX CXOMSIIECHCS M TMPOU3BOJIBHOM MOCIEAOBATEIILHOCTEN, TO
CHOBa MOJIyYUM PABEHCTBO PaJANYCOB CXOAUMOCTH psanoB (3) u (5) (a 3HAuwT,
MHTEPECYIOIIEE HaC PAaBEHCTBO PAJNYCOB CXOUMOCTH pAnoB (3) u (4) ):

R' = — =R

c llm c
" lenl im Y |cpl lenl
n—>oo n+1 n—)oo n+1 n-ow

Takum o00pa3oM, Mpu MHTETPUPOBAHUM CTEIIEHHOTO psjia €ro paguyc
CXOJIMMOCTH HE MEHSIETCS.

§ 3. IllpouzBoaHast QyHKIUN KOMILIEKCHOTO IIEPEMEHHOTIO0.
JAund¢epenuupoBanue creneHHoro psiaa. Paa Teisiopa

Onpeoenenue 1. I1ycts pynkuus f(z) 3anana B 06macti D KOMILJIEKCHOM
IUTOCKOCTH ¥ Touka Z, € D. [IpousBoaHoii f(z) B TOUKE Z, Ha3bIBACTCA

f (ZO) — llm f(Z) f( 0) llm Af(ZO)

)
Z-2, Z—Zg Az—0 Az

rae, Kak oObluHO, Az =Zz—Zz, — TpUpallleHHEe aprymMeHTra, a

Af(zy) = f(z) — f(zp) — npupaiienue GyHKIIUH.
OtmeruM, yto muddepeHiupyeMas QyHKIUs SIBISETCS HEMPEPHIBHOM.
JlencTBUTENBHO,

_ _ i (Af(20) _ i A (20) — —
Jim Af(zo) = lim (2 Az) = Jim . lim Az = f'(z,) - 0 = 0.

Az—0 Az Az—0

Tak kak ompeneneHue MPOU3BOJHOM  (PYHKIMH  KOMIUJIEKCHOTO
IEPEMEHHOTO TaKO€ JK€, KaK W TMPOU3BOAHOM (YHKIMH JEHCTBUTEIBLHOTO

73



INEPEMEHHOT0, TO JIOKa3bIBaIOT, TOYHO TaK e, KaK M paHblle, CICAYIOIINe
npasuia guddepeHupoBanus QyHKIUI:

1) (¢)' =0;
2)2) @)'=1;
3) (¢f) =cf’;

4) (it ot ) =A+ L+
S) (i fov ) =A farv ot i fo ot o S

6) (@) _f 'f2—2f1'f2, :
f2 f3

7) ecmu  gambl  GyHkmmu w = f(t) u t=g(z), npuuém g(z)
mupdepennupyema B Touke z, a f(t) muddepennmmpyema B
COOTBETCTBYMOIICH TOuke t = g(z), To cioxkHast pyHkima w = f[g(2)]
muddepeHurpyema B TOUKE Z U

dw _ df dg
dz  dt dz’

3amerum, 4yto (z —a)' =1, rne a = const. Torna u3 nmyHKTa 5 mpu
HATYpaJbHOM T CJEIYyEeT, 4TO

% z-—a)"=n(z—-a)" .
Teopema. IlycTs naH cTeneHHOU psin
f@D=co+c(z—a)+c(z—a)*+...+c,(z—a)"+ ... (1)
¢ paguycoM cxonumoctd R > 0. Torma psx BHyTpH Kpyra CXOAUMOCTH MOKHO
HowWIeHHO (G depeHIpoBaTh, TO €CTh CyiiecTByeT f' (z) u
f'(2) = Li=anep(z—a)" ', |z —al <R.
Joxaszamenvcmeo. PaccMOTpUM psii U3 IPOU3BOIHBIX WICHOB psnaa (1):
c1+2c,(z—a)+3c3(z—a)’+ ... +ncp(z—a)" 1+ =

= Ya=1nc(z —a)" (2)
[Tokaxkem, yTo cteneHHble psAnbl (1) u (2) UMEIOT OJUHAKOBBIE PAANYChI
CXOJUMOCTH.
YMHO)uM psin (2) Ha Z — a:
c1(z—a)+2¢c,(z—a)* +3c3(z—a)®+...+nc,(z—a)" + ... (3)

CoBepIieHHO Tak JkKe, KaKk W B TMpeAplaymeM mnaparpade, A0Ka3bIBAeTCs, YTO
cTerneHHble psifibl (3) 1 (2) UMEIOT OJIMHAKOBBIE panychl cxoaumocTH. [lycts R
— pamuyc cxogumoctu psaaa (1), a R' — psanos (2) u (3).
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Hanee,

1 . 1 _ 1 _
T n - ..n N - T n -
lim "Ynfcp|  limVn-lim Ylcpl  lim Ylcq|

R =

OOoCHOBaHHUE HTUX PACCYKICHUH TaKkoe K€, KaK M COOTBETCTBYIOIIHUX
pacCyXACHHIA B TpeabIAyIIeM maparpade.

O603naunM cymmy psaa (2) gepes ¢(z). Ilycts zy — mpou3BoJIbHAS TOYKA
kpyra |z—a| <R. Ham HyXHO mOKasare, 4T0 cymectByer f'(z,)
f'(z0) = $(2zp). dust 5TOro JOCTATOUHO MOKA3ATh, YTO

lim |£®=f(z0) b(z)| = 0.

VARTA Z—2Zg

[TpeoOpa3oBaHust Pa3HOCTHOTO OTHOIICHUS TAIOT

f(D)=f(20) _ =0 n(Z=@)"~Frizo cn(Zo=@)" _ y enl(z=a)"—(Zo-@)™] _
z—24 (z—-a)—(zo—a) =1 (z-a)-(z0-0a)

=Yr - T+ Z-a)" A (zp—a) + .. +

+(z—a) " *(zg — ) T+ ... +(zp — )" 1].

3mech MBI HCIIOJIB30BAIM TEOPEMY O CIOKEHHH PSA0B, YMHOKECHUHU psga Ha
YUCJIO U U3BECTHYIO OpMYITY.

=" "R " TR A @B L g

anee,

f(@)—f(z0) _
T iz, b (zp) =

= i calz— Q"+ (2= "z — @) + o+ (20— )" -

—Za=1ncn(zo — @)Vt =
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=Yna1a ([C-—a)" P+ - (zg—a) + .. + (2o —a)" 1] -

—n(zg —a)" 1)+

+lnenviiCl@—a)" T+ )" P(zp—a) + .. +(Zg— )" ] —
— Ynen+1nCn (2o — a)" 1 (4)

3necs HoMep N 1moka IpOU3BOJIbHBIN.

3agaaumcs Terepb MPOU3BOJIbHBIM € > 0.

[Tycts r — uncno takoe, 4to |z — z5| < r < R. Tak kak psa (2) cxoaurces
a0COJIIOTHO HAa OKPYKHOCTH |Z — a| =7, TO CXOAUTCS IOJIOKUTCIBHBIA PSIT
Yo _inlc,|r™ 1. Ho Torga ocrarok psja CTpEMHTCS K HyJIIO C BO3PacTaHHUEM
HOMEDPA U T0 33JJaHHOMY € HaXoAuTCs HoMep N Takoi, 4To Oyer

— &
Sty nleglr™t < E (5)

Bynem teneps cuutarh B paBoil yacTu paBeHCTBA (4) N TakuM HOMEPOM.

Teneps mpousBeaéM OIEHKY TPEX claraéMbIX B MPABOM 4acTH PaBEHCTBA
(4). CHauana olleHUM IIEPBOE claraemMoe. 3aMeTUM, YTO B CHUJTy HENPEPBIBHOCTH
MHOTOYJIEH

Tn=16nlz— )"t + (2 —a)" (20 — )+ ... (20 — )]

TIPU Z = Zy UMEeT CBOUM MPEIENIoM YHCTIO0 Yv_; nc, (zo — a)™ 1. Torna
36 > 0Vz(|z— 2y < 6 =
> En=an (- +z-a)"(zp—a) + .. +(zg—a)" ] -

—n(zy — )" <2). (6)

O1ieHUM BTOPOE Cl1araeMoe.
Tak kak |zy —a| < r u z > zy, TO MBI MOKEM CUMTATh, 4TO |z — a| < T.
Torna

ZnensicnlE ="+ - )"z - )t .+ (Zo — )| <
< Yn-v+1 6z —al"t + |z —al"?|zg —al+ ... +]|zg —a|*™) <
Q0 — &
< Xp=n+1tlep|rTt < 3 (7

MBI ucCnonb30BaJIM HEPABEHCTBO (5).
OmnenuM TpeThe ciaaraemoe. Tak Kak |z, — a| < r, 10
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| Xn=n+1MCn(Z0 — a)n_1| < Yn=n+1nlcnllzo — a1 <
_ &
< Y-y nleplr®t < 3 (8)
OnsATh UCITOIB30BAHO HEPABCHCTBO (5).

Teneps u3 paBeHctna (4), HepaBeHCTB (6), (7) u (8) umeeM
f(2)—f(2o0)

Z—Zo

— d(2p) <§+§+§=enpn |z — zy] < 6.

3ameuanue 1. Mpl HE TOJBKO IOKa3ajd, YTO CTEINEHHOH PsA MOXKHO
noujieHHo nuddepeHIpoBaTh, HO U MOKa3aiu, 4To Npu IuddepeHrpoBaHun
paanyc CXOIMMOCTH psiia HE MEHseTcs. JTO ObUI0O OTMEYEHO B Havaje
JI0Ka3aTeJIbCTBA TEOPEMBI.

3ameuanue 2. Ecnu psan (1) neicTBUTENBHBIN, TO TEOPEMA TOBOPUT, YTO €TI0
MOXHO TMOWIEHHO Au((depeHuupoBaTh BHYTPH HMHTEpPBAJA CXOJUMOCTH, H
paanyc CXOAUMOCTH psiaa npu 1udpepeHIIpOBaHUN HE MEHSETCS.

3ameuanue 3. B pesynbrate nuddepeHurpoBaHUs CTEINEHHOIO psja
noJyiy4yaercsi creneHHoi psa. Ho Toraa ero takke MoxxkHO qudpepeHunpoBaTh u
T. 1. Takum o0pa3oM, BHYTpU Kpyra CXOAHMMOCTH pSI  MOXHO
muddepeHurpoBaTh OECKOHEYHO MHOIO pa3, a CIe[oBaTelIbHO, CyMMa psijia
MMeEET IPOU3BOIHBIE BCEX MOPSAIKOB.

Psn Teisiopa
IlycTh naH creneHHoM psij
f(D)=co+c(z—a)+c(z—a)*+...+ c,(z—a)" + ... (1)
¢ paguycoM cxogumoctu R > 0.
Haiiném mpousBoaHbIe BCeX MOPAIKOB CyMMEI f(Z) psiaa (1)
f'(2) =c¢c; +2c,(z—a) + 3c3(z—a)?+...+ ncy(z—a)* 1 +
+(n+ Dy (z—a)™ + ...,

f"(z2)=1-2c,+2-3c3(z—a)+...+(n— Dnc,(z—a)* 2 +
+n(n+ Ve (z—a) 1+ ...,

f"(2)=1-2-3c3+2:3 - 4c,(z—a)+...+(n—2)(n— Dnc(z—a)" 3 +
+(n—Dnn+ Ve (z—a)* 2 + ...,

fWZ)=1-2-3-..-(n—Dncy, +2-3- .. .n(n+1)cy1(z—a)+ ...,

[TonoxwuMm B 3TUX paBeHCTBax U B paBeHcTBe (1) z = a. [lomyuum
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f@=co fl(@=cy, f'(a)=2lc [f"(a=3lc, ..,
f®™(a) =nlc,,
Torna

()]
&="2n=012... )

(xak oObranO, cuntaeM 3aech f (O (a) = f(a)).

[Toncrasiisist HaliieHHBIE BhIpaxeHus (2) s ¢, B pan (1), momyunm

’ " (n)
ﬂ@zﬂ@+f@ '@ f® (@)

1 2! n!

(z—a)+ (z—a)*+...+ z—a)"+ ... (3)

Psin, cTosimuii B mpaBoii yacTu paBeHcTBa (3), Ha3bIBaeTcs psjgoM Teinopa
¢yuxumn f(z). Takum 0Opasom, CTENEHHOM Psi ABIsETCS psanoM Teliopa cBoei
CYMMBI.

Kaxnoit pynkium f(z), umeromield B TOUKE Z = a TMPOU3BOJIHBIE BCEX
MOPSIAKOB, MOKHO TMOCTaBUTh B COOTBETCTBHE psAn Teinopa. B atom ciydae
ALY T

f'(@) @ 2 ™M@ n
f(Z) ~ f(a) +T(z—a) +T(z—a) + ...+T(Z—Cl) + ...,
TaK KaK HeM3BECTHO CXOAMUTCS JIH psia Teiopa K UCXOAHOM (hyHKITUH.

3ameuanue. Ecnu Qynkums f (z) sBnsieTCs CyMMOMN BYX CTENIEHHBIX PSIIOB
C LIEHTPOM B TOUKE Z = @

f(D)=co+c(z—a)+c(z—a)*+...+c,(z—a)" + ...,
f(D)=cy+ci(z—a)+cy(z—a)*+...+c(z—a)" + ...,

TO 3TH PSAJIbl COBIAAAIOT, TAK KaK U3 IPUBEICHHBIX BBIILIE pacCyKI€HUI 00a OHU
aBisitoTca psinom Teinopa ¢ynkuuu f(z). Takum oOpasom, eciu f(z) npu
3aJJaHHOM LIEHTPE CXOJUMOCTU Z = a TPEACTABISAETCS CTETICHHBIM PSIOM, TO
CIUHCTBECHHBIM 00pa3oM.

KoneuHo, ecnm HEHTpBl CXOAMMOCTH pas3Hble, TO psabl Tennopa s

GyHKIMK OyyT pasaumHbIMEL,

® Tomy6eB A.A., I'pad C.1O., Illepero B.I. IIpakTHuecknii Kypc KOMIUIEKCHOTO aHAIM3a:
yue0. mocobue. — TBepb: TBep. roc. yu-t, 2003. — C. 46-52.
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TJIABA 1V. PA3JIO)KEHUE DJIEMEHTAPHBIX ®YHKIIUN
JEMCTBUTEJIBHOI'O IEPEMEHHOT'O B CTEIIEHHBIE PSJIbI

B oaToil TnmaBe mOHAET pedyb TOIBKO O JEWCTBUTEIBHBIX (YHKITUSIX
JIEUCTBUTEIBLHOTO IEPEMEHHOTO.

§ 1. IlocTanoBKa 3axaun

[Tycts Ha HexoTopoMm uHTepBasie (a — R; a + R) 3anmana ¢ynxmus f(x).
Henp3st 1 €€ mpeicTaBuTh B BUJIE CTEIIEHHOTO psijia

o to(x—a)+ce(x—a)+...+c(x—a)* + .7 (1)
Tak xak yacTHbIe cyMMBI psia (1) SBISIOTCS MHOTOWICHAMH, TO B CIIy4ae
MOJIOKUTEIBHOIO OTBETA MbI MOJYUYUIIU Obl YJOOHBIN CrIOCOO MPUONMKEHHOTO
BBIYHMCIICHUSI 3HAYEHUU (YHKIMU, TOCKOJBKY [l BBIYMCICHUS 3HAYCHHI
MHOTOWICHA HYKHBI JIUIIb OJTHU aprU(PMETUUECKUE OTICPAIIUH.

Mpi 3HaeMm, uto eci f (x) npeactasisiercs psaom (1), To psia (1) sBrsiercs

psanom Teitnmopa ms f(x). dns dopmanbHOro Hanucanus psanga Teinopa
'@ (@ M@

fx) ~ f(a) +—

1 2! n!

(x—a)+ (x—a)’+...+ (x—a)"+ ..

HYKHO, 4TOOBI f (X) MMeJia B TOUKE X = a MPOU3BOJIHBIC BCEX TOPSIKOB.

Ecnu psin Telinopa cxoaurtes K cBoel (PyHKIIMU HA HEKOTOPOM MHTEpBAJIE
cxomumocTH (a — R; a + R), TO TOBOPST, 4TO f (X) pacKiiaapiBaeTCs B CTETIEHHOM
psiaHa (a — R;a + R). Ecnu f (x) packiaasiBaeTcsi B CTEIICHHOMU P, TO, KaK 3TO
OBLJIO MOKa3aHo paHee, f (Xx) uMeeT MPOU3BOJIHBIE BCEX MOPSAKOB Ha HHTEpBAJIC
cxomuMocTH. MTak, Kak Mbl BHAWM, CYIIECTBOBAHUE MPOM3BOJHBIX BCEX
nopsakoB ans f(x) B HekoTopoil okpectHoctd (a — R;a + R) sBusiercs
HEOOXOJMMBIM YCIIOBUEM TMPEACTABICHUS (PYHKIIMHA CTETIEHHBIM DSIIOM B DTOH
OKpPECTHOCTH, SIBJISIOLICICSI HHTEPBAJIOM CXOAUMOCTH psija.

byner nu 3710 ycnoBue W AOCTATOYHBIM JJIsi TPEIACTABICHUS (YHKIHH

CTGHCHHBm&pHﬂOM?I{aBTOTBOHpOCHpHXOHHTCHOTBGTHTBOTpHHaTGHBHO.
1

1+x2
MIPOU3BOJIHBIE BCEX TOPSAJIKOB Ha Bcell ocu (—oo; +0). [lanee, BcmoMuHas
r€OMETPUUECKYIO MPOrPECCUIO0, MTOTYyUAEM, UTO
1
1+x2

Paccmotrpum  ynkuuio  f(x) = @yHKIUSA, OYEBUIHO, HUMEET

=1—x?+x*—x+... +(-D"x*" + ..,

pUYEM ITOCIICTHEE PAaBEHCTBO MMEET MECTO TOJIbKO Ha mHTepBaie (—1; 1), xots
(GyHKIHSI UMEET MPOU3BOIHBIE BCEX MOPSIKOB Ha BCEIl UM CIIOBOM OCH.

bonee Toro, cxommmocth psga Teitmopa ¢GyHKIUM HE TapaHTHPYET
Pa3NoXUMOCTU (DYHKIMHM B CTEIEHHOM psJl, MO0 CXOISUINIICS CTENEHHOU pPsif
MOXET ObITh psamoMm Teinopa s AByX (w0 Oojee) pas3audHbIX (DYHKITHIMA.
[IpuBeném cooTBeTCTBYIOMMM pumep. PaccMoTpuM QyHKITHIO
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1
2
flx) = e 2, x #+0,
0,x =0.
Ota (QyHKIUS OIpejeieHa Ha BCel 4MciioBoi ocu. ITokaxkeM, 4TO OHa MMeEeET
HpOI/IBBOI[HBIe BCEX HOpﬂI[KOB Ha BCGI‘/’I OCH.

2 -1 6 4 -1
Ecmm x # 0, 1o f/(x) = 5”2, f'(x) = (_F+F)e ¥2, ¥ BOOOIIE

1
f ) (x)=P G) e ©*,n=0,1,2,.., rme P(t) — HEKOTOPBIE MHOTOYICH, YTO

JIETKO JOKAa3bIBAETCA METOJIOM MATEMAaTUYECKOW NHIYKIUU.
[Toxaxem, yto U B Touke x = 0 QyHKUMS HMeEeT NPOU3BOJHBIE BCEX
MOPSAKOB, PUYEM BCE OHM paBHBI HYJHO. [lepBas npousBoaHas

1 1

=
f(O)—hmM—hm - 0—llm——llm——hm 12
x-0 x—0 x>0 X x—0 x_2 tow e t—oow 2tet

= 0.

JlorycTuM, 4YTO YTBEPXKICHUE MMEET MECTO JJI BCEX IPOU3BOJHBIX /10 N-TO
MOPSJIKa BKIFOUUTENBHO. Toraa

(n) () e x2p(L
f(n+1) (0) _ llmf (x)—f"(0) — lim (x) —
x—0 x—0 x—-0 X
1P 1
= lim#% ()—1 m—1 Q(?,
x—0 ex2 t—owo et t—oo et

rae Q(t) — HekoTopslii MHOTOUIEH. Ecniu k — HaTypanbHOE YKCIIo, TO
tk
lim— = 0,

t—ow e

4TO ITIOKA3bIBACTC: JICTKO C IIOMOIIBIO IIPpaBUJId Jlonmuransa. A TOorga ssCHO, 4TO

f(n+1) 0) = Q(t) 0.

et

Wtak, B crily MHAYKIIMKA BCE TPOM3BOaHbIC PyHKIMH f (x) B Touke X = 0
f(”)( 0)

paBHBI HymO. Toraa Bce KOd(PPUIUEHTHI ¢, = psana Teiimopa ¢yHKIIUN

f (x) c uentpom B Touke x = 0 paBHBI HYJIIO, noaTOMy PSAI CXOUTCA HA BCEM OCU
K ¢pynkiun ¢ (x) = 0. Ho f(x) # 0 ans Bcex x # 0.

3ameuanue. Jlng CTENEHHBIX PSAOB B KOMIUIEKCHOW IJIOCKOCTH
OTMEUYEHHBIX HEMPHUATHBIX 0OCTOSTENBCTB OBITH HE MOXKET, 3TO OYJET OKa3aHO
B JTAJIbHEUIIIEM.

W3 ckazaHHOTO BBILIE CIEAYET, uTo eciu s f (x) Hanucal psn Teitnopa,
TO 3TOT PSii HY)KHO HCCJIENOBaTh HAa CXOAMMOCTh MMEHHO K ¢yHKuuu f(x).
JlenmaeTcst 370 00BIMHO ¢ MOMOIIBIO popmMyisl Teiinopa’.

"Tony6es A.A. TuddepeHImansHOe 1 HHTETPATbHOE HCUNCIeHHe GYHKIHI OTHOTO JeHCTBH-
TEJILHOTO MepeMeHHOro. YueOHoe nocodue. — TBepsb: TBep. roc. yH-T., 2015. — C. 42-47.
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[Iycts f(x) uMeeT B TOYKE X = a MU HEKOTOPOM €€ OKPECTHOCTH
IIPOM3BOHBIC BCEX MOPAIKOB. Toraa s J1000ro N MOKHO Hamucath GopMyITy
Teunopa

F@) = f@+EL - 0) + 5D (x — )24+ D (x — ) 4+ Ry (),

rne R,(x) — ocraTouHblii 4jieH (HOpMyIbl. 3aMEeTUM, YTO CyMMa CJaraéMbiX B
npaBoi vactu Qopmyisl Teisiopa 10 OCTaTOYHOTO YJiEHA SIBJISETCS YaCTHOU
cymMmoit psma Teitnmopa dyakiuu f(x). OO03HaYMM YacCTHYIO CyMMY psiaa
Teinopa uepes S,,(x). Torna

f(x) = Sp(x) = Rp(x).
OTcroma BUAMM, 4YTO AJi1 TOro, 4ToObl (pyHKumMs f(x) packiaapiBajgach B
CTEIIEHHOH PsJl HA HEKOTOPOM MPOMEKYTKE, HEOOXOAUMO U JOCTaTOYHO, YTOOBI
Ha 3TOM MPOMEKYTKE OCTATOUYHBIN ujieH (hopmyibl Teinopa cTpeMuics K HyJI0
npu n — oo,

§ 2. Pa3yio:keHune B creneHHo# psix pyHKIuMii e, sin x u cos x

[Ipexxne 4yem TOBOPUTH O PA3IOKEHUU YIMOMSHYTHIX (YHKIUNA B P
clesiaeM OJTHO 3aMCYaHHe.

Ecmu nns f(x) manucan psin Teinopa ¢ neHTpom B Touke x = 0, TO ero
4acTO Ha3bIBAIOT psiAoM MaknopeHa. OH UMeeT BU/T

Fx) ~ f(0)+ (0) f (0) X2+ +f"(0) X" 4

Cpenu psigoB Teitsiopa OH BBITOJHO OTJIMYAETCSI TPOCTOTOM.
Tenepb HOKakeM OJHO BCIIOMOTATEIbHOE YTBEPKICHUE.

Jlemma. Ecnu Ha otpeske [—h; h] mpon3BoaHbIC BCEX MOPSIIKOB (DYHKITUH
f (x) paBHOMEpHO OTpaHUYEHBI, TO €CTh

IMVnvx € [—h; h](|f™ (x)| < M),

To Ha [—h; h] dynkuus f (x) packiagsiBacTCs B psia MakiopeHa.

Jloxazamenvcmeo. JIns noka3aTenbCTBA JIEMMBI IOCTATOYHO MTOKA3aTh, YTO
OCTaTOYHBIN wieH (opmyisl MakiopeHa Ha [—h; k| cTpeMHTCS K HYJIIO NPH
n — oo. Paccmorpum ocrarouHsld wieH (opmynsl Makiopena B dopme
Jlarpanxa:

FD (65,%)
Rn(x)_w xt1 0<9 <1.
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3ametum, 4To ToukKa B, x € (—h; h) npu moboMm n.

Y

B Cui1y yCJIIOBHA JICMMbI HMCCM

|Rn ()] =

PaccmoTpyum NOJIOKUTETBHBIN AL

|f(n+1)(0nx)| Tl+1

(n+1)! | n+1| = M( +1)! E[_h;h]' (1)

hTL+1
Ln=157 (n+1)!
Jlerko BUACTh, YTO 110 MpHU3HaAKy JlagamOepa OH CXOAUTCS, TaK KaK
= lim &2 = Jim 2D g
noow an now A2 pSon+2 '

n+1

Torma oOmmuii 4neH psaa -0 mpu n—-> o, u u3 (1) caexyer, 4ro

(n+1)!
R,(x) >0 mHa [—hh] mpu n — oco. BcmomuHas OTMEUYCHHBIH B KOHIIE
npeapIyinero naparpada KpuTepui pasiokeHuss (QYHKIMH B CTCTICHHOH psj,
JIeJIaeM BBIBOJT O CITPABEIJTUBOCTH JJOKA3bIBAEMOTO YTBEPKICHUS.

[TpumennM nemMmy kK QyHKIHSIM e*, sin x u oS X.

1. f(x)=¢e*

Scuo, aro f (™ (x) = e* mua Beex n. IycTs 4 > 0 — MPON3BOIBHOE YHCIIO.
Torma B cuny Bo3pactanms Qyskimun f(x) = e* e€ npousBoaHbIE
fMW(x)=e*<e" mna x €[—h;h]. Torma e* packmambBaeTCs B pAN
Maknopena Ha [—#; h]. Ho tak xak 4 > 0 IpOU3BOJILHOE, TO OTO Pa3IOKEHHE
MMEET MECTO Ha BCEN OCH.

dopmyna Makiiopena i e uMeeT BHJT

9x

x—1+++++

+1
Y x™, 0<0,<1.

Torna
2 n
eX=14+2+ 4.+ + . x€(—x;+x).
1 2 n!
Orta dopmyna naér cnocoO BeuucieHus uyucia e. llomoxuB x =1,
nonyunm e =1 +%+%+...+%+

3aMeTI/IM, qTo JId OCTAaTKa MOCICAHCTO YMCIIOBOTO psiia CIIPpaABCAJIMBBI
COOTHOLICHUA
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1 1 1 1 1
(n+1)! + (n+2)! tee = (n+1)! [1 + (n+2) + (n+2)(n+3) + ] <
1 1 1 1 1 B 1

< ) [ (m+1) | (n+1)? + ] ~ ! 1 Y

[ToaTomy
24ttt <e<2+tot.to+t—
Torna
e~ 2+ o+t
HpU4EM MOTPELTHOCTh 3TOTO PABEHCTBA 0 HEJJOCTATKY OYyJeT MEHBbIIIE #
2. f(x) = sinx.
Ilpu  BeIBOme  ¢Gopmynbl  MakjopeHa  Mbl  IOKa3ajiM,  4TO

. Tk
f®(x) = sin (x+7). ScHO, dYTO I BCEX X BEPHO HEPABEHCTBO

| f ) (x)| < 1. Bcnomuaum opmyny Maxnopena st yHKIUN

. _ x3 x5 X7 m—q x2m1 sin(ém+mn) _om
smx =x—gtg oot (=1 (2m—-1)! (2m)! ’
¢ maxomurtcst mexxny 0 u x. Torma
. _ x3 x5 X7 m—1 me—l .
siny =x—-—+_ -+ (1) @D + ..., X € (—ox©; +0).

3. f(x) = cosx.

F®(x) = cos (x + ﬂ?k) |f @ (x)| < 1 nna Beex x. Dopmyna Makopena

cosx=1-— x_z + ﬁ — £+ ---+(—1)m x2m n cos(Em+(2m+1)m/2) 2m41
2t 4o (2m)! (2m+1)!

¢ maxoautcst mexxny 0 u x. Torma

x2m

(2m)!

. x? o x*  x® m _
cosx=1-—+_—-——+...+(-1) + ..., x € (—o0; +0).

BriBegennbie ¢Gopmysibl  yIOOHBI IS BBIYUCIACHUS NPUOTUKEHHBIX
3HQYEHUH Sinx W cosx. Psaael  OBICTpO  CXOmATCA H  SBISIOTCA
3HAKOUYEPETYIOITUMHUCH.
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§ 3. Pa3jio:xxeHue B CTENEHHOM P JJorapupmMudeckon pyHkuuu

Peus 31ech unér o pynkuu y = In( 1 + x).
BcnoMuHasi reoMeTpu4ecKyro Mporpeccuio, HamuIeM

L=1—x+x2—x3+...+(—1)"x”+. = YrZ(=1D)"x™, xe(-11). (1)

1+x

CreneHHOM psAA  MOXKHO IOWIEHHO HWHTErpUpPOBaTh BHYTPH HHTEpBaJa
cxogumoctH. Torna

xdx _ o x x2_ xt _q1yn-1x8 1
o= X513 4+...+( 1) n+...,x€( 1;1),
TO €CTh
In(1+x) =yt= E2 ) Ly x € (=1;1). )
IIpn x = —1 psax npuHUMaeT BUJ
11 1
=i e TaT

Y, OYEBUIHO, PACXOAUTCHI.
IIpn x = 1 psig npuHUMAET BUJ

1—242-24 (=D ti— .,
2 3 4 n

KOTOPBIN CXOMUTCS 10 Npu3HaKy JlelOnuma. [TokakeM, 4To oH cxoautes K In 2,
TO €CTh

—q1_1,1_1 111
IN2=1——+-——+.  +C=D"" =+ . (3)

3aMeTHM, 4TO 3TO PABEHCTBO MOJYYWUTh W3 paBeHCTBa (2) GopMaibHOMN
MoJCTaHOBKOM x = 1 Henw3a, Tak kak npu x =1 psg (1), U3 koroporo
MOJTYYHIIOCh PAaBEHCTBO (2), paCXOIUTCA.

PaccMmoTpum cyMMy 71 4JI€HOB r€OMETPUUYECKON ITPOIPECCUN
1-(=)" _ 1 (D)™

1—x+x2=x3+... (D) x1 =
1+x 1+x 1+x

D10 paBeHCTBO BepHO 1isi Becex x # — 1. [Ipounterpupyem ero Ha orpeske [0; 1],
Oy YHM

1 x"dx
14+x

1——+———+ +(1)’11 =In2+ (D" [,

Jlnst nokaszaTenbCTBa paBeHCTBA (3) JOCTATOYHO MOKA3aTh, YTO

J-l xMdx
0 1+x

— 0 npun — oo.
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Nmeem

1x™dx 1
) <f x"dx = — - 0 npu n - .
0 1+x n+1

Takum 00pazom,
2 3 4 n
In(1+x)=x—Z+=-=+ .+ (D" =+ .=

= 23, 0 v e (-131]. (@)

Ota (opMyna He IPUTOAHA JIJISI BEIUMCICHUS JIOTapU(PMOB YHCEN, TaK KaK
pS/1 B IPaBOM YaCTH PaBEHCTBA CXOAUTCS OYeHb MeaneHHO. OTHAaKO ¢ TTOMOIIBIO
dbopmynbsl (4) MOXHO TOIYy4YUTh (OPMYJIBI, YAOOHBIE [JISi BBIUUCICHUS
JorapudMoB.

3amenum B (opmyIe (4) x Ha —X, IOTYYUM

In(1l—x)=—x->=-2=--Z— R R i ~ xe[-11). (5)

Borutem psiz (4) us psina (5) mist x € [—1;1). Tlomyunm

2 4 2m
I =2 (1+5+ 5+ 42—+ ) < 1. (6)
—-X 3 5 2m+1
[Tonoxum B Qopmyne (6) x = Tmip) Tt — HaTypajJbHOE HHCIIO. Torma
Lix _n
1-x n’
n+1 2 1 1
lnT T 2n+1 (1 + 3(2n+1)2 + 5(2n+1)* + ) (7)

[TomoxwuB 31eck n = 1, nosiyyaem

In2 =2 (1+5+§+$+ )

OTOT psAn cxoauTcsi poctaTouHo ObicTpo. Dopmyny (7) MOXKHO mepenucath B
BUJIC

In(n+1)=1Inn + 3

1 1
n+1 [ 32n+1)2  5(2n+1)* + ] (8)

[TonmoxwuB 351€Ch N = 2, MoJIy4aeMm

2
1n3—1n2+5(1+§+§+ )

Taxum 006pa3om, 3Has In 2, MOKHO BEIYMCIIHTS In 3.

[Tonoxwus B (8) n = 4, noxyunum

In5=2In2+2(1+——+_——+...).
9 3-81 5-81
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[Tonoxwus B (8) n = 6, momyunm

2 1 1
1n7—1n2+1n3+5(1+3.132+5.134+...).

Bapeupys n B popmyiie (8), MOKHO BEIYHUCIIATD JTOTapU(MBI JaTbHEHIIX
MPOCTHIX YHCeN. 3Has JIorapu(Mbl TPOCTHIX YHCEI W WCIOJB3YysS CBONCTBA
jorapuMoB, TPOCTO BHIYUCIUTD JOTapru(MbI PAIIMOHATBHBIX YUCEN, KOTOPBIMU
MBI U TIOJIb3YEMCSI Ha MPAKTHUKE.

OT HarypalbHBIX JIOTapU(PMOB TMPOCTO TMEPEUTH K JIECATUYHBIM

1 .
aorapudmam o popmyne lgx = MInx,rne M = 1> TAK Ha3bIBACMbIii MOJYTb

nepexoaa. Ero jnerko BIYUCINTS:

M=—1 04343,

" In 2+In5

Mp1 HaMCTHJIM, KOHCYHO, JIMIIb O6HDHO KaHBY IIOJYy4YCHHA Ta6HHH
JIOI‘apI/I(i)MOB, OIIYCTHUB MHOT'UC ACTAJIH.

§ 4. Pa3jio:xxeHue B CTENEHHOM psix arctg x

PaccMmoTprum KOHEUHYIO CyMMY

1_(_1)n+1x2n+2

1—x?+x*—x®4+.. . +(-1)"x*" =

1+x2

[TpouHTErpUpyEM 3TO paBeHCTBO Ha oTpe3ke [0; x|, morydanm

2n+1

x x x2n+2

2n+1

x3 x> X7 n . n
X—T4+T -+ 4D = arctgx + (-1D)" [ dx.

0 1+x2

Temnepp 3ameTnM, 4TO

x x2n+2dx x 242 x2n+3 |x2n+3|
_— = = <
o T | < |f0 x 22 g | — — - O0npun - ooulx| < 1.
Taxum 006pazom, nmoxydaem
x3 xS x7 n-1 x2n-1
=y —— 4= — e <
arctgx =x ——+———+ .. + (—1) - x| < 1. (1)

Jlerko HaWTH paguyCc CXOAMMOCTH 3TOrO psiia, OH paBeH l. A Torma BHE
otpe3ka [—1; 1] psa pacxoaurcsi.
[Tonoxus x = 1, monmyuum

(—n"
2n+1

A
4

=1-4-—c4 ..+
3 5 7

OTOT psifg 7151 BBIYUCIICHUS TT HE TOJUTCS, TaK KaK OH CXOJUTCS OY€Hb MEJICHHO.
OpHako HEKOTOpPHIMHU MpeoOpazoBaHUsAMU W3 pana (1) MOXKHO MONYYUTH Psi,
YIOOHBIN JI71s1 BEIYUCTICHUS TT.
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1
Paccmotpum yron a = arctg . Torpa

5
5 _ 10 __ 5 . 5144 _ 120
- =—=—, tgda=—55= =,
1 T 247 12 1-25 7 6119 119
25 144

tha—

Teneps paccMoTpuM yroa ff = 4a — %. Torma

120

1
t 19—~ =— f = arctg—
gf = % 239 p= g239

m=16a—4p =16 arctg—— 4arctg5

OTKyJla, ucnoiib3ys (1), momygaem
11 1 1 1 1 1
m=16(3—mtom— oot ) —4(5 - + - ).
5 358 555 7.57 239  3:2393  5.2395

Ota popmyna ynoOHa Tt BEIYMCICHUS TT, TaK KaK PSIIbI B CKOOKaX CXOASTCS OUYeHb
ObIcTpO. YAOOHO JenaTh OLEHKY MNOTPEHIHOCTH BBIYMCICHUW, TaK KakK psJIb

3HAKOYEPETyIOIINECS.

§ 5. bBuHOMMAJNBLHBIN P/

Paccmorpum pyukmmio f(x) = (1 4+ x)%.
Ecnmu @ = n — HarypanbHoe, T0O 110 popmyie Onnoma HeroToHa nMeeM

(1+0"=1+nx +"(” D2y o+

OTO ecTh pPa3yIoKEeHNUE B CTENEHHOMN psiJl GYHKIUH JIJIsl JTaHHOTO CITyvasi.
Ilycte o He sBnseTcs HaTypalbHBIM ynciaoM. Haliném psag Maknopena s

byuknuu f(x) = (1 + x)%. Umeem
f0)=1,
flO)=a(l+x)* 00 =@
f"(0) = ala = 1D)(A +x)9?|xz0 = ala — 1),

fAO)=ala—1D(@=2) .- (@a—n+ 1A+ x)* | =
=a(a—1D(a—-2):-...-(a—n+1),

Torna

a(a 1) X2 4+ +a(a—1)-...-(a—n+1)xn+

n!

1+x)%~1+ax+——
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a(a—1)-...(a—n+1)

n!

Yucna (n=1,2,..) Ha3pBaOTCI OWHOMHAIHHBIMHU

n a
kodpunrenTamu. OHKU UMEIOT crielaabHble 0003HaueHuss C, WK Yalie n)

Takum 00pazom,

(1+x)*~1+ (‘I)x + (g)xz + ..+ (z) x4+ ... (1)

OTOT psizl Ha3bIBACTCSA OMHOMUAIBHBIM, OH UTPAET OOJBIIYIO POJIb B MAaTEMaTHKE.
Haiiném pagnyc cxogumoctu pana (1). Umeem

[aj

=lim n =lim

n—oo a n—oo
(n +1J

Urak, psia cxoautest abcomoTHo mipH |x| < 1 u pacxoaures mpu |x| > 1.

n+1

a—n

Cn

| ala-1)-....-(a-n+1)n+1) | lim

R={m a1 (a—n+1a—n) "

nN—oo

=1.

Cn+1

Hccnenyem moBefeHHE OCTATOYHOTO wieHa (opmyisl MakiopeHa mpu
|x| < 1. Bo3pméM ero B uHTErpaiibHO# hopme:

Ru(®) = % [ Fm D0 (x = )"de =

n

— a0 (, )5 ED) as o

1+t

(0 ) () e g

1+t/ (1+t)2 1+x

x—t\" 1+x
Paccmorpum Tenepp dynkmmio ¢(t) = (E) IR Orta QyHKUUS Ha
orpeske [0; x] wmu [x; 0] mpu |x| < 1 coxpauser cBoii 3Hak. [TokaxeMm 510. Tak
1 1+x

Kak |x| < 1, a cnemoBarensHo u |t| < 1, TO > 0 mig Bcex t mpH

A+0)" (1+x)2
aro6om n. Torma 3HaK (DYHKIMH 3aBUCHT TOJNBKO OT MHOXuTenmst (x —t)™.
Ho nmpu 0 <t < x <1 pasnoctb x —t = 0, modtomy (x —t)™ > 0. Ecim xe
—1<x<t<0, torma x—t<0 u npu n uétaom (x —t)" >0, a mpu n
Heuétaom (x —t)™ < 0.

[IpuMeHss TEOpEMY O CPEIHEM Ul HHTErpaja, Ioay4aeM

_ @\ A+E)™H x (x—t\" 14x
Rn(x)=m+1) (n + 1) 1+x fO (1+t) (1+t)2 at,

riae &, Haxoautes mexay 0 u x.
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Beruucium nocnenauint uHTErpal. s 3Toro nojaoxum

dt, y(0) =x, y(x) =0,

n+1

14x
(1+¢t)2

fx x—t\" 1+x dt:_f;yndy:fxyndy:x
0 0

1+t (1+t)2 n+1’

x—t
E—y' dy_

Torma
_ a A+&) " i
Rn(x) = (n + 1) 1 X

(1+&)%H

< M nnsa Bcex n.
1+x

Tak kak |x| < 1, &, HaxomuTcs mexxay 0 u x, o 0 <

a
Hanee, (n N 1) x™1 5 0 nmpun - oo, Tak xax |x| < 1.

Takum obpazom, R, (x) - 0,n = oo, eciu |x| < 1.
[MoyyaeM OKOHYATEIbHBIN PE3yIbTaT:

1+x)*= 1+(a)x+(a)x2+ +(z)x"+ o x| < 1. (2)

1 2
3amewanue. JIoOJHUTEIIBHBIE UCCIEAOBAHUS TTOKA3bIBAIOT, YTO (hopMyIia
(2) umeer mectopu x = 1, ecmua > —1, unpu x = —1, ecmu a > 0.

®opMyity (2) MOKHO UCIIOJIB30BATh AJI BBIYUCICHUS KOPHEH.
IMpumep

7 1
Brerunciute V130 ¢ TOYHOCTBIO 10 To5"
1

VY130 = Y128+ 2 = 7\/128(1+é)=2(1+6_14);:

=2(1+1-i—i-i+ )

7 64 49 642

Bunum, 4To psi 3HaKOYEpeayIOIUNACs, TO3TOMY, €CIIM Mbl OTPAaHUYUMCS IBYMS
YJIEHaMU pAJa, TO a0COJIIOTHAsA OIINOKA C Y4ETOM OKPYTJICHUS

49 642 105

Torma Y130 ~ 2 + % ~ 2 4 0,004464 = 2,004464. OKOHUATEITHHO

V130 =~ 2,00446 (+0,00001).

3ameuanue. PaccMoTpuM Ipyroit cnocod qokaszarenbeTBa GopMylisl (2).

IlycTh moka3aHo, 4yTo

(14 x)%~1+ ((f)x + (;‘)x2 + o+ (fl) X"+ .., X<,

IpUYEM P B IIpaBoM yactu cxoaurcs. IlycTe
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d(x) = 1+(61()x+(62()x2+ +(Z)x"+ . X<, ?3)

Hatiném dpyakamio ¢ (x).
N3 (3) Haxoaum

oy (x)—( )+2(2) + .. +n(;xl)x"_1+
x¢' (x)—x( )+2(2 xZ+ .. +n(;xl)x"+ ]

CKJIaI[BIBaH paBCHCTBA, IIOJIYYUM

(1+x)¢’(x)=(61¥)+[(1)+2( )]x+[2( )+3(g)]x2+ .+

+[n( )+(n+1)(n+1)]x"+

3amMeTuM, 4To

n( )+(n+1)(n+1)
—n (C{) n a(a-1)+ ... +(a—n+1)(a—n) (Tl + 1) _

n (n+1)!
=n(y)+ @ ()=a(y)
Tornma
1+x)p'(x)=a+a (Oll)x +a (;) x2+ .. +a (g) x"+ ... = ad(x).

W3 mnonydennoro auddepennmuanbaoro ypaBuenus (1 + x)¢'(x) = ap(x)
HAXOIUM

') _ a. d _
d(x)  1+x’  dx Ing¢ (x) T 14x

Ing (x) =aln(1 + x) + c;
p(x) = (1 +x)% e
¢(x) = c(1+ x)%*, c = const € R.
[Tonoxum B mocnennem paBeHctBe x = 0: 1 =c¢ = ¢ = 1. Takum oOpazom,

¢(x) = (1 4+ x)%, u paBerctBo (3) npuHumaet Buj (2).

§ 6. ®opmysna CTupjauHra

Mpb1 BbIBeZieM BaxkHyI0 (QOpMylly aHalu3a, Ha3blBaeMyro (opmyioi
Crupnunra. Ota (opmylia MO3BOJSET JErKO OLEHMBATh BEJIMYMHY n! mpu
oosbiux n. dopmMyna umeer BUA
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n  6n
n! = 27m(§) ein, 0 <6, <1,

[Ipu paccMOTpeHNH BOMPOCA O BHIYUCICHHUH JIOTApU(PMOB MbI TTOJTYUHIIN

n+1 2 1 1 1
lnT T 2n+1 (1 T 3(2n+1)2 T 5(2n+1)* | 7(2n+1)6 + )’

1 1 1 1

(n T 5) In (1 t Z) =1+ 3(2n+1)2 t+ 5(2n+1)*
1

12n(n+1)

OTKyJa

910 BBIPA’KCHHUC OoJbIIIe CANHUIIBI, HO MCHBIIIC 1+

JlelicTBUTENBHO,
1 1 1 1 1 1
...<1+—( + + +...)=
32n+1)2  502n+1)*4 T 3\(2n+1)2  (2n+1)*  (2n+1)°
1
_ 1 (@n+1)2 1 1 _ 1
- 1 + -1 - - = —
11— 34n2+4n+1-1 12n(n+1)
(2n+1)2

1

Hrak, nmeem
1<(n+)n(1+2)< 1+ s

[ToreHuupys 3T0 HEPABEHCTBO, MTOIYy4YaEM

1
n+- 1
e < (1 + 1) ? < et
n
HNJIn
n+x 1
1 2 1 12n
141 1 11
1< ( n) < el2n(n+1l) = e12(n n+1) = #. (1)
e e12(n+1)
nle™

PaCCMOTpI/IM IMoCJICaA0OBaTCIbHOCTL A,y = L
n+=
no 2

Hainém otHOIIIEHNE

1
an  _ n!e”l(n+1)n+1+§ _ (n+1)1n+5 _ (1 n 1)n+5 ) l (2)
An+1 n"t2(m+1)len+1 n"*2e n €
N3 (1) u (2) umeem
1
1zn
1< <22 (3)
An+1 el2(n+1)
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U3 (3) cnemyer, ut0 a, > d,.;, TO €CTb {a,} — yObIBaloIIas
nocieaoBaTeapbHOCTh. OHa orpannyeHa cuuly Hyném. Toraa {a, } umeer npener,
KOTOPBIM 0003HauuM uepe3 a. U3 (3) Buaum, 4to

1 -1
ap,e 12n < qp e 120+,
-
Bugum, 4YTo MOCIENOBAaTENBHOCTh Qne 12n  Bo3pacratomiass. OHa uMmeer
1

IIPEICIIOM YHCIIO A, TaK Kak e 12n — 1,
Wrak, mpu r060M N
1

a,e 12n<a<a,.

Torna cymectByer Takoe 8,, 0 < 6, < 1, uto

a=ape 1m,
X
JeticTBuTenbHO, paccMoTpuM GyHkiwmio f(x) = aye 12, x € [0,1], n —

¢ukcupoBannoe. Tak kak f(0)=a, u f(1)= ane_é, a (QyHKIMSA
HeMpepbiBHA, TO 0 TeopeMe boinbiiano — Ko ona npunnmaet Ha [0; 1] Bce
3HAQYECHUA, IMPOMEXKYTOUHBIC MEXKJIY 3HAYCHUSMM HA KOHIAX OTpe3Ka, U, B
YaCTHOCTH, 3HaueHue, paBHoe a. Kpome Toro, pyHkuus yObIBaromias, no3ToMmy

Haiiaércs eauHCcTBeHHOE umncio 6,, 0 < 8, < 1, takoe, uto f(6,) = a. Takum
nlen _n

e 12n, OTKyJa

oOpazom, a = —
n+s

n 2

On

n
n!=avn (%) ewn, 0<6, <1. 4)

Ocraércs onpenenuTh KOHCTaHTY a. s aToro ucnois3yem (popmymny
Bamnuca:

2
T _ lim[ (2n)!! ] 1 .
2 n-oowo L2n-)!1 2n+1

3amMeTuM, 4To

)l [en!? _ 22*(nl)?
Cn-D!I  @2n)! (2!

[To popmymne (4) umeem
2n Oon

@n)! = av2n (2) " e2n,0 < 6y < 1.

Torma
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mn On g
el 22"<ax/ﬁ(;) e12n> Jn  40n-f2n
@en-1! amzn Ozn vz 26 T
a\/ﬁ(?) e24an
T . 1 n o, 4On-bon 42
2 _7111_{?0271+12a e = =7

OTKyJa

a = +2m.

[ToacTasusist 3HaUeHHE a B paBeHCTBO (4), monydaeM dhopmyrny CtupiauHra.
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I'JIABA V. IOKA3ATEJIBHAA U TPUTOHOMETPUYECKUE
OYHKIHNUHU KOMIIVIEKCHOI'O HEPEMEHHOTI'O

§ 1. Onpenenenne pynkumii e, sin z, cos z. ®opmyJisl Jiijiepa

Mgl osTyunsy paHee cieayronme GopMyIb:

2 n
=14 x++ L+ (1)
2! n!
. . _x_3 x_5_x—7 _ n—-1 xZTL—l
siny =x -+ -+ .. +(—1) (2n—1)!+ 2
. x2 4- n 211
CoOSX = 1——+—'——+ .+ (-1 (3)

(2n )‘
Psnpt (1), (2) u (3) cxoasaTcst aOCOMIOTHO, NPUBEAEHHBIE (DOPMYJIbI BEPHBI J1JIS
BCEH 4uCI0BOM ocu. PaccMOTpUM ciieayrolue psiibl B KOMIUIEKCHOM MJIOCKOCTH:

2 n
14+z4+=+ ..+ + .., (4)
2! n!

3 5

z—;+—,——+ (=D

ZZn—l

(2n-1)! " (5)

+ o (6)

2n
(2n)!
OTH psiibl CXOASTCS a0COIOTHO HA BCEM KOMIUIEKCHOM TJIIOCKOCTH, YTO MPOCTO
MOKa3bIBACTCs C MOMOIIIBIO MpU3HaKa JamamOepa cXOAMMOCTH TOJIOKHUTEIIbHBIX
psanoB. EcrtectBeHHO 0003HauuTh cymmbl psjgoB (4), (5) u (6) uyepes
e”,sin z, cos Z cooTBeTCTBEHHO. TaK, 10 onpeeIeHHIo

z2 z*¥  z6
1_Z+Z_a+ +( 1)m

. z? z™ 4o 2T
T=ltz+5+ ot =0T 4)
. . Z3 25 Z7 . n-1 ZZn—l _
sinz =z —— + i + ..+ (-1 Zm—y =
n-1 ZZn—l
Z ( 1) @2n-1)"’ (5)
_ z2 z%*  z6 n z°2" _
cosz =1 St oot .+ (-1 n )' =
n z?" 6
= ThS (- (6)
O YHKIUIO e’ Ha3bIBAIOT IMOKa3aTEIbHOM, a sinz, cosz —

TPUTOHOMETPUUECKUMU  (YHKUMAMH  KOMIUIEKCHOTO mepeMeHHoro. OuHu
OIpeieIeHbl Ha BCEl KOMIIEKCHOM MIIOCKOCTH, TO €CTh IpH BeeX Z € C.

Mexny ¢ynkuusmMu e?, sinz, coSz CylmecTBYeT TECHas CBS3b.
3ameHuM B psje (4) z Ha iz, A€ Z — IPOU3BOJIBHOE, OJTYyYUM
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elf =1+iz+ 8 G @ @ @ @ o
3! 4! 5! 6! 7!
2 Z3 4-

—1+lZ—ZZ——l—+ tig—o i+

4 5
=(1-Z42-Z4 +i(z-Z+2-24 )=
=cosz+isinz.

MBI KCnOJIb30BaIM CBOKMCTBA CIIOKEHUS PSAJIOB U YMHOXKEHHUS psiia Ha YHUCIIO.
Hrak,

e = cosz + isinz. (7)
3ameHUM B 3TOU (hopMyJie Z Ha —Z, TIOTYIHM
e = cosz — isinz. (8)
MBI HCTIOJTE30BAJTN PAaBEHCTBA
cos(—2z) =cosz, sin(—2z)=—sinz,

KOTOpBIE OYEBUJIHBIM 00pa3oM cieayroT u3 (4), (5) u (6). U3 dopmyn (7) u (8)
HEMEJJICHHO TMOJTy4aeM
CoSZ = E, sinz = ﬂ (9)
2 2i
®opmyist (7), (8) u (9) HazsiBatoT hopmynamu Ditnepa.

3ameuanue. Ilyctb z — KOMIUIEKCHOE uucio, r = |z|, ¢ = Argz —
aprymenT z. Toraa z MoKHO 3anMcaTh B TPUTOHOMETpUYECKOH (hopme
z=7r(cos¢ +isin¢p) = |z|(cos Argz + i sin Arg z).
Ecnu ucnionws3oBars popmyiy (7), TO morydum
z =re'® = |z|e!Ar8(®),

DTO0 Tak Ha3pIBaeMasl mokazaTeabHas (bopMa KOMIIJICKCHOI'O YHCJIA.

§ 2. CBoiicTBa OKa3aTeabHON PyHKIMH

1. Ocnoenoe ceoiicmeo nokazamenvhoii pynKyuu

N3BecTHO, 4TO ™1 - e*2 = e*11*2 r51e x; U X, — NEHCTBUTENILHBIE YNCIIA.
[TokaxxeM, 4TO 3TO OCHOBHOE CBOWMCTBO IMOKa3aTeIbHOW (YHKIHMH BEPHO U B
KOMIUIEKCHOM TUIOCKOCTH. [lycTh

et =1+z +- + + S
e’z =142z, +> + + L2+
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Hanucanubsle psapl CXOAATCS a0COIIOTHO, MO3TOMY IO TEOPEME YMHOKEHMS
PAIOB UX MOKHO MTEPEMHOXKHTb.
Hanomuum dopmyny ymuoxenus psaos (o Korm)

(g +a,+ . +a,+ )P +Br+ o + B+ )=
= a 1 + (@18 + azf1) + (@15 + azf, + azfy) + .. +

+(a1,Bn + azﬂn_l + ... + akﬂn_k+1 + ... + anﬁl) + ...
B namewm ciyuae

Z2 Z2
e?1.e% =1+(zl+zz)+(2—1!+zlzz +2—2!)+ ot

+(n! (n-D!'1!  (n-2)!2! T +(n—k)! k! et n! T o

[IpeoOpazyem 001Ul WieH MOJIYyYSHHOTO Psijia CIEeIYIONUM 00pazoM:

zi' |zt zp | 21Tz zpk Zé‘_l_ _I_Z?
nl o (n=D'1 (n=2)2! T (m=k)lkl T oal
1( n n! n—1 n! n-2,_2
=—|zy +——Z Zy + VA zZ5 + ...+
n!( LD -t 22 0 ()12t ?1 72
n! n—k _k n) _ (Z1+z)"
+(n_k)!k!z1 Zy + ..o+ zZy ) = Y
n nn-1)..(n—k+1) n!
k
TaK KaK =(Cy = = .
(k) n k! (n—k)!k!
OKoHYaTEeIbHO UMEEM
z1+z (z1+25)? (z1+zx)"
eft-e”2 =1+= =4+ "+ Lt L=t

3ameuanue. WIcnonp3ys JOKa3aHHOE CBOWCTBO, MOXHO TIOJYYUTh
BEIpXEHUE e” depe3 JelcTBUTENbHBIE GQYHKIWMU. Ecmu z = x + iy, 1O
e = e*W =¥ - e = e*(cosy + isiny). OkoHUaTEILHO

e =e*(cosy +isiny), z=x+iy.

DT0 BBIpaXKEHHE MOXKHO pacCMaTpUBaTh KaK TPUTOHOMETPUUECKYIO dopmy eZ.
Torna |e?| = e*, Arge? = y. 3ameTum, uto e” # 0 as Bcex z, Tak Kak e* # 0
IUTA BCEX X.

2. Ilpouseoonasn pynkyuu e*

Tax kak e” ecTp cymMMa CTENEHHOTO psna, TO €€ MOXKHO IMOYJIEHHO
mudepenupoBats. Toraa

nzn—l Zn—l

z
— + ..

=e”.

2 2
() =1+2+Z+ . + +.=1+z+Z+ L+

n!
Urtak, (e?)’ = e?. A torna (e?)™ = %,
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3) Ilepuoouunocmo pynkuuu e

DyHKIMS KOMILIEKCHOTO MIEPEMEHHOTO f(2) Ha3bIBAETCA
NEPUOANYECKOM, €CIM CYIIECTBYeT unucio w # 0 Takoe, 4To ISl BCEX Z W3
o0nactu CYIIECTBOBAHHS byHKIIH Oyzner BEPHO PaBEHCTBO

f(z+ w) = f(z—w) = f(z). EcrecTBeHHO, MpH 3TOM MPEANOIAraeTcs, YTO
TOUYKH Z + @ TIPH JI0OOOM Z BXOJAT B 00JaCTh CYIIECTBOBAHUS (QYHKITHH.

Hccnenyem Ha mepuoamyHOcTh e?. Jlomyctum, 4to w # 0 — mepuon
¢bynkiun. Torna

Z+w

e = e? 114 BCeX Z.

Orcroga e® = 1, tak kak e?*® = e? . e® = e u e? # 0. Takum 0Opa3oM, Bce

nepro bl PYHKIIMH, €CIIM OHH €CTh, YAOBICTBOPSIOT ypaBHeHUI0 e = 1. Perum
ero.

Iycte w =a +if. Torma e® =e%(cosf +isinf)=1. Tak kak
e =1,10 |e®“| =e* =1, orkyna @ = 0. Torna cosf +isinf = 1, orkyna

cosf =1, =2kn, k=0,%+1,12, ....

Urak, npu k=0 umeem w=a+if =0; npu k==£1,%2,.. uucio
w = a+ if ormmyHo OT Hymd. Yucna w = 2kmi, k = +1,12,... saBasiorcs
nepuogaMu (PyHKIHMH e”, 4Yucio 27l Ha3bIBalOT €€ OCHOBHBIM IIEPHOIOM,
e’™ =1, k=0,+1,%2, ...

3ameuanue. SIcHo, uTo TepuonaMu GYHKIMH e'? SBNAIOTCA umcaa 2K,
k=41,%2,...

§ 3. CBoiicTBa TPUTOHOMETPHYECKUX (PyHKIMIT

1. @opmynvr mpuzonomempuu

[Tokaxkem, 4TO 1 SINZ W COSZ BEPHBI TAK HA3bIBAEMBIE TEOPEMBI
CJI0’KEHUSI, KOTOPBIE BEPHBI HA JEHCTBUTEIBHOMN OCH.
[Ipumenss Gopmyiy Diinepa, 3anuiiem

cos(z, + z,) + isin(z; + z,) = el?1t72) = giZ1 . piZ2 —
= (cosz; + isinz;)(cosz, + isinz,).
BBIMOTHSSL YMHOKEHHE, TT0JTydaeM
cos(z; + z,) +isin(z; + z,) =
= (cos z; cos z, — sin z; sin z,) + i(sin z; cos z, + cos z; sin z,). (1)

PaBenctBo (1) BepHO 17151 MOOBIX Z; U Z,. 3aMEHUM B PaBEHCTBE Z; HA —Z; U Z,
Ha —Z,. Micrionp3ysa HEYETHOCTh (DYHKIIUU Sin Z U YETHOCTH COS Z, UMEEM
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cos(z; +z,) —isin(z; + z,) =
= (cos z; cosz, — sin z; sinz,) — i(sinz; cosz, + cos z; sinz,).  (2)
CxknagpiBast 1 Beruntas (1) u (2), noyvaem:
cos(z, + z,) = cos z; cos z, — sin z; Sin z,, 3)
sin(z; + z,) = sin z, cos z, + cos z; sin z,. 4)

Ot opmynsl U BeIpakaroT TeopeMmbl ciokenus. M3 dopmyn (3) u (4)
NOJYy4aroTcsd, KaK M B JCHCTBUTEIHHONW TPUTOHOMETPHUH, Bce (OPMYJIBI
TPUTOHOMETPHH, B KOTOPBIX YIaCTBYIOT CHHYC U KOCHHYC. [lomyunm HEKOTOpBIE
U3 HUX.

[
[Momaras B B)u(4)zy = zuz, = 2> AMeeM
i s . . IT .
cos (z + E) = coszcos— —sinzsin- = —sinz,
. s . s . I
sin (z + E) = sinzcos> + coszsinz = cosz.
[lpn z; = zu z, = mus (3) u (4) cnenyer

cos(z+m) = —cosz, sin(z+ m) = —sinz.

MBI BBIBEIH HEKOTOPBIC (DOPMYITBI PUBEICHUS. SICHO, 9TO OHU BEPHBI U B
o01IeM ciryJae.
[TonoxuB B (3) u (4) z; =z, =z, nonydyuM (HopMyJIbI JBOMNHOTO
apryMeHTa
cos2z = cos?z —sin® z,sin2 z = 2sin z cos z.

Ecru B (3) mnonoxuts 2z; = —Z; =Z, TO TMOIYyYUM OCHOBHOE
TPUTOHOMETPHUUECKOE TOXKIECTBO
cos? z + sin® z = 1.

[locienHee COOTHOLIEHWE HABOAUT HA MBICIb, 4YTO, KaKk W Ha
JEUCTBUTEIHLHOM OcH, (DYHKIIMH Sin Z U COS Z orpaHuyeHbl eauHuIeii. Ho ato He
tak. Ham n3BecTHO, 4TO

. eiz_e—iz eiz_l_e—iz
SINZ = ———, COSZ =
2i 2
[Tonmoxum 31ech z = —iy, tne y € R,. Umeem
. eY—e™ eY—e™
siniy| = Y |= —— = toonpuy — +oo,
l
. eY+e™
cosyy=———-= +ooIpu y — +0.
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Takum 06pa3oM, Sinz U COS Z — HEOTpaHUUYEHHBIE HA KOMITJICKCHOM TIOCKOCTH

byHKIUH.
2. Ilepuoowl pynkuyuii Sin Z u oS z

HccnenyeM Ha nepuoguyHOCTh PYHKIUU Sin Z u cos z. [1ycTh w sBnsgercs
nepuoaoM (HYHKIUH Sin Z, TO €CTh

sin(z + w) = sin z s Beex Z.

Torma w aBnsercs nepruoaoM GyHKIUH COS Z. JleCTBUTENBHO,
. s . T
cos(z + w) = sin (z +w+ E) = sin (z + 5) = CO0S Z.

Takum 00pa3oM, Sin z U COS Z UMEIOT OJTHO U TO KE MHOYKECTBO MEPUOOB.
Haiiném teneps 3T0 MHOKECTBO.
[Iycth w — nepuoa PyHKIMH Sin Z U €OS Z. 3aMeTUM, 4TO

e!*®) = cos(z + w) + isin(z + w) = cosz +isinz = e’

ITocneaHee 03HAYACT, UTO W €CTh Iepro QYHKIMH e, VITak, MBI TIOKa3aIH, UTo
BCE TIEPHOIBI Sin Z M COS Z ABJIAIOTCA Teproaamu QyHkmy e'?. Ho mepronamn
dyrknnn e aensrores uncna 2km, k = +1, £2, ... . OcTaéres I0Ka3aTk, 9To BCe
9TH 4MCla sBIAOTCS mnepuogamu (ynkmuu sinz. Ilo dopmyne crnoxenus
Haxo0J1M

sin(z + 2km) = sinzcos 2 km + coszsin 2 km = sin z.

HNrak, Bce mepuoAapl SinZ ©W COSZ HWCUEPIBIBAIOTCA 4YHCIaMH  2KTr,
k=+1,++2, ...

3. Ilpouseoonvie hynkyuii Sin z u cos z

3 5 7 2n-1
sinz=z—-2+Z-Z 4 4+ (DT I—4 .,
31 51 7 (2n-1)!
_ z2 z*  z° n z2"
cosz=1 2!+4! 6!+ .+ (-1 on )'
Huddepenuupys 3Tu CTENEHHBIE PAJIbI, TOTYYUM
r_ 4 32° 5i _ 7i _1yn—1 @n-1z?"72 .
(sinz) =1 + + .. + (1) ST + .=
_ ZZ Z4 Z6 1 ZZ n-2 _
=l-—+5-5+ - .+ (=D s 2)|+...—cosz,
' Z_Z 4_i _ 6iS _a\n 2nz2n-1 _
(cosz) = o + " ” + ...+ (1) T +
— _ _ f i _ _qyn-1_2"" ) _
=—(z-5+5- v (D I+ sin z
HUrak, (sinz)’ = cosz, (cosz)' = —sinz.

SIcHO, 4TO Sin Z U COS Z UMEIOT MPOU3BOIHBIE BCEX MOPSAIKOB.
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3ameyanue I. Mpl onpenenwiid SinZ U COSZ KaKk CyMMbl CTEIEHHBIX
psanoB. B mkoiabHOM Kypce (QYHKUMH SinX M COSX OIPENeNsioTcs Hu3
T€OMETPUUECKUX COOOpakeHnH. MOXKHO TMOCTPOUTH AHAJTUTHUYECKYIO TEOPHIO
TPUTOHOMETPUUYECKUX (PYHKIIMIA, OTIpeieNuB Sin x 1 cos x Ang X € R xak cymmbl
aHAJIOTUYHBIX PSAIOB.

3ameuanue 2. Yepes ompeneneHnvie (yHKIuM e?, sinx u cosx
OIpeneNnsoTcs QyHKINN

Z = =
tg c » ct sinz’
z eZ—p~Z
chz = , shz = r
shz chz
thz=—, cthz=—.
chz shz

HOCJ’IGILHI/IG Ha3bIBAIOTCsA FI/IHep6OHI/I‘JCCKI/IMH KOCHMHYCOM, CHHYCOM, TAHI'CHCOM
N KOTAHI'CHCOM COOTBCTCTBCHHO.

100



3aoauu k enasam 11-V

nP sinnx
1. Uccnenyiite cxoquMoCTh (DYHKIMOHAILHOTO PANA Yoy arywr

npu
Pa3IMYHBIX 3HAYCHUSAX IMapaMeTpOB P M (¢, €CJIM H3BeCTHO, 4To q >0 u
0<x<m.

Pewenue. B cuty He0OX0AUMOTO YCIOBHS CXOJUMOCTHU psAJla €ro 0OIIuit

nP sinnx
WIEH ——— = JIOJDKCH CTPEMHThCS K HYJIO IPH N — +0o. Oto Oyzer Tak, eciu
npP 1 1

= — 0npun — +o. Tak kak g > 0, To 1+1

- — o0,
1+nd nd—P 1+n—4 n-4q 1 fpu 1 T

nP 1
1+4n9 n4-p

Takum oGpazom,

1 .
n - 4o, ecmu —— - 0 npu n — +oo. Ilocnenuuit (GakT UMEET MECTO TpPU

q—p > 0.
Urak, g — p > 0 — HeoOxoauMoe yCIIOBUE CXOIUMOCTH Psijia.

HccnegyeMm psa Ha aOCONIOTHYIO CXOOUMOCTb. 3aMETUM, YTO

nP sinnx
1. | N
Zn 1 1+n4 n= 11
= Zn 11+q(1_C052nx)_‘2n 11+nq_‘2n 11
2. T L ~ o0, ke
- Tak Kak ——2 ~—— npu n TO SO Yp 11

q —p < 1. Toraa ns ero 4aCTHBIX CYMM BBIIIOJIHEHO

nP
3. Tak kak -

- — 400
o Onopun — +ow,a

sin Nx cos(N+1)x < 1

sin x — |sinx|’

ZN_, cos 2nx| =

nP
TO PAI ey Tonq COS 2nx cxoautca no npusHaky Jupuxie. Torga cyiiecTByer

KOHEYHBIH TIPE/IEN ET0 YACTHBIX CYMM Y h—;

1+n4
N |nPsinnx
W3 nynkroB 1-3 crmemyer, 4YTO MOCIEAOBATEIBHOCTD Yp—q Tond
4o |NPsinnx
YaCTHBIX CYMM DpsIa Y=y ~r.q | HE HMMEeT Tpeiena, TO ecTh PAn

nP sinnx
i |— pacxoautca npu q — p < 1.

n=1] 14na
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« NPsinnx

Torga abGCONIOTHOM CXOMMMOCTH HCXOTHOTO pAgad Yoy —

npu
q—p < 1ner.

nP nP
— 14+n?’ 1+n49 ndpP

nP sinnx
1+n4

I[anee, TaK Kak | npu n — +oo, a pan

Y= ——p CXomuTcAnpu q — p > 1, TO KCXOIHBIN PSiA CXOAUTCS aOCOIIOTHO MPH

q—p>1.
JokaxeM, 4to psag  cxoauTca ycimoBHO npu 0<qg—p < 1.

JIeCTBUTENBHO, 3aMETHUM, YTO

1 Z.l_oo nP SINAX _ qvyoo SiNNX 1
1+nd n=1 na-r 14n-a"

1
2. HOCHGI[OBEITCHBHOCTB 1in-4 MOHOTOHHO CTPCMHUTCA K CAWHHUIIC.

3.Pan Yy i%

CXOI[I/ITCH npu q — p > 0 B crity npusHaka {upuxie.

+o0 Sinnx 1
n=1 na-p 14+n-4

W3 1-3 cneayer, 4to psam D, cxomutcess mpu q —p > 0

COINIaCHO Mpu3HaKy AOeis. 3HAUUT, UCXOOHBIA PSI CXOAMTCA YCIOBHO IpU
0<q—-p<1

Omeem. psan cxogutcst ycinoBHO npu 0 < g —p < 1 u abCOMOTHO TIPH
q—p>1.
("

(x+n)p

2. Hccnenyiite cXOmuMOCTh (YHKIMOHATIBHOTO psga Yo, npu

Pa3JIMYHEBIX 3HAYCHUAX IapaMeTpa p.

Pewenue. O13: Vn € N(x + n > 0), o ectb x > —1.

@ukcupyem x > —1.
| (G Ol
(x+n)Pp

Ecmu p <0, | = (x+n)P - 400 npu N = © U, 3HAYNT, P

="
(x+n)o
pacxomutcs. (Ilpu p < 0 He BBITIONHIETCS HEOOXOUMOE YCIOBUE CXOTUMOCTH

psna.)

pacxoauTcs. AHAJIOrM4YHO, ecnu p = 0, =1-1mn0pun—- o upia

n
" )) — — 3HaKo4epeayromuiics psi. Tak kak p > 0, To

IMycts p > 0. 312 1(

IIOCJICA0BATCIIBHOCTD MOHOTOHHO CTPEMUTCA K HYJIIO IIPH N — O, Torzxa

1
(x+n)p
3HAKOYEPEAYIOIIUICS PsJl CXOAUTCS 0 Mpu3HaKy JlelOHwua.
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UccnemyeM psa Ha aGCOMIOTHYIO CXOAUMOCTh. Psim Y42, CpaBHUM

1

(x+n)P
1 o

C psAIOM Z;‘fl - Tak kak mociaegHuil psi CXOAUTCA Opu p > 1 U pacxoauTcs

mpup < 1,10 Y12, ((_ L CXOJUTCS a0COMIOTHO MPpH P > 1 U CXOAUTCS YCIOBHO

mpu 0 <p < 1.
Omeem: Ha uatepnaie (—1; +o0) psan cxoaurcs yenoBuompu 0 < p < 1wu

abcoroTHO — npu p > 1.

3. Uccnenyiite cxoaumoctb psina JlamGepra Yop2; o

Pewenue. O3: x # +1. IlombiTaeMcsi BOCIOJB30BAThCA MPU3HAKOM

_ {lXI,HpHle <1,
| Lopulx| > 1"

[Tyctes (ukcupoBaH X, yAOBJIETBOpSIOMUI yciaoBuio |x| < 1, Tornma,

xTL
1—xm

. n
Komm. [{okaxem, uro K = lim

n—-oo

Ha4ynhHad C HCKOTOpPOro HOMCpA, BBbIIOIHACTCA IIBOﬁHOG HCPaBCHCTBO

n\/I < V1 —x" < V2. Tak kak lim "2 = 1im Y2 = 1, To mo TeopemMe o npeaee

n-o\ 2 n—owo

(V) . n
IPOMEXKYTOUHOM mocneaoBareabHocTH lim V1 — x™ = 1. Takum oOpazoMm, npu

n—oo
: 1
x| <1 BemmunHa K = |x|lim —— = |x| < 1 u pgax JlambGepra cxomurcs
x| x|lim z=t—= |x| <1 n pax JlanGepra cxox
a0COITIOTHO.
o .. n xn
dukcupyem X, yAOBICTBOPsOmui yenosuio x| > 1. K = lim —| =
n—oo -

= 1. Bugum, 4to B 3TOM ciydae npuszHak Ko

HE Ja€T OTBETaA Ha BOIIPOC O CXOAHUMOCTH piAda. OI[HaKO 3aMCTHM, 4YTO B 3TOM

n

= lim
n—-oo 1-x

ciydae lim = 1. Tak kak oOUIMI YJIeH psiJa HE CTPEMUTCS K

n—oow l1-xm -n

HYJII0, TO PSIT PACXOIUTCSI.

Omeem: psan cxoauTcs abcoaoTHO Ha uHTepBaie (—1;1).

4. Hatimure 00J1acTh CXOJUMOCTH PSIA.

(n+1)3™ | 1-x\"

DI ALAG-N )T (5)
o0 " . e 0] t TL .

4) Yo 5) Ym1 6) X1 2" gy
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Pewenue. 1. Dukcupyem x # 2 1 BOCIoyib3yemcs npusHakoM J[amamoGepa.

(n+2)3™*1  (n+1)3" . (n+2)3"*x—2"n3 3
noow |Xx=2|M1(n+1)3 " |x=2|"n3  now (n+1)3%x-2|"*1(n+1)3  |x—-2|

. 3
Psin cxomuTtcs, mpuuém abCOMIOTHO, €CIH e < 1. Orkynma |x —2|>3

", 3Ha4uT, X € (—o0; —1) U (5; +0).

3
Psin He cxoauTcst aOCOMIOTHO MPU —— P > 1. 3aMeTHM, YTO B 3TOM cCliydae

-2|
001t YieH psija He CTpeMUTCs K Hy 0. Takum o0pazoM, B CUITy HEOOXOAUMOTO

IIpU3HakKa CXOJUMOCTH psada pAad pacxoduTC:A, CCIIH > 1 TO CCTb IIpH

3
lx-2|

x € (—1;5).

OcTaércs paccMOTpeTb TOUKH X = S5ux = —1,

(n+1)3™ n+1

IIycte x = 5. Psan npunumaet Bua Z;{":Ol s = zc’:"l 5 [Tockonbky
n+1 1 1 to n+1
—3 ~ oz TpUT — O U PAN i 157 CXOmUTCA, TO MOJIOXKUTEIBHBIN PSIT Y= 15
CXOJIUTCSI, MPpUUEM abCOJIIOTHO, B CHITY TIPU3HAKA CPABHEHUS.

_ oo M+3" Gy (D(n+1)
[Mycte x = —1. Psaa mnpuHUMaeT BHI Yoy Ty T omel

D10 3Hakouepenyromuiics psa. Mccmenys ero Ha abCOMIOTHYIO CXOIUMOCTb,

+o0 ( 1)n(n+1)| — +oo i

MOJIYYUM psn ne1 , KOTOPBIN CXOJIUTCA.

CrnenoBaTelIbHO, JaHHBIN P CXOAUTCS a0COITFOTHO.
Omeem: obnactb cxomumoctd psiga (—oo; —1] U [5; +0); psa cxogures
adcomoTHo Ha (—o0; —1] U [5; +0).

2. ®Gukcupyem x € R u Bocnosibdyemcst npusHakoMm Ko,

im Y/ |f, ()] = Iim V|3 = x2)*| = |3 —x?| = [x* = 3].
n—-o0 n—-oo

Psia cxomuTest aOCOMIOTHO MPH |x2 — 3| < 1. Pemum gaHHOE HEPABEHCTBO:
—-2>0, _ _
-1<x*-3<1e o x € (-2;—V2)u (V2; 2).
—4<0
Kpome Toro, psam pacxomurcd, ecim |x2—3|>1, To ecTb npu
x € (—o0; =2) U (=V2;v2) U (2; +0).
Ipu x = +2 nomyunm psim 1+ 1+ 1 + ..., KOTOPBIA pacXomuTCs, TaK

KaK OOIIMI YJIeH HE CTPEMUTCS K HYIIO.
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AHaJIOrM4YHO, IIpu X = +2  [OJIydaeM  pacXxomsluuca  psf
-1+1-1+1-— ...

Omeem: obnactk cxomuMocTH psna (—2; —V/2) U (v2; 2); psia cxoaures
abcomoTHo Ha (—2; —V/2) U (V2; 2).

3. Unens! psjga ompenencusl s Becex x € R\{—1}. 3amerum, yro npu
X = 1 psig COCTOUT U3 HyJIEH, CIIEA0BATENBHO, CXOUTCS AOCOIIOTHO U €70 CyMMa
paBHa 0.

Odukcupyem x # +1 u uccneayeM Ha aOCOTIOTHYIO CXOAUMOCTD YUCIOBOM

-D)" (1-x\"
psn Zﬁzl( ) (—) C IMOMOIIBIO MTpu3HaKa Jlamamoepa.
2n—-1 \1+x
fari®| (1 |1—x n+1 ( 1 |1-x n) _ 2n-1|1-x
fn(x) 2n+1 l1+x "\2n-1 l14x 2n+1 11+x|’
1
Torna lim EEICO] [ 2n_1|1_" — |1_x 2 |ix
n-ow | fn(x) now 2n+1 l1+x 1+x| nowo 2+% 1+xl|’

< 1, paccmaTpuBaemMblil psag

o 1-x
I[JBI TE€X 3HAUCHHUH X, IIPU KOTOPBIX |—1+
X

. 1-x
CXOOUTCS aOCOMOTHO. [ 3HaueHWid X, NPU KOTOPBIX |E| > 1, pan
pacxoauTcs.

1-x
PaBenctBo |:| = 1 BBINOJIHSIETCA TOJIBKO TIpu X = 0.
X

< 1. DTO HEpaBEHCTBO PaBHOCWJIBHO

1-x
Pemmum HepaBeHcTBO  |[——
1+x

caenyromemy: |1 — x| <|[1+x|] e (1-x)??<(1+x)? o x>0.
Takum oOpa3om, psa cxoautces adcoaoTHO Ha MHOKecTBe (0; +00). Psn

pacxoautcs Ha MHOXeCTBE (—o0; 0).

D"
2n—1

[TIpu x = 0 ucxonHel pan npuHUMaeT Bug —1 + % — §+ I + ...,

CXOAUTCA YCIOBHO IO NMpu3HaKy JlelOHuma.

Omeem: obnacth cxomumocTu psaa [0; +oo); Ha unrepsaie (0; +o0) psin
CXOJUTCS a0COMIOTHO, ITpH X = 0 psig CXOAUTCS YCIOBHO.

4. Ilycts x # 0, Torna npuMmensiem npusHak {anamoepa.

3aMeTuM, 4TO

fr+1(x)
fn(x)

T 14x2nt2 7 14x2n

|x|n+1 |x|n 1+x2n
: = |x|
- 1+4x2n+2"
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CraenoBaTteibHO,

|x],0 < |x| <1,
n-oow | frnx) N—oo 1+x2n+2 1
—, |x| > 1.
|x|
Bugum, uro lim fn+_1(x)| <lwnpu 0 < |x| <1wunpu |x|> 1, 3Hauur,
n-w | fpx)

psn cxoautes abcomoTHo npu x # +1, x # 0. 3ametum, uro npu x = 0 npu3HaK
Jlanambepa He MPUMEHUM, OJHAKO B 3TOM CJIy4ae psAJl COCTOMT U3 HYJIEH U TeM

CaMBIM ero adCcoJIFoTHas CXOOUMOCTBh OYCBHHA.
o o 1
HpI/I X = il O6HII/II/I YJICH psaa I10 a0COJIFOTHOM BEJTMYNHE PaBCH E, IIOTOMY

PSIL PACXOJUTCA.
Omeem: obnactb cxoaumoctu psaa R\{+1}; psx cxoaurest abcomoTHO Ha
R\{+1}.

5. Unensl psiga ompeneseHbl sl X # % +mn,n € Z. llpu x # % + mn,

n € Z, ucnoap3yeM npusHak Komm:

— lim” — tim "1 1eg ] - Tim = =
K = im YTRGOT = Jim" || tgx| - lim o= = fega.

T T
Torma psa cxomuTcs aOCONIOTHO Ha HMHTEpBajax (_Z + n; " + nn) ,nNeZ

T 3 T
pacxoauTcss Ha uWHTEpBanax (—+mnn;,—+mnn),n€ Z. Illpu x = ——+71n,
4 4 4

n

n € Z, ps1 UMEeT BUJ Z;f=1( U CXOJIUTCS YCJIOBHO; IPU X = % +mn,n € Z,

w 1
PSLT UIMEET BU Y py—1 — M PACXOJIUTCS.
Omeem: 00JaCTh CXOIUMOCTH Psiia [—% + mn ;% + nn) ,NEZ;, psn

T T T
CXOOUTCS a0COIIOTHO Ha (_Z + mn; - + nn),n €Z,npu x = — +nmn,n € Z,

DAl CXOIUTCS YCIOBHO.
6) OJ13: ¢§+nk, n€N, k € Z, 1o ectb x # 22" 32k + D,
neN,kelZ.

[Tpu x = 0 psan cocTout U3 HyJeH U, 3HAYUT, CXOAUTCS aOCOMOTHO. s

X
2271—2

Bcex X #* 0, 11 KOTOPBIX psii ONPENENICH, HAYNHAsl ¢ HEKOTOPOro HOMEpaA My,
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X T T
ApryMEHT - IPUHAIIEKUT HHTEPBATTY (— > —) JIs 9TUX 3HAYEHUN N UMEEM:
— on-1 x ||
a0l = 27 |tg

2n-t
o . 1
CXOJIMTCS BMECTE C TEOMETPHYECKOM Mporpeccueit Y —p 7zn=1- CIIeNI0BATEIBHO,

~

npu n — oo. Iodtomy psg Ye_q 2™ 1tg22n .

paccMaTpuBaeMbIil psiJi CXOIUTCS a0COMOTHO BO Beex Toukax OJ13.

Omeem: cxomurcs abCOMIOTHO BO BceX Toukax x # 22" 3(2k + 1)m,
n€N, k el

5. Haitgue o6macth cXo0AuMOCTH (DYHKITMOHATIBLHOTO Psijia;

0 n2—4n+5 _ n. 0 Tl(3X+1) _3
1) Zn 1 3n(n+1) (3 1) 2) Zn on ’ 3) Zn 13n(x 3)111
w M2x+3)", +oo 2Mx=1)" n?
DI 8) Entr— 5 6) Zn1 ey
DTS LA P sl SO DL ) D wsc
n3+1 ; n=1(y_s)n 5)2n’
) (2x—1)" +oo 3n+2 n. (B0
10) 2in= D’ 1) Xnta =5 Q43" 12) 2ty n(2n+1)’
n+2 In(3n—4) +oo (5x)°"107™
13) Xn LD G- 14) ¥nZ 2 an(x—a)n’ 19) 2z In(3n+1)
Omeemoui.
1) 06macTh CXOIUMOCTH (—2 4) CXOUTCsl a0COTIOTHO Ha (_g g)

1 1\.
2) obnacTth cxoauMocTH | —1; 3> exomures a0OcomrorHo Ha | —1; 3)

2 1
3) 0b6yacTh CXOAUMOCTHU (—00; 2 5) U (3 3 +00); cXoauTcd aOCOJIFOTHO Ha

2 1 _
(mees25) U (355 +e0);
4) obmacte cxomumoctu [—2; —1); cxomurcst abcomorno Ha (—2;—1), B

TOYKE X = —2 CXOJIUTCS YCJIOBHO;

1 3 1 3].
5) 006acTh CXOIUMOCTH L 3| cxomures a0COJIFOTHO Ha 23l

1 1
6) 001acTh CXOAMMOCTH (—00;5) U (15; +00); CXOIUTCI a0COJIOTHO Ha

1 1 _
(meoi3) v (135 +e0);
7) obmacts cxomumoctu (0; 12); cxomurcs abcomorro Ha (0; 12);

8) obmacte cxogumoctu [—1; 0]; cxomures abcomroTHo Ha [—1; 0];
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9) obmacte cxomumocTH (—o0;3) U (7;+00); cxomurcss aOCOIIOTHO Ha
(—0;3) U (7; +0);
10) ob6macts cxomumoctu [0; 1); cxomurcs abcomrorao Ha (0; 1), B Touke

x=0 CXOOUTCA YCIIOBHO,

7 1 7 1\,
11) obmacth CXOAUMOCTH —3s3); cxonuTcs a0COJIFOTHO Ha —5i3);

11 1 1),
12) 06nacTs cxoauMocTH (— 3 5) CXOIUTCS aOCOTIOTHO Ha (— o 5)

13) ob6macts cxomumocTtu (—oo;0] U (% ; +00); CXOIUTCI a0COJIOTHO Ha
(—o0;0) U G, +00), B TOUKe X = ( CXOIUTCS YCIIOBHO;

14) o61acTh CXOAMMOCTHU (—oo ;3 %) U (4 %; +00); CXOIUTCS aDCOTIOTHO HA
(moi33) U (43 +0);

15) ob6mactb CXOIUMOCTH CXOoauTcsi abCONIOTHO Ha

(557
(-5 57m)

6. Haitnure o6macth cXoAuMOCTH (DYHKITMOHATIBLHOTO PsiJia;

1) Yy 2) SaZi 3) ZnZi (x?" cos n);

8) S B) ZnZi =5 6) Tz (cos 2x)™;

) Zatn vy 8) z;:ltgzg; 9 zzfl":ffj‘;

10) ¥4, (sin 2x)™; 11) ¥rz e —mx 12) ¥4 151n =

13) Y4 12n+1, 14) ¥ += (sinx)™; 15) Y2 (Inx)™.
Omeemut.

1) obmacte cxomumoctu (—oo; —1) U (1; +0); cxomurcss abCOMIOTHO Ha
(—o0; —1) U (1; +0);

2) obmacte cxommmoctu (—oo; 0] U (2; +0); cxomurcsi aOCOIIOTHO Ha
(—0;0) U (2; 4+00), B Touke X = 0 CXOAUTCS YCIOBHO;

3) obmacts cxogumoctu (—1; 1); cxomurcs abcomorro Ha (—1;1);

108



4) obmacte cxomumocT (—oo; — 1] U (1;+00); cxomurcs abCOIOTHO Ha
(—00; —=1) U (1; +0), B TOuke X = —1 CXOAUTCS YCIOBHO;

5) obmacth cxonumoctu R; cxoautcs abcomoTHO Ha R;

6) obmacte cxomumoctd R\{mk,k € Z}; cxomurcs abCoOIIOTHO Ha
R/{rk,k € Z};

7) obnacts cxomumoctH (1; +00); cxogures adbcomotHo Ha (1; +0);

2k+1
8) obsacth cxogumoctu R\ {%, keNne Z}; CXOIUTCI a0COIIOTHO

2k+1
na R\ {2 k € Nn € Z};
9) obmacth cxogumoctu R; cxomutcs abcomorHo Ha R;
T

k
Jk € Z}; CXOOUTCI aOCOJIOTHO Ha

10) oGnacte cxomumoctu R\ {%+ -

m 7k .
R\{Z+2 kez};
11) o6macts cxogumoctH (0; +00); cxoautcs adcomoTHo Ha (0; +00);

12) obnacts cxogumoctu R; cxoautcs abcomoTHO Ha R;

13) o6macts cxogumocTH (—2; 2); cxoauTcst abcooTHO Ha (—2; 2);
14) o6nacte cxomaummocTu R\ {% + nk, k € Z}; CXOOUTCI a0COIIOTHO Ha
R\{Z+ 7k, k € Z};
1 1
15) o61acTh CXOAUMOCTH (E; e); cXoauTcs a0COIIOTHO HA (Z; e).

7. HaiinuTe nipeaenbHy o (GyHKIMIO IS TOCae0BaTeIbHOCTH { fr, (x)}:

1) fr(x) = cos(nv4n? + nx); 2) fn(x) = 7111230 cos™ (n! 2mx);

3) f,(x) = Vx2n + 4x™ + 3; 4) f,(x) = cosg : cos% coszin.

Pewenue. 1, Unensl 0CI€10BATEILHOCTH OTIPEJIEIICHBI, €CJIU JJIS JTI000TO
HaTypaJbHOTO N BBINOJHIECTCS HEPABECHCTBO 4n? 4+ nx, TO ecTh X = —4n s
mo0oro HaTypalibHOoro n. TakuM oOpa3oM, o00JacTb CYIIECTBOBAaHMS

(GYHKIIMOHATBHOM TTOCJIEIOBATEILHOCTH X = —4.

3aMeTHhM, 4TO

fnlx) = cos(n\/4n2 + nx) = cos(n\/4n2 + nx — 27m) —
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X X
" x nx
= COS 27m( /1+——1> = cos| 2mn—22— | = cos —2——.
an [1+2 41 [1+2 +1
4n 4n

Torma lim f,,(x) = cos Z—x, x € [—4;+00).
Nn—-oo

2. Unensl mocnenoBaTenbHOCTU ompenenensl aisa x € R. Ilycts x € Q
(paunoHanbHOE ymucio). Torna, HaUMHAs ¢ HEKOTOPOro HOMEpa, Bce yucna n!x

OyayT SBIATBCS LEIbIMH, W Kakaoe 3HaucHue f,(x) = lim cos™(n!2mx) =
m-—-oo

= lim cos™0 = 1.

m-—oo

[lycte x €1 (uppauuonanpHOoe uucio). Torma TMpu  KaKIOM
¢bukcupoBaHHOM 3HayeHuu n  umcio nlx €1  wu, cruenosarenabHO,
|cos(n!2mx)| < 1. Torma f,,(x) = lim cos™(n!2mx) = 0.

m-—oo

Takum oOpaszom, Tlll_r>r010 fn(x) = {10 IIIII;I/;IJ; EE (12.’

3. UneHbl MOCIEeI0BATEIBHOCTH OMPEAEICHBI, KOTIa CYIIECTBYIOT KOPHU
uétHoli cremenn n=2k,k €N, T0 ectb mnpu x"+4x"+3=
="+ 1)(x"+1) >0. IlocmeaHee HEpaBEHCTBO CIIPAaBEIMBO IPU BCEX
x € R, noatoMy (hyHKIIMOHATIBHAS MOCIIEIOBATEILHOCTh omnpeseseHa Ha R.

ITycts |x| < 1, Torma x2™ + 4x™ + 3 - 3 npu n — oo U, CJIE0BATENBHO,

HauMHass C HEKOoToporo Homepa x°™ + 4x™ + 3 > 1. Ilodromy s Tex xe

HOMEPOB V1 < Vx2n + 4xn + 3 < V8. Bocnoss30BaBIIKCH TEOPEMOU O

npejiese MPOMEXYyTOUYHOM TMOCIeA0BaTeIbHOCTH, 3aKiouaem, uro lim f, (x) =
n—-o0

= limVx2" + 4x" + 3 = 1.

n—-oo
Iycts |x| > 1, Torma Vx2n 4+ 4x™ + 3 = ’{/xZn(1 + 4x~" 4 3x72n) =
= x?V1+4x "+ 3x72" > x? npun — o,

Ecmn x=-1, 10 f(=1)="44+4(=D" for(-1) =8-1,

foks1(—=1) =0 —> 0 mpu n — . To ectp mociaemoBareabHOCTh {f,(—1)} He

VMEET TpeJIeNa.
Ecmx = 1,10 f,(1) = /8 > 1 npun — oo,
_ (1 npu x € (—1;1],
Hrax, rlll_r)?ofn(x) B {xz npu x € (—oo; —1) U (1; +o0).
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4. Eciux = 0,10 /,(0) =1 —> 1 npun - .

HyCTB x # 0. CDI/IKCI/IpyeM x € R\{0}. [Ipu Bcex AOCTaTOYHO OOJIBIINX N

yrom [~ i 0. Torna nuis Takux n
n(cos¥-cos®-..-cos—) sin—
£.(x) = 2 (cos2 cos .. coszn) singm _
n 2n sinin
2
— X X X . X
2" 1(cosE-cosZ-...-coszn—_1) sinop—g sin x sin x
= —— == Ipu N — o0,
2% sin_g 2% sin_q

1 mpu x =0,

BriBon: llmfn(x) = {smx npH X # 0.

8. Jlokaxwurte, uTo (YHKIHOHAIBHAS IOCIEIOBATENBHOCTE {f;,(x)}

CXOOUTCA paBHOMCPHO Ha MHOJKCCTBC E:

DA =S E=R 2 f(0=2"E= 03]
3)fn(x)=1x E=(-14+gl1—-¢),mmed<e<1.

sinnx
n5/7

Pewenue. 1. 3ametum, 4TO 11m fn(x) = lim = 0 s Bcex x € R.

n—oo

Howaken, w10 f,(x) 3 () = 0, x € R. 1pin - 0

Ilyctb &€>0 —  mpousBoiibHOE.  PaccMOTpUM  HEpPaBEHCTBO
sinnx |sin nx| 1
|fn () — fQO| <&, rme [fo(x) — fF(X)] = —~ | =—7 < ;7 Tak Kak

5/7<e npu Bcex n > N = [7/5] o |f,(x) — f(x)| < &€ npu Bcex n > N wu

moObIX X € R. D10 M 03Ha4aer, 410 f,(x) 3 f(x) =0,x € R, mpun — oo,
2. Ilyctp x € [O;l] (bHKCHpOBaH, toraa limf,,(x) = limx™ = 0. Tak kak
n—o0 Nn—oo
1/n() = fFOOl = [x" =0l < = Zn, o |fu(x) —f()[<e mpum  Beex

n>N= [logz % 1 JTI0OBIX X € E.

HonyqaeM, 4TO MmOCICAOBATCIIBHOCTL CXOAHUTCA  PAaBHOMCPHO Ha

2

[ 1
MHOXeCTBE E = 0;—].

3. Haiiném mnpenensuyto Qynkiuio. Hmeem f(x) = limf,,(x) =
n—-oo

n

= 0, tak kak x € (—1;1). Torxna
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x| (a-9)"
1-x"  1-(1-&)"'

sup  |fu(x) —f(x)|=  sup

x€(—1+¢&1—¢) x€(—1+¢&;1—¢)

sHaynt, lim sup |f,(x) —f(x)| =0 u mocIea0BaTEILHOCTh CXOIUTCS
N—=>0ye(-1;1)

PaBHOMEPHO HA MHOXECTBE F.

9. I[OK&)KI/ITG, qTo q)YHKHHOHaJII)HaSI IHoCJICAOBATCIbHOCTE HC CXOIHNTCA

PaBHOMCPHO Ha MHOKCCTBC E.

1) f,,(x) = — sz, E = [0; +); 2) fr(x) =x™ E =[0;1);
3) fuld) = 2 E= (1 1),
Pewenue. 1. hmfn(x) = 11m 15::‘ -=0, x €E, npu n — oo. Haliném
2nX
HaunOobIIee 3HaueHue Beauannsl |f, (x) — f(x)| =1ﬁ.
+N" X
( 2nx )' _ 14n2x2-2n2x2 —on 1-n2x2 — _op3 (x-1/n)(x+1/n)
14+n2x2 (1+n2x2)2 (1+n2x2)2 (1+n2x2)2
2nx
Torma dyakUa y = Tinz,z Ha MHOXECTBE E =[0;+x©) wumeer

1 1
CIMHCTBEHHYIO TOYKYy MaKCHMyMa X =— W y(;) . Takum o00pa3om,
max

Hampumep, s € = 1 He Halaércs Homepa N Takoro, 4roObl HEPaBEHCTBO
|fn(x) — f(x)| < & BeIMONHsIOCH TIpU Bcex n > N u moObIX X € E, TO eCTh

paBHOMepHOﬁ CXOAUMOCTH ITOCJIEA0BATCIBbHOCTH HET.
1

2. limf,(x) = limx®"=0. Ilyctb €= > N3  paBeHcTBa
n—-oo n—-o0
suplfp(x) — f(x)| = sup x™ =1 cnenyer, ans I0OOOr0 HATYpaJbHOTO N
X€EE x€[0;1)

Haiinércss  3mavenwe X € [0;1) rtakoe, wuro |f,(x) —f(x)|=¢ —%

CraenoBaTeibHO, IOCJIEI0BATEILHOCTD x) =x™ cxomurcs Ha E =[0;1
n

HEPAaBHOMEPHO.

3. lpenenbuas pynkius f(x) = limf, -=0,x € (—-1;1).
n—-oo

Torma sup |f,,(x) — f(x)| = sup . tom
x€(-1;1) xe(=1;1) 1—x"

lim sup [f,(x) = f(x)| = +o0 # 0,

N=>%xe(-1;1)
CJICJIOBATEIIbHO, PABHOMEPHOW CXOJIMMOCTH HET.
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10. Hccnenyiite Ha paBHOMEPHYIO CXOAUMOCTb (DYHKIIMOHAIIBHYIO

HOCJIEI0BATEIbHOCTD Ha 33JaHHOM MHOKECTBE E:
1) f(x) =x"—x™"Y E=1[0;1]; 2)f,(x) =x™—x?" E=[0;1].
Pewenue. 1. OdveBugHO, YTO Tlll—l;lt;lo fun(x) = 7111—{?0 (x" —x"1) =0 npu
kaxaom x € [0;1]. Taxum obpasom, f(x) =0, x €[0;1] — npenenpuas

byHKITHS.
[lanee,

sup |f(x) — f(0)| = ax (x M) = (" —x™)| _n =

x€[0;1] n+1

- (ﬁ)n(1 —m)=(+3)

lim sup |f,,(x) — f(x)| = 11m ((1 +%)_n L) = é 0=0.

n—moxe[o 1] n+1
Torna f,(x) Zf(x) =0, x € [0;1], mpun — .
2. lim £, (x) = lim (x™ — x?™) = 0 npu kaxgom x € [0;1].
n—oo n-—-oo

sup |, (x) = fOO] = max (" —x*") = (" =2, =7,
x€[0;1] ﬁ

Torma lim sup |f,(x) — f(x)| = —;&O, u f,(x) crpemurcs k f(x) =0

N—=>%0xe[0;1]

HepaBHOMEPHO Ha otpeske [0; 1].

11. JJoxaxxute, 4TO 3aJaHHBIA PsIi CXOJIUTCA PABHOMEPHO Ha 3aJaHHOM

MHOXecCTBe E:

1) 2+Oo co;nx E=R

1+&l-¢), rne € = const € (0;1);

2) Zn 1

3)277. 1nn+ 21
4y Yre x™ E =[-8;6], 0< 8 < 1.

1-

E =R;

Pewenue. 1. Bocnonb3yemcsi npuzHakoMm Beliepiirpacca paBHOMEpHOI
CXOUMOCTH pHI[OB JIaHHBIN PAJ CXOIUTCS PABHOMEPHO HA BCEU YHCIIOBOM OCH,

cosnx
< — I[J'Iﬂ BCEX N U JIFOOOT0 X, a MOJIOXKUTEIBHBIM YMCIOBOM paa

TaK KaK |

pIH — CXOauTCA (Q)yHKuHOHaJILHLIH psaa Ha MHOXecTBe E Maxkopupyercs
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CXOJSIITUMCS YHCIIOBBIM PSIJIOM, CJICIOBATEIIBHO, CXOUTCS PABHOMEPHO Ha 3TOM
MHOJKECTBE).

2. CHoBa Bocmosib3yeMcsi TIpu3HakoM Beliepmtpacca. Tak kak
x|™ 1-e)"

_ it _ -2
1—x™ 1-(1-&)n

xTL

1—xn

I BceXx M u Joboro x € [—1+4+¢&1—¢], 1O

=[-1+£1-&] maxopupyercs

GYHKIIMOHATBHBIA P Zn 17_

a-on"
TI0JIOKUTEBHBIM YKCIIOBBIM PSIOM Y g2y 1-(1-&)*"

YucnoBoi psag Y2 1%

n — OO0 5KBHUBAJICHTCH O6H16My YICHY CXOOAIICTOCA ITOJIOKUTCIbHOI'O YN CJIOBOT'O

paga Y42, (1 — &)™ Torma ;2
[-1+¢&1—€].

CXOJUTCs, TaK KaK €ro 06H1Hﬁ YJICH IIpHU

1

o o 1
3. PHII CXOAUTCA PAaBHOMCPHO HAa BCCU YHUCIIOBOH OCH, TAK KaK axZ = pn

. . 1
IS BCEX N M JI000T0 X, @ MOJIOKUTENLHBINA YACTOBOU DAL Dy — CXOoauTCH.

1
CXOmUMOCTh psa Ypo;— — YCTaHaBJIMBACTCA C TIOMOIIBIO TPH3HAKA Koru,

JICUCTBUTEILHO,
lim%/a, = limn;z lim==0 < 1.
n—o n-ow Vvnh n-oon

4. Tak kak |x"| < 8™ mia Beex n u moboro x € E, a pan Yol 6"

CXOOUTCA, TO (PYHKUMOHANBHBIA PAI Yoy X CXOAUTCS PAaBHOMEPHO Ha
MHOXecTBe [—6; 8], Tme 0 < 6 < 1.

12. JlokaxuTe, 4TO 3aJaHHBIN PsiJl HE CXOJUTCS PABHOMEPHO Ha 3aIaHHOM

MHOJXCECTBC.

2nx
— . - o8] — .
1. Zn 11 n, =(—-1;1); 2. Zn=1—1+n2x2’ E = [0; +x).
Pewenue. 1. Ecnu psan cXxoauTcss paBHOMEPHO Ha HEKOTOPOM MHOKECTRE,
TO €ro OOIMI YJeH CTPEMHUTCS PAaBHOMEPHO K HYJIO Ha 3TOM MHOXECTBE

(HEOOXOMMOE YCIIOBHE PAaBHOMEPHOM CXOAMMOCTH psaa). Beime ObL10

xn

J0Ka3aHO, 4YTO (PYHKIHMOHAIbHAS IMOCIEIOBATEIBHOCTh fr(x) = HE

1—xm
cxomutesi K f(x) =0 paBHomepno Ha MHOxkecTBe E = (—1;1). Torma

PAaBHOMEPHOU CXOAUMOCTH Psifia HET.
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2. Bwime Obu1O JOKa3aHO, 4YTO q)YHKHI/IOHaHI)HaSI IMOCJIICAOBAaTCIBHOCTD

2nx
frlx) = 2.7 HE CXOJIUTCA K HYIIIO PABHOMEPHO Ha MHOXKECTBE E =[0; +x).

Tornma paBHOMEPHOU CXOAUMOCTH Psifia HET.

13. Haiigute nnTepBai U 001acTh CXOAMMOCTH CTETIEHHOTO psija!

1 © n )
1) S oo 2) By &L, 3) Yo
1 - n ) " .
4) Xn=1 = n) ’ 5) Xn=1 ﬁ’ 6) Xn=1(x — 2)n+1’
7 Tie 3 8) T Q) Yy 2 1xm
10) Sy =X 1) Yoo (D) (x + D™ 12) Xy (n + D(x — D
13) Zﬁ:l 7;71 14) Z%:l n(Zx — 1)71’ 15) Zc;lozl Inn - xn;
0 -1 n. 00 . 0 2 1 ‘I‘L.
16) Zn=1(xn!) ; 17) ¥%_, cosmn - x™; 18) 31e_, ¢ ":2) :
19) ¥rogVnx™; 20) Zﬁzlﬁx"“; 21) Y2 A1 a1
22) Y=1 (x:121) : 23) Yy in(x — 1" 24) ¥o_ Y2_ 21-nyn
Omeemot.

1) uarepsan cxogumoctu (—1; 1); obmacts cxomgumoctu [—1; 1]; cxoaures
abcomorHo Ha [—1; 1];

2) uarepsai cxomumoct (—2; 0); obmacts cxogumoctu [—2; 0); cxogures
adcomoTHO Ha (—2; 0), B TOUKE X = —2 CXOAUTCS YCIOBHO;

3) unrepsan cxogumocTu (—1; 1); obmacts cxomumoctu [—1; 1); cxomurest
adcomotHO Ha (—1; 1), B Touke X = —1 CXOAUTCS YCIOBHO;

4) uarepsai cxoaumoctu (—2;4); obmacts cxogumoctu (—2; 4); cXoauTes
abcomorHo Ha (—2; 4);

5) uarepsan cxogumocTH (—1; 1); obmacts cxomumoctu [—1; 1); cxoaures
abcomotHo Ha (—1; 1), B Touke X = —1 CXOAUTCS YCIOBHO;

6) unarepsan cxomumoctu (1;3); obmacte cxomumoctu (1;3); cxomures

abcomoTtHo Ha (1; 3);
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11 11
7) uHTEepBaN CXOAMUMOCTH |—=;=); obmactb cxoguMoctTu |—=;=);
3’3 3’3

11
cxXoauTcs adCOJIIOTHO Ha (— 3 —);
8) nurtepBai cxogumoctr (—4; 2); obmacts cxoauMocTs (—4; 2); CXOIUTCS

abcomotHo Ha (—4;2);

11

11
9) wuHTEpBaNX CXOAUMOCTH (_E;E); 00J1aCTh  CXOIUMOCTH (_E ;E);

CXOIUTCST a0COIIOTHO Ha (— %; %)

10) wmurepBan cxomumoctu (—1;1); obmacte cxomumoctu (—1;1);
cxoaures adbcomrorao Ha (—1; 1);

11) wuntepBan cxomumoctu (—2;0); obOmacts cxomumoctu (—2;0);
cxomutcst abcomorro Ha (—2; 0);

12) unrepBan cxogumoctu (0; 2); obdaacte cxomumoct (0; 2); cxoaurcs
abcomrorno Ha (0; 2);

13) uarepBan cxogumoct (—2; 2); 061aCTh CXOAMMOCTH [—2; 2]; cxoauTes
abcomroTHO Ha [—2; 2];

14) unrepBan cxomumoctu (0; 1); obmacte cxomumoctu (0; 1); cxomutcs
adcomorao Ha (0; 1);

15) wmurepBan cxomumoctu (—1;1); obmacte cxomumoctu (—1;1);
cxomurcst abcomorro Ha (—1; 1);

16) wunTepBanm cxomumoctH R; ob6macte cxomumoctu R; cxomutcs
a0OcomrorHo Ha R;

17) wuTepBan cxomumoctd (—1;1); obOmacte cxomumoctu (—1;1);
cxoautes abcoarotHo Ha (—1; 1);

18) uarepsan cxomumoctu (—1; 0); obmacts cxogumoctr [—1; 0]; cxoaures
abcomorHo Ha [—1; 0];

19) wmurepBan cxomumoctu (—1;1); obmacte cxomumoctu (—1;1);
cxomurcst abcomorro Ha (—1;1);

20) wuHnrtepBan cxomuMoctd R; o6macte cxomumoct R; cxomutcs
abcomrorHo Ha R;

21) wunTepBan cxomumoctu (—1;1); ob6macte cxomumoctu (—1;1);

cxomurcst abcomorno Ha (—1; 1);
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22) unrepsain cxoaumoctu (—2; 0); odbmacts cxogumocTs [—2; 0]; cxoaures
abcomrorHo Ha [—2; 0];

23) untepBan cxomumoctd (—6; —4); obmacte cxomumoctu (—6;—4);
cxoquTcs abcomoTHo Ha (—6; —4);

24) wunrepBan cxomumoctd (—2;2); obmacte cxomumoctd (—2;2);

cxoautes abcomroTHo Ha (—2; 2);

14. Beruucnure npubIMKeHHOE 3HaU€HHE BETMYMHBI ¢ TOUHOCTHIO 710 0,01

1) sin 10°; 2) sin 18°; 3) cos 10°;

4) cos 18°; 5) arctg 0,1; 6) arctg 0,2;

7)1In 1,2; 8) In 1,4; 9) V/5;

10) V10; 11) V11; 12) Y10;

13) ¥/30; 14) V14; 15) V18;

16) e~ 01; 17) e~ 015; 18) e~ 02,
Omeemui.

1) 0,17; 2) 0,31; 3) 0,98;

4)0,95: 5) 0,10 6) 0,20:

7) 0,18; 8) 0,34; 9) 2,24;

10) 3,16; 11) 3,32; 12) 2,15;

13) 3,11; 14) 1,93; 15) 2,06;

16) 0,90; 17) 0,86; 18) 0,82.

15. Brruucnure npubIMKEHHOE 3HAUCHHE OMPEICIICHHOTO WHTerpaia C

TOYHOCTBIO 110 0,001:

0,2 3

1) foo’se‘x3dx; 2) [, e dx; 3) folxzexzdx;
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4) foo,s xZe " dx;

—3x_
7) fOO,le 1dx,

X

10) f00'2V1 + x2dx;
2 d

13) fy e

16) fOO'S\/ESin\/de;

19) fOO'S cos(3x?)dx;
Omeemui.

1) 0,485;

4) 0,036;

7) —0,279;

10) 0,201;

13) 0,938;

16) 0,118;

19) 0,473;

011-e*

dx;

X

8) fOO,l In(1+2x) dx;

X

0,5 dx |
W) "

0,2 dx
W)y

17) [ sin( 5x%)dx;

20) fOO,S arctg x dx;

X

2) 0,200;
5) 0,098;
8) 0,191;
11) 0,498;
14) 0,200;
17) 0,013;

20) 0,487;
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X

9) fOO,l In(1+x) dx:

X

1 dx
12) J, V27423

2sinx

15) J;

dx;

X

18) fOO'S cosVx dx;

21) fol arctg x2dx.

3) 0,628;
6) 1,207;
9) 0,098;
12) 0,332;
15) 1,605;
18) 0,439;

21) 0,298.



I'JTABA VI. PA/Ibl ®YPBE

§ 1. [lonsitue paga Oypne

Onpeoenenue 1. llycts Ha [a; b] € R 3amaHbl nHTErpUpyeMbie (QYHKIHH
y = fi(x) uy=f,(x). bynem roBoputb, uro PyHKIMHU f; ¥ f, OPTOTOHAIBLHBI
Ha oTpe3ke [a; b], eciau

2 A f(x) dx = 0.

Onpeoenenue 2. Ilycte Ha [a;b] € R 3amana cucrema (MHOXECTBO,
COBOKYITHOCTb) HMHTETPUPYEMBIX Ha 3TOM oOTpe3ke GyHkmuil y = fi.(x),
k=1,2,... bynem roBoputh, YTO JaHHas cHUcTeMa (YHKIUH SBISETCS
OPTOTOHAJILHOW Ha OTpe3ke [a; b], ecin

vkvn (k #n= [0 fi(0)fu(x) dx = 0)

vievn (k =n = [ fi(x)fu(x) dx #0).

Onpeoenenue 3. COBOKYITHOCTh QyHKIIUN
1,cosx,sinx,cos 2x,sin2x, ... ,coskx,sinkx, ...

HAa3bIBACTCS TPUTOHOMETPUYECKOM.

Teopema 1. MHTerpan ot nepuoaudeckoi GyHKIUH MO JTH000MY OTPE3KY,
JUTMHA KOTOPOTO paBHA IMOJIOKUTEILHOMY IEpUOaY, HE 3aBUCUT OT BbIOOpa
OTpE3Ka UHTETPUPOBAHUS.

Jloxazamenvcmeo. JleiictButensHo, mycth T > 0 — nepuox dyHKuu f, a
A — MPOU3BOJIBHOE IEMCTBUTEIBHOE YHUCIO. JlokaxeM, 4To

[ fdx = [ £O0 dx.
[To cBOWCTBY aAAUTUBHOCTH ONPEACICHHOIO UHTErPaja
+T 0 T +T
faa fdx= [ f)dx+ [, f(x)dx + fTa f)dx=1+1, + L.

B wunrerpane I; caenmaem 3ameHy InepemeHHou, nonaras x =t + T. Torma
t=x—T,dx =dt,un

=" fdx = [ fOdt =~ [[f®)de =~ [ fx) dx = ~Is.
Takum 00pazom,
[ feyde=L+L+L=hL+L—1 =0 =[ f(x)dx.

Teopema 2. Tpuronomerpuueckas cucreMa (yHKIMA OpPTOroHalbHA Ha
J1000M OTpE3Ke AJUHBI 2TT.
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,Z]o;cas’amefzbcmeo. YuurteiBas YTBCPIKACHUC TCOPCEMBI 1, JOKa3aTCJIbCTBO
HpOBGI[éM AT CAHMMETPHUYHOI'O OTHOCHUTCIIBHO TOYKHU X = 0 OTpC3Ka [—TL'; TL'].

1. CHayana IoKakeM OpTOroHaNbHOCTh (yHkimmu f;(x) =1 ko BceM
OCTaJIbHBIM.

Tak kak 1pu Jr000M HaTypalbHOM k QyHKIUA Sin kx Heu€THasA, a
INPOMEKYTOK HHTCTPUPOBAHUSA [—7T; 7] CHUMMETpUYEH OTHOCHTEIBHO TOYKH
x = 0, To 17151 TFOOOTO HATYPATBHOTO K

[ 1-sinkxdx = [ sinkxdx = 0.

—TT -1

Hanee, muist 10060r0 HaTypalbHOTO Kk

f_nﬂ 1-coskxdx = %sin kx| _nn = %(sin kn — sin(—km)) = 0.

2. Tenepb JAOKa’XEM OpPTOTOHAJIbBHOCTHb BCCX CHHYCOB BCEM KOCHHYCAaM.

3aMeTuM, YTO TMpH JIOOBIX HAaTypaldbHBIX kK U M (QYHKIHUSA COS kX sinnx
ABJISIETCA HEUETHOU. Torma

A .
J_ coskxsinnx dx = 0.

3. [lanee mokaxxem OpTOrOHAILHOCTh KOCHHYCOB C Pa3HBIMH apTyMEHTaMH,
TO €CTh IPU K #+ N.

Nmeem

Vs 1 0
J_, coskxcosnx dx = Ef_n(cos(k + n)x + cos(k —n)x) dx =

_ l(sin(k+n)x n sin(k—n)x) T _
2 k+n k—n —T1T
_ 1 (sin(k+n)n n sin(k—n)m . sin(k+n)(—m) . sin(k—n)(—n)) _ 0,
2 k+n k—n k+n k—n

Tak Kak sin pmw = 0 npu Jr000M 11eJI0M P.
4. JIokaxeM OpTOTOHAJIBLHOCTh CHHYCOB C Pa3HBIMH apT'yMEHTAMH.
Ecmm k # n, 10

f_nn sinkx sinnx dx = %f_nn(cos(k —n)x — cos(k + n)x) dx =

T —o.
—TT

1 (sin(k—n)x sin(k+n)x)
k—n k+n

2

5. Ocranoch BBYHCIWTH HWHTETpajibl OT KBaApaTOB  (PyHKIUI
TPUTOHOMETPHUUECKON CUCTEMBL.
Nmeem

[T f2() dx = [" dx =21 #0;
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T 2 _ 1, _1 sin 2kx mn .

J_pcos?kx dx == [Z (14 cos2kx) dx =3 (x + ) _ =TFO;
. 1 1 in2kx\| T

f_nn sin® kx dx = Ef_nn(l — cos 2kx) dx = E(x — SmZR x) _,=7m*0

Teopema ngokasana.
3ameuanue 1. Hopmoii ¢pyHKIMM f Ha oTpe3ke [a; b] Ha3pIBaeTCs YMCIO,
obo3nauaemoe ||f|| wm paBHOe KOpHIO KBagpaTHOMY U3 HHTErpasia

f: f?(x) dx, To ecTh

71 = I £

Ecmu ||f]| = 1, To ynkuus f HaszpiBaeTCsA HOPMHPOBAHHOW Ha oTpeske [a; b].
Cucrema ¢yukumit y = fi.(x), k = 1,2,..., Ha3pIBaeTCd HOPMHUPOBAHHOUN Ha
[a; b], ecmn HOpMUpOBaHa Kakaas GyHKIHS 3TOM cucteMbl. HakoHer, cucrema
bynkmuit y = f.(x), k = 1,2, ..., Ha3pIBaeTCsI OPTOHOPMUPOBAHHOM [a; b], ecnu
OHa SIBJISIETCS OPTOTOHAIBPHON M HOPMUPOBAHHOM Ha 3TOM OTPE3KE, TO €CTh €CIIN

Ji G fa) dx = |

Tornpa W3 noka3aTenbCTBA TEOPEMBI 2 CIEAYET, YTO TPUTOHOMETPUYECKAS
cucteMa (PyHKIIMM SBISICTCS] OPTOTOHAIBHOM Ha JIF000M OTpe3Ke JUIMHBI 27T, HO
HE SBJISIETCS OPTOHOPMHUPOBAHHOW HA 3TOM OTPE3KE, TaK KaK

Jo 2y de=2m#1; [*_cos’kx dx=m#1; [ sinkx dx=m #1,
k=1,2,...

Y4uThIBas MOCICAHUE PaBEHCTBA, MOJIy4aeM, YTO OPTOHOPMHPOBAHHOUN Oyjaer
cuctemMa GyHKIUN

0,ecniu k # n,
l,ecimk =n"

1 cosx sinx cos2x sin2x coskx sinkx
3ameuanue 2. OpTOrOHAIBHYIO (OPTOHOPMHUPOBAHHYIO) CUCTEMY (QYHKIUN
MOHO CYUTATh aHAJIOIOM OPTOTOHAJIIBHOTO (OPTOHOPMHUPOBAHHOTO) Oasuca B
KOHEYHOMEPHOM €BKJIMJIOBOM TIpocTpaHcTBe. Hwke wmbl ybOemumcs, dYTO
CYIIECTBYET Kiacc (PyHKIIMM, KOTOPBIE SIBISIOTCS JIMHEHHBIMU KOMOWHAIMSAMU
GyHKIHA OPTOTOHAILHOM (OPTOHOPMHUPOBAHHON) CUCTEMBI.

Onpeoenenue 4. PyHKUUIO BUIA
T,(x) = % + Y r—1 A cos kx + By sin kx

OyZeM Ha3bIBaTh TPUTOHOMETPHUECKUM MOJUHOMOM.
Eciau mpu stoM A% + B2 # 0, To — TPUTOHOMETPHYECKHM IIOJUHOMOM
N-ro NopsIKa.
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Onpeoenenue 5. DyHKIIMOHATIBHBINA s/l BUA
% + ¥+ ay cos kx + by sin kx (1)

OyzaeM Ha3bIBaTh TPUTOHOMETPUUECKUM PSAJIOM, a YUCHa Ay, Ay, by, k = 1,2, ...,
— ero ko3 uireHTamu.

OueBunHO, ecau psf (1) cXoaUTCs B TOUKE X, TO OH CXOAUTCS U B TOUKAX
Xo * 2k, tne k € N, Tak Kak 4ieHbl psAja SBJISAIOTCA 27MT-TIEPUOJIUYECKUMU
¢dbynkusamu. [lo Toil e nmpuurHe U cymMMa 3TOro psia (eciii OHa CYIIECTBYET)
ABIISICTCS 2TT-TIEPUOINYECKON (DyHKIIMEH.

Teopema 3. Ecnu TpuronoMmerpuueckuit psia (1) cxoauTcst paBHOMEPHO Ha
R k cBoeii cymme f(x), TO ist ero KO3 (PHUIMEHTOB BHIMOJIHSIIOTCS PAaBEHCTBA

a; = %ffnf(x) coskxdx,k=0,1,2, ...

b, = %f_nﬂf(x) sinkxdx, k=1,2,3, ...
Jlokazamenvcmeo. 110 yCIOBUIO TEOPEMBI
flx) = % + Y12 ay cos kx + by sin kx, (2)

npudéM psifi CXOIUTCA K CBOeH cymme paBHOMepHO Ha R. OOmwmii uwien psga
ABJIETCSl HenmpepblBHOM (yHKkuueil. CnegoBaTeslbHO, BO3MOXKHO MOWJIEHHOE
UHTErpUpoOBaHue psiaa (2), Hanpumep, Ha oTpeske [—1; ). Meem

ffﬂf(x) dx = ffn (% + Y¥% ay cos kx + by sin kx) dx =
= f_nn % dx + X2 ay f_nn cos kx dx + by f_nn sin kx dx.

Bce nonydyeHHble HHTErpaibl oOpamiaroTcsi B HOJb, 32 UCKIHOYEHUEM
niepBoro. Toraa

[* f@)dx =7 ZLdx =221 = a,m,
TO €CThb
1
ao=—J" f(x)dx.

(CBoOonHbIN usieH psaa (2) mpencraBisieT coOOW cpeAaHee HMHTErpaibHOE
3HaueHue GyHkiuu f Ha [—1; 1))

Teneps paccmoTpum mpousBosibHOE M = 1,2, 3, ... . YMHOXHUM 00€ 4acTu
paBeHCTBa (2) Ha COS MX:

f(x)cosmx = % cosmx + 24% ay cos kx cosmx + by, sinkx cosmx. (3)

JIoKakeM, YTO IOJYYEHHBIA P CXOAUTCS PABHOMEPHO K CBOEH CyMMe
f(x) cosmx na R.
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O6o3naunm uepe3 S, (f;x) n-to dgactHyro cymmy psga (2). Torma
S, (f; x) cosmx — n-s1 yactHasg cymma psaa (3).

[Tyctb € > 0 mpou3BosibHOE. Tak Kak MoCIeA0BaTeIbHOCTh YaCTHBIX CYMM
S, (f; x) psana (2) cxomutcs x f paBHOMepHO Ha R, TO

AN vnVx € R(|S,,(f;x) — f(x)]| < €).
Ho torma u
|S,,(f; x) cosmx — f(x) cosmx| = |cosmx||S,,(f;x) — f(x)| <1-e=¢.

PaBHOMepHas cxoqumocTs psijaa (3) nokas3aHa.
Tenepp MbI MOXEM HPOUHTETPUPOBATH PABEHCTBO (3), HHTErpHUpys
GbyHKIHOHATBHBIN psij mowieHHo. [Tomyaum

s
J_ f(x) cosmx dx =
= f_ﬂn (% cosmx + Y1 a; cos kx cos mx + by sin kx cos mx) dx =

a Y Y /i .
= - J_, cosmxdx + ¥{Z ay [ coskxcosmxdx + by [__sinkx cosmx dx.

B CUj1ly OpPTOTOHAJIBHOCTH TpHFOHOMGTpPI‘IGCKOﬁ CHCTCMBI q)YHKIII/If/'I BCC
3aIIMCAHHBIC HHTCTPAJIbI o6pa1ua10Tc;1 B HOJIb, 3a HCKIIOYCHHCM HHTCTpajiad

T s o
J_ cosmxcosmxdx = [ _cos?mx dx =m, xoTopeii monydaeTcs TpH

k = m. Takum oOpazom,
f_nnf(x) cosmx dx = a,, f_nn cos?mx dx = a,,m;
Ay, = %ffnf(x) cosmxdx,m=1,2,3, ...

Paccyxmas ananormuHbiM o0Opa3oM, TO €CTh YMHOXHUB (2) Ha Ssinmx u
UHTETPUPYSI NOJIYYEHHOE PABEHCTBO, Mbl MOXKEM JIOKa3aTh, YTO

b,, = %f_nnf(x) sinmxdx, m=1,2,3, ...

Teopema nokaszana.

Onpeoenenue 6. Ilycte f — 2m-mepuonnyeckas, MHTETpHpyeMas Ha
otpeske [—m; ]| ¢dyHkuusa. TpuroHomerpuueckuii psig (1), koddduiueHTsI
KOTOPOT'O BBIYHUCIISIFOTCS IO popMyiam

a, = %f_nnf(x) coskxdx,k=0,1,2, ...,

(4)
b, = %f_”nf(x) sinkxdx, k=1,2,3, ...

Ha3bIBaeTcs psagoM Pypre GyHKIuH f .
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Takum ob6pazom, Haiftu psin DPypse nias QyHKUMH f — 3HAYUT HANTH
ko3¢ uiueHTs o Gopmynam (4) u 3anucaTh TpUroHoMeTpuueckuit psa (1) c
ATUMH KO DUITUESHTAMH.

3ameuanue 1. U3 TeopeMbl 3 cieayer, 4TO PaBHOMEPHO CXOMSIIUICS
TPUTOHOMETPUUECKUH Psift sABIIsieTCs paioM Pypbe I CBOEH CyMMBI.

3ameuanue 2. PaccMOTpUM TPUTOHOMETPUUECKUI OJTMHOM
A .
T,(x) = 70 + Y*_1 Ay cos kx + By, sin kx.

VYuutbiBass OPTOrOHAJIBHOCTH TPUTOHOMETPUYECKOW CHCTEMbI  (DYHKLHUH,
HETPYJIHO YOeAUThCS, UTO

ay=Ar,k=0n; a,=0k=n+1n+2,..;
by =B, k=1,n b,=0k=n+1n+2,...

910 o3Havaet, psax Pypwe s T, (x) coBmamaert ¢ T, (x).

§ 2. CxogumocTh psiga @ypbe B cpeHeM KBAJAPATUYHOM

Onpeoenenue 1. Ilycts Ha [a; b] € R 3amanbl HHTErpUpyEeMbIe (QYHKIHH
y = f1(x) ny = f,(x). HeorpuuarensHyo BeTHINHY

p(fis ) = I = all = JJ2(AGO ~ o))’

OyJaeM Ha3bIBaTh CPETHEM KBAIPATUYHBIM PACCTOSIHUEM (OTKIOHEHHEM) MEXKIY
byakuusmu f; u f,. (HetpyaHo mpoBeputh, uTo BBEAEHHAS B PaCCMOTPEHUE
sennunna p(f;; f,) 3a1a€T METPHUKY B MPOCTPAHCTBE HHTETPUPYEMBIX Ha OTPE3KE
[a; b] byHKkuHii.)

Onpeoenenue 2. Tlycts Ha otpeske [a;b] € R 3amana mocienoBaTeib-
HOCTh {f,(x)} unTerpupyembix Ha [a; b] byukumit y = f,(x), n =1,2,..., u
uHTerpupyemast Ha [a; b] byukuus y = f(x). Byaem roBoputsh, uto {f,,(x)}
CXOJUTCS B CPEIHEM KBaJpaTHIHOM K QyHKIUH f Ha oTpeske [a; b], eciu

lim p(fo; f) = 0.

Teopema 1. Eciu {f;,(x)} cxomutcst paBHOMEpHO K f Ha oTpe3ke [a; b], To
{f,,(x)} cxomuTcst B cpeiHeM KBaapaTHUHOM K QyHKIMHK f Ha oTpeske [a; b].

Hokazamenvcmeo. Ilyctb € > 0 mnpousBombHoe. Tak kak f, 3 f Ha
orpeske [a; b], To

AN Vn Vx € [a; b] (n >N=|f,,(x) — f(x)] < J;Ta)

Tormanpun > N
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P ) = {0 — F@)’ dr < [[2 () dx=e,
w lim p(fy; f) = 0.

3ameuanue. OOpaTHOE yTBepkAeHUE HeBepHO. IlpuBeném npumep,
JIEMOHCTPUPYIOUTNN JTaHHBIN (DaKT.

Ipumep

Paccmotpum dyHKIMH

i1 i
Loxe S,
0,x € [0; 1]\ [%,i]
O6pasyeM (PyHKIIMOHAJIbHYIO TIOCJIEIOBATEIIBHOCTh

RGO, 20O, £ GO, f72 GO, 5 COSF GO, v, ACO, £, ) il GO, e

HerpyaHo yBuIETh, YTO JaHHAs (DYHKIMOHAIBHAS MOCICIOBATEILHOCTh
pacxXoaMTcs B Kakaod Touke orpe3ka [0; 1], a 3HAUUT HET W PaBHOMEPHOM
cxogumoctd. C Ipyroil CTOPOHBI, JaHHAs IOCIEI0BATEIBLHOCTh CXOAUTCS B
cpenneM  KBajpatmdHoM K  ¢yHkimum  f(x) =0 mHa otpeske [0;1],
TaK Kak

fit) =

Jim G ) = Jim p(755F) = Jim [§; (740 = £0)' e =

= i £ (1—0)2 dx = lim -~ =
= fim, [Jiea(1 = 0% dx = fim 77 = 0.

3ameuanue 2. TlpuBeném emé oauH mnpuMep QGYHKIMOHATHHOU
MOCJIEIOBATEIBHOCTH, CXOMSIIEHCS HEPaBHOMEPHO K HEKOTOPOM (PYyHKIMHU Ha
HEKOTOPOM OTPE3KE YMCIIOBOU MPSAMOM, KOTOpas MPU 3TOM HE OYIET CXOTUTCS B
CpeIHEeM KBaJpaTUYHOM K 3TON (YHKIIUU HA TOM K€ OTpE3KE.

Ipumep. PaccMoTpuM  (QYHKIHMOHAIBHYIO  IOCJIEAOBATEIbHOCTh

{fn(x)}, rme
0, x=0,
P
k 0,x € [iz ; 1]
n
JIOCTaTOYHO OYEBHMIHO, YTO IIOCIEIOBATENBHOCTH {f,(x)} cxomuTcs K

dyukiuu f(x) = 0 Ha otpeske [0; 1].
['paduk f,, umeeT caeayrouInii B
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[Tockoabky 1111_r>r010 zﬁ)pl]lfn(x) —f()| = rlll_)rglon =0 #*0, 1o f(x)
x€[0;

cxomutcs K f(x) = 0 HepaBHOMEPHO.
IIpn sTOM

lim p(fi ) = Jim (5,00~ £(0)° dx =

= lim\/fon_z(n—O)2 dx=1=+0,

n—oo
TO €CTh CXOJUMOCTH B CPEIHEM KBaJAPATHIHOM HET.
[Mycte f — 2m-mepuoandeckas, HHTErpHpyeMas Ha OTpe3ke [—r; 7]
dyukius. 3anuimem e€ psg Dypoe
Qo

fO)~=>+ X2y ay cos kx + by sin kx

¥ PACCMOTPHM YaCTHBIE CYMMBI PAa
Sa(f5x) = % + ¥%_, a, cos kx + by, sin kx.

Onpeoenenue 3. bynem roBoputs, 4to psan Oypre GyHKIHHA f CXOTUTCS B
CpemHeM KBajgpaTHdHOM K QyHKimd f Ha R, ecaum mociemoBaTeIbHOCTH
{S,,(f; x)} ero 4aCTHBIX CyMM CXOJHUTCS B CPEIHEM KBAJAPATUIHOM K QYHKIUH f
Ha OTpe3Ke [—1; 7).

Teopema 2 (MHHMMAJIbLHOE CBOMCTBO YacTHbIX CymMM psiia @Dypsbe).
IIycte f — 2m-meproandeckasi, MHHTErpUpyeMas Ha otpe3ke [—1r; ] hyHKiums.
Torna cpeau Bcex TPUTOHOMETPUUECKUX MOTUHOMOB Ty, (X) CTereHu He BhIIE N
HAaWMEHBIIIEE CpeHee KBAJIPATUYHOE OTKJIOHEHHWE OT (QYHKIHMH f HMEeT N-s
vacTHas cymma S, (f; x) psaa @ypee hynkuuu f. Takum o6pazom,

rr;jlnp(Tn; )= p(Sn; f)-
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Jloxkazamenvcmeo. PaccMOTPUM BEIIMUHHY
P2(T ) = [T (Tu(0) = £(2) dx =
= [T (T2(x) = 2T, () f () + f2(x)) dx =
= [" T2(x) dx =2 [* T,()f () dx + [* f2(x) dx =
= f:r (% + YR_, Ay cos kx + By, sin kx)2 dx —
2" (% + Y k-1 Ay coskx + By sin kx) f) dx+ [T f2(x) dx =

=1 -2, + f_nnfz(x) dx.

(1)
B cuily OpTOrOHANEHOCTH TPUTOHOMETPHUECKOH CUCTEMBI (DYHKIIMH
2
I = f_nn (%) dx + Zzzl(f_nnAi cos? kx dx + f_nn BZsin? kx dx) =
A2
= (2 -+ Zpo, 4 + BD)) (2)

Hanomuanm, uto xodddunmentsr pana Oypre GyHKIUU [ HAXOAATCA IO
dbopmynam

a; = %ffﬂf(x) coskxdx,k=0,1,2,... ,
b, = %f_nﬂf(x) sinkxdx, k=1,2,3, ...
Torna

L =227 f() dx +Zpy(Ar [T, f(0) coskx dx + By [7 () sin kx dx) =

A
= (222 + T, (A + Biby)).

(3)

VYuuteiBas paBeHctsa (2) u (3), nepenuieM paBeHcTBO (1). Umeem

A3 A
P2 (T ) = m (2 + Tioy (A2 + BD)) — 2 (%22 + X2, (A + Bichy) ) +

17 F200 dx=m (B4 TR, (A% + BD) -

—2 (%22 + Ti_, (Aay + Bichy)

) +n (a?g +Xro1(ai + b,%)) -
(24 Bfoala} +bD) + [T F2() dx =

- ((1‘10—2610)2 + ZZ:l((Ak — ak)z + (Bk — bk)z)) — T (a?% + ZZ=1(CL;2( + bl%)) +
+f_”nf2(x) dx.
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Takum 00pa3oM, KOIPPHUIUEHTH TPUTOHOMETPUYECKOTO MojaMHOMA T
BXOJISIT JIAIIH B CYMMY KBaIpaTOB @ + YR (A —ap)? + (Bx — b)?),n
HaMMEHBIICEe 3HAYEHHE DTOM CyMMBI PaBHO HYyIO. J[OCTHUTraeTcs HauMEHbIIEE
3HaYeHUE MaHHOU cymMmmbl ipu A, = ai, k =0,1,2,... , u B, =b,, k=1,2, ...,
4T0 M TpeOOBAJIOCH TOKA3ATh.

Onpeoenenue 4. Yucno E, (f) = rr%in p(T,,; f) HaspIBaeTCS HAWITYYIIHM

n

npudmmkeHneM pyHKUIUY f TPUTOHOMETPUUECKUMU MMOTMHOMaMU Ty, B 3aJaHHON
merpuke p(Ty; f) = T, — fl-

W3 nokazaHHOM TeopeMbl CIEQyeT, 4YTO Hawilydllee MpuOInKeHUE
byHKIIUM f TPUTOHOMETPUYECKUMH TOJMMHOMaMHu T, CTENEHU HE BBHIINIE N
JOCTUTAETCS, €CIM B KauyeCTBE TAaKOr0 IOJMHOMAa BHIOpATh YAaCTHYI0 CyMMY
n-ro nopsaka psgaa Oypwe pyHkuuu f.

CaencrBue 1 (HepaBeHcTBO beccens). [lycty f — 2m-nmepuonnyeckas,
UHTErprpyemast Ha oTpeske [—1; ] ¢pyHkuus. Torma BhIMOIHACTCS HEPABEHCTBO

a_(2)+z+oo (a2+b2) <1J‘T[ 2( d
2 k=1 +bi) =—J_f x) dx.

Loxaszamenvcmeo. Ilpu nokazatenbCTBE TEOPEMBI 2 MBI IOJIYYUIIU
paBEeHCTBO

p? (T £) = m (L2 4 S0 (A — @) + By — b)?)) —

(B By (af + b)) + [T F2(0) dx.

BriOepeM B 3TOM paBeHCTBE TpuroHoMeTpudeckuii mommaom T, (x) = S, (f; x).
[TomyuuM paBeHCTBO

p?(Sui f) = =1 (L 4+ Spoyaf + D)) + [ f2(x) dx. (4

Tak xak p%(T,; f) = 0, To u npaBas 4acTh HepaBeHCTBA (4) HEOTpULIATEIEHA

—r (a?% + 0 (ai + b,%)) + f_’fan(x) dx = 0.

Ilepexonst B ’TOM HEpPABEHCTBE K IPEAEIy IPU N — 00 IIOJYYUM HEPABEHCTBO
becceus.
CaeacrBue 2. Koopduuuentsr Oypre 2m-nepuoInyecKor, HHTErpupye-
MO¥ Ha oTpe3ke [—1T; | PyHKIUU CTPEMSTCS K HYJIFO C POCTOM HOMEpA.
Jlokazamenvcmeo. VI3 HEpaBeHCTBA beccelst cinemyer, 4To MOJIOKUTEIb-
HBIN psil a?g + Y%_.(aZ + bZ) cxomurcs. Toraa B cUIly HEOOXOJUMOTO YCIOBHS

CXOOAMMOCTH pAaa €ro O6HII/Iﬁ YJICH CTPEMHUTCA K HYJIIO IIpU 1 — OO,
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3ameuanue 1. llpeanonoxum, 4to pan Dypse 2m-NMepUOAHYECKON,
UHTETpUpyeMoil Ha oTpe3ke [—m; 7| (yHKuuM f CXOAMTCS B CpEIHEM
KBaJZpaTUUHOM K 3Toi ¢yHkiuu Ha R. Torna, nepexoas B (4) k npeneny npu
n — ©o, OJIy4nM paBeHCTBO IlapceBais:

B 4y (a2 +bD) = 2 [T f2(x) dx
> k=1 T 0j) =—J__ :

3ameuanue 2. Eciu pan Oypbe 2m-niepuoandecKor, HHTETPUPYEMON Ha
orpeske [—1; ]| dynkuu f cxomurcs paBHOMepHO K f Ha R, To psag dyakumn f
CXOmUTCS K f M B cpeaHeM KBaapaTHUYHOM Ha R, a 3HauwT, m B 3TOM ciydae
CIpaBeIJIMBO paBeHCTBO IlapceBas.

3ameuanue 3. Ha camom pnene, TpeOOBaHHE O CXOJUMOCTH B CPEIHEM
KBaapaTHaHOM psima Dypbe K QPyHKIUU f SABISACTCS W3IUIIHAM M PABEHCTBO
[TapceBansi crpaBeUIUBO ISl JTFO00W 27T-IIEPUOANYECKOM, UHTETPUPYEMON Ha
otpeske [—1; | hyHKIuu.

§ 3. UHTerpasbHoe npeacTaBjieHue 4YaCTHbIX CyMM psajga @ypbe

Onpeoenenue. SAnpom upuxne nopaaka n, n = 0,1,2,... , Ha3pIBaIOT
GyHKLIHIO

D, (t) =14 cost +cos2t+...+cosnt.
n 2

Jlemma. Anpo [lupuxiie o6iagaet cienyronuMyu CBOHCTBAMMU:
1) sBnsieTCst YETHOM, HEMPEPHIBHOM, 2TT-IEPHOAMYECKON (YHKIIHEH;
2) yIOBJIETBOPSIET YCIOBUIO HOPMUPOBKHU

2
= Jy Dn(®)dt = 1;

sin(n+%)t 1
3) D,(t) = — ot TpH t #2mm, D,(t) =n+ Sapu t = 2mm, tae
2
m € Z.
Jloxazamenvcmeo. 1. [lepBoe yTBepKIeHUE CIAEAYET U3 ONPEACICHUS AIpa
Jlnpuxiie u CBOMCTB KOCUHYCA.
2. Brtopoe mnpoBepseTcs HEMOCPEICTBEHHBIM  HMHTEIPUPOBAHUEM.

JleliCTBUTENBHO,

%fonDn(t)dt=%f0”(%+cost+C052t+...+cosnt)dt=
= %(fon%dt+fonCOStdt-FfOnCOStht-l-...+f0ncosntdt) =

=2(Z+0+0+..40)=2-2=1.

T
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3. YTBepxkaeHuE cIenyeT M3 LENOYKU CIEAYIOIUX AIIEMEHTApPHbBIX
npeoOpazoBaHuit:
n .t
Yk=12sin_coskt _

D, (t) =%+Z}}:1 cos kt =%+ =

.t
2 sin—
2

4 sin(n+%)t—sin§ _ l 4 sin(n+§)t _ l _

2 sint 2 2 sint 2
2 2

_1 4 Zﬁﬂ(sin(k+%)t—sin(k—%)t) _

.t
2 sin—
2

N

sin(n+1)t
— 2

.t
2 smE

Teopema. Ilycts f — 2m-mepuoanyeckasi, UHTETpUpyeMas Ha OTpE3Ke
[—m; ] dynkuus. Torma s yacTUYIHBIX cyMM e€ psga Dypbe CrpaBeIMBLI
MpPEACTaBICHUS

Sa(fsx) = = [* fx+ 0Dy () dt = = [F(F(x + ) + f(x — ))Dp(8) .

B nocnenHem citydae NpuHATO rOBOPUTH 00 MHTErpane Jupuxie.
Loxaszamenvcmeo. DUKCUPYEM HATYPAIBHOE N. Y YUTHIBASL, UTO

ay==f" f(t)cosktdt, k =0,1,2,...,
be==[" f(®)sinktdt, k =1,2,3,...,
3alIUIICM

] 1
Su(f;2) = F + Tizg ax coskx + by sinkx = - [7 f(£) dt +

+ Y1 (% J”_f (&) coskt dt) cos kx + (% J©_f(®)sinkt dt) sin kx =

= %(ffn G + Xli=1 cos kt cos kx + sin kt sin kx) f@© dt) =

== [ G+ Zpycosk(t —x)) f() dt = = [7 F(£) Dy(t — ).

Bocrnonb3oBaBminch 2m-MepuogUYHOCTBIO MOABIHTErPAIbHON (YHKLNH,
BBIIIOJIHUM 3aMEHY IIEPEMEHHOTO0, ITojaras Z = t — X, IOJy4uM

Sa(f;x) == [* f(x+2) Dp(2)dz =~ [" f(x + £)D, () dit.

ITepBo€ U3 peacTaBiIeHU TOIYYEHO.
YuursiBasg 4€THOCTB siipa Jupuxiie, Mbl MOKEM YTBEPKAATh, YTO

Sa(f;x) =~ [° f(x+ Dy () dt + = [ f(x + £)Dy () dt =

= —— [P f(x = Dy (~t) dt + = " f(x + DD () dt =
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== [ = DDy () dt + = [ f(x + Dy (£) dt =

- %fo"(f(x +t) + f(x — £))Dy(t) dt.

BTopoe 13 3asBICHHBIX MTPEICTABICHHUH MOTyYEHO.
3ameuanue. Onupasch Ha IOKA3aHHYI0 TEOpPEMY, TMPHUBEAEM IPYyroe
2 rm
000CHOBaHHE PABCHCTBA ~ fo D, (t)dt =1 o HopMmupoBKe siapa Jlupuxie w3

JIEMMBL.

PaccmotpuM Tpuronomerpuueckuii momuHoM To(x) = 1. Beime Obu10
II0KAa3aHo, 4TO psg Pypbe TPUTOHOMETPUUECKOIO MOJMHOMA COBNALAET C ITUM
nonmuHoMoM. Torpma kaxknmas n-g dactHas cymMma psga Dypee, n € N,
TpUroHoMeTpuueckoro momuHoma To(x) =1 Oyzmer coBmamaTh C 3THM
noauaHOMOM, TO ecth S, (Ty;x) =1. C gpyroii CTOPOHBI, YYHUTHIBAs
VHTETPAIBHOE NIPEACTABICHUE YaCTHBIX CYMM psifa Pypbe, Mbl MOXKEM 3aIUCATh

Su(To; ) = = [ To(x + )P () dt = = [* Dy(t)dt == [ D, (t) dt.

2
Taxum o6pasom, ~ foﬂ D, (t)dt = 1.

§ 4. OcunasINMOHHAA JIeMMa

Jlemma 1 (ocumnasimuonHas jgemma). Ilycte @ — 2m-nepuonuyeckas,
UHTErpupyemas Ha otpeske [—1; ] pynkimsa. CrpaBeaIuBbl paBEHCTBA

. T 1 N, . T . 1 _
Ylll_l;{)lo J, @) cos (n +E)tdt = 0; rlll_)rglo J, ®()sin (n + 2)tdt = 0.

Jloxazamenvcmeo. Oba paBeHCTBA JOKA3bIBAIOTCS OJUHAKOBO, JTOKAKEM
IIEPBOE U3 HUX.

fon d(t) cos (Tl + %) tdt = fon @(t) (cos%cos nt — sin%sin nt) dt =
= f_nn @1(t) cosntdt — f_nn @,(t) sinnt dt,
rac

O(t) cosz, t € [0;7], o(t)sinz, t € [0;m],
0, te[-m0) 0, te[-m0)

Tak kak GyHKIUH @, U P, UHTETPUPYEMBbI Ha OTpe3ke [—7; ], TOo Ha

@,(t) = { : @, (t) = {

MHTErPaJIbl f_nn @,(t) cosntdt u f_nn @, (t) sinnt dt MOXHO CMOTPETH Kak Ha
koadpunuentsl Oypore Gynkunii ; u P,, MONIYYEHHBIX 2T-NEPUOIAUIECKUM
pooJDKeHHEeM (QYHKIUH (1 ¥ (0, Ha BCIO YUCIIOBYIO MPSAMYIO. A KO DUIIHEHTHI
Dypre 2T-TIEPUOAUYECKON, WHTErPUPYyEeMOW Ha oTpe3ke [—m; | GyHKuuu
CTPEMSTCS K HYJIFO C POCTOM HOMEDa.
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Torma lim | On d(t) cos (n + %) t dt = 0, 9ro u TpebOBaIOCH AOKA3aTh.
n—-oo

Onpeoenenue 1. Eciu yukuus f Ha orpeske [a; b] umeerT KoHEUHOE
YHCII0 TOYEK pa3pbiBa M BCE TOUKH Pa3phIBa SBISIOTCS TOYKAMHU pa3pbiBa MEPBOTO
pona, To ¢yHKIM0 f OyJdeM Ha3pIBaTh KYyCOYHO-HETPEPHIBHON (QYHKIMEH Ha
orpeske [a; b].

3amMeTM, YTO KyCOYHO-HENpephiBHAS (QYHKIUS Ha oTpe3ke [a;b]
WHTETpUpyeMa Ha 3TOM OTpE3Ke.

Onpeodenenue 2. 2m-niepuonnyeckyto (QyHkiuio f OylneM Ha3bIBaTh
KycouHO-HemnmpepeiBHOU (yHKumeir Ha R, ecnm f KycodHo-HempepbiBHA Ha
otpeske [—; m].

Onpeodenenue 3. Oyukuus f HazpBaeTCs KycouHO-Au(depeHITUpyeMoit
(kycouHo-HenpepsIBHO- (D depenipyemoii) Ha oTpeske [a; b], eciu

1) f KycouHO-HEeTpephIBHA HA 3TOM OTPE3KE;

2) B KaXIOH TOYKE HEMPEPHIBHOCTH (QYHKOUM [  CYIIECTBYIOT
OJTHOCTOPOHHHE MPOU3BOJIHBIE;

3) npousBoHas f' QyHKIMHU [ UMEET KOHEYHOE YUCIIO TOUCK pa3pbiBa Ha
otpeske [a; b] 1 Bce OHM SBIAIOTCS TOYKAMH Pa3phbiBa IIEPBOTO POJIA.

Taxum 06pazom, GyHKIHS f Ha3zbIBaeTCS KyCOYHO-AU(PEpeHIIpYEeMOil Ha
OTpe3Ke, €CU €ro MOXXHO pa30uTh Ha KOHEYHOE YHCIO OTPE3KOB, BHYTPH
KQXXJIOTO U3 KOTOPBIX OHA UMEET HEMPEPHIBHYIO IPOU3BOIHYIO, @ Ha KOHIAX ATUX
OTPE3KOB UMEET KOHEYHBIE OJTHOCTOPOHHHUE TMPEIEINbI U MMPOU3BOTHBIE.

Onpeoenenue 4. 2m-niepuonnueckyro (QyHKIUO f OymeM Ha3bIBaTh
kycouHo-guddepeniupyemori  ¢ynkuueir Ha R, ecimm  f  kycouHo-
maddepenpyema Ha oTpeske [—1; 7).

Jlemma 2. Ilycte f — 2m-niepuonuueckasi, KycouHo-auddepeHupyemas
Ha R ¢yukius. Torma ams moboro ¢pukcupoBanHoro x, € R na orpeske [0; ]
UHTETpUPyEeMbl (DYHKIIHH

p(t) =

Jloxazamenvcmeo. VnTerpupyemMocth GyHKIMA ¢ W 1P TOKa3bIBACTCS
OJMHAKOBO. JIOKa)KeM HHTETPUPYEMOCTh (GyHKIMHU ¢ Ha oTpeske [0; ).

PaccmorpuMm dynkimio y = f(x) Ha oTpes3ke [xo; Xo + m]. Tak kak f —
KycouHo-aupdepenupyemas GyHkmus, To Hahigaércs yuciao t € (0; ] Takoe,
uro f nuddepeniupyema Ha moyuntepsaie (Xq; xo + t].

Tak kak f muddepennupyema Ha noayuHrepsaie (xy; X, + t], To oHa U
HenpepbiBHA Ha HEM. Toraa GyHKIUsA @ OyaeT HempephiBHA HA MOyHHTEpBAJe
(0;t]. Moxaxem, 4To tligrlo o) = f'(xg + 0).

f(xo‘*'t);f(xo‘*'o) - 1/J(t) — f(xo—t);f(xo—o).

Bo3moxHBI ABa Cliy4dasd.
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1. f(xg) = f(xo+0). B »ToM cnydae [ HempepbiBHa Ha OTPE3KE
[x0; X0 + t], tuddepentmpyema na untepaie (xq; Xy + t) U, CIeI0BaTEIBLHO, K
pasHoctn  f(xg+t) — f(xo+0) = f(xg +t) — f(xy) MOKHO TNPHMEHHUTH
dopmyny Jlarpanixa koHeuHbIX npupameHuil. Toraa

fOo+)—=f(x0+0) _ f(xo+t)—f fl(xo+§)t '
(p(t) — I'Xo : (X0 )= Xo ; (xo)= (x(; $) :f (X0+f),
rneé € (0;t)ué -0+ 0,xormat - 0+ 0.

[lepexons B mocieaHeM paBeHCTBe K mpeneiy mnpu t — 0 + 0, moayuum
TpeOyeMoe PaBeHCTBO tli(r)glro o(t) =f"(xq +0).

2. f(xg) # f(xo+0). Beném B paccMOTpeHHE BCIIOMOIaTEIbHYIO
byHKIHIO
f(x) mpu x # x,,

9(x) = {f(xo +0) npu x = x4

dyHKIMS g HEMpepbiBHA Ha OTpe3Ke [Xo; Xo + t], muddepennmupyema Ha
unrepBaine (xq; xo +t) u, ciuegoBarenbHo, K pasHoctH g(xy +t) — g(xy) =
flxo+1t)— f(xg+0) mMoxkHO mnpumeHHTh Gopmyay Jlarpamka KOHEYHBIX
npupamieHui. Torna

(p(t) — f(x0+t);f(x0+0) — g(xo"'tz_g(xo) _9g (x(;"'f)t — g/(xo + é—) — f,(xO + E)!

rneé € (0;t)ué -0+ 0,kormat - 0+ 0.
IIepexoas B moJlydueHHOM paBeHCTBE K npeneny npu t — 0 + 0, npuxonum
K PaBEHCTBY tliggo o) = f'(xy +0).
Tak Kak cyIiecTByeT KOHEUHbIN Mpeen , lién0 @(t), To QyHKIHUSA @ B TOUKE
-0+

t = 0 umeert pa3psbIB niepBoro poja (B Touke t = 0 GyHKIUS HE ONpeesieHa).

Kpome Ttoro, tak kak f Ha OTpe3ke [Xg; X, + 7| MOXET UMETh JIWIIb
KOHEYHOE YKCIIO TOYEK pa3phbiBa U BCE OTH TOYKH JOJDKHBI SBJISATHCS TOUKAMU
paspbiBa IEpBOro ponaa, To GYHKIHS @ Ha oTpe3ke [0; 7T] MOXKET MMETh JIHIIIb
KOHEYHOE YKMCIIO TOYEK pa3phiBa U BCE TH TOYKH TOJKHBI SBISATHCS TOYKAMHU
paspbiBa IEPBOTO Poja.

TakuMm 00pa3om, ¢ — KyCOUHO-HeNpepbiBHAs (GyHKIMs HA oTpeske [0; 1],
CJICIOBATENIbHO, HHTETPUPYEMa Ha TOM OTPE3Ke.

§ 5. Teopema /lupuxJie 0 pa3i0KeHNH MEPUOANYECKON PYHKITUU
B psia Pypbe

Teopema (mpu3nak JdupuxJe). [Iycts f — 2m-nepuogudeckas, KyCOYHO-
mupdepennupyemas Ha R dynknus. Toraa psg @ypee QyHKIMU f B KakIoH
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f(x+0)+f(x—-0)
2

HEIPEPhIBHA B TOYKE X, TO CyMMa psija paBHa f (x).
Jloxazamenvcmeo. HeoOXxoaumo mokas3aTh, 9TO

lim (Sn(f; x) — f(x+0):f(x_o)) = 0.
n—oo

Touke X € R cxomurcs K BeIWYHHE . B wactroctH, ecmm f

ITockonbky

Sa(fs %) = = [F(F(x + £) + £ (x — ©))D, () dit,

TO TpeOyeMoe paBeHCTBO OY/IeT JOKAa3aHO, €CIIM MbI JIOKAKEM, 4TO

: 1 f(x+0)
lim (;foﬂf(x + t)D,,(¢) dt — x; ) =0

} 1 (x+0
lim (G FG+ D6y dt = 1= )) = 0.

O0a paBeHCTBA I0KA3bIBAIOTCS OJMHAKOBO, JIOKAKEM MEPBOE U3 HUX.
2 (m
VYyutsiBas, 4To - [ 0 D, (t) dt = 1, npeoOpa3yeM BBIpaXCHHE O] 3HAKOM

NIEPBOTO Tpejieia CICIYIONIM 00pa3oM:

1 ,m f(x+0) _
~Jo fx+ D () dt — =

f(x+0) 2

=2 [T F(x + )Dy (8) dt —

=2 [T(Flx+1) = f(x + 0))Dy(t) dt = f”f("”) [0 ¢ Dy () de =

t
= —fnf(x+t)_f(x+0) : 7 * sin (n + %) tdt =

Y0 t -
2 sm2

f D,(t)dt =

1 ,m . 1
== [T o(t)sin(n+3)tdt,

e q)(t) _ f(x+t)—f(x+0)

t L
2 sm2

— uHTerpupyemasi Ha otpeske [0; ]| QyHKIMS

flx+t)— f(x+0) t )

(Kak IIpOM3BEICHNE HHTETPUPYEMbIX QyHKIHH @(t) = ¢ M st/
sin_
2

Torma coriacHO OCIIMIISIIMOHHOM JIEMME
. ) 1
lim [ ®(t)sin (n + —) tdt =0,
n-oo -0 2

TO €CTb

. 1 (x+0)
lim (; [ fGx + D, (0 dt = 5= ) = 0.

Teopema nokaszana.
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3ameuanue. Ilpusnak Jupuxiie 1aéT AOCTATOYHBIE YCIOBUS PA3JIOKCHUSA
bynkun B TpuroHometpuyeckuit  psnx  Dypee. CymiecTByloT Apyrue
JIOCTaTOYHBIE YCJIOBHUS PA3JIOKEHUA (PYHKIMM B TPUTOHOMETPHUUECKHN P
®ypse. OgHako s peUIeHHs] MPAKTUYECKUX 3aJad OOBIYHO JOCTATOYHO
JIOKa3aHHOM Teopembl, Tak €€ YCIOBHUAM YIOBJIETBOpsET OOJIBIION Kiacc

GbyHKIUH.

§ 6. YciioBus paBHOMEpPHOH cxoauMocTu psiga Pypoe

Teopema. Ilycts f — 2m-mepuoauueckasi, HeNpepbIBHAs, KyCOYHO-
mubdepennupyemas pynkius Ha R. Torma psg @ypoe dynkmum f cxomurcs
paBHOMEPHO K 370 (pyHKIMHU Ha R.

Hokazamenvcmeo. Cornacuno npusHaky Jupuxiue psg Oypee dyHKuu f
CXOJUTCS K 3TOM PyHKIMU B K01 Touke X € R. Takum oOpazom,

f(x )—a°+2 , 4y cos kx + by sinkx, x € R.

HeoOxomumMo mokaszarh paBHOMEPHYIO CXOJUMOCTb (DYHKLIHMOHAJIBHOTO
psna. 3aMeTUM, 4TO P MaKOpUpyeTcs Ha R mookuTensHbIM psaom

Lol i lagl + [bl. (1)

Ecnu MBI JoKa)keM, 4TO 3TOT PSJ CXOAUTCA, TO paBHOMEpPHAs CXOAUMOCTb psifa
®ypre Qynkumm f Oyaer uMeTh MECTO B CWIy Mpu3Haka Beliepmrpacca
PaBHOMEPHOU CXOIUMOCTH (PYHKIIMOHAIBLHOTO pAJia.

Tak xak f — 2m-nepuoandeckas, Kycouno-auddepeniupyemas QyHKIIHS
Ha R, To f' — 2m-neproandeckas, KycouHno-HenpepbiBHas (yHkuus. Torma s

e€ koappunmenToB dypee ay, k =0,1,2,... ,u Ly, k = 1,2, ... , BRIIOTHSACTCS
HEpaBEHCTBO beccens:
2

D yin(a +pH <=7 f7(x) dx, 2)

¥, CJIeI0BaTEIHHO, YUCIOBOU pﬂz[ + Y& (ag + BF) cxomurcs.

3amMeTuM, 4To U3 CXO)_II/IMOCTI/I psna (2) cnenyeTr cXoAuMoCTh psiaa

oo (1ol M)
. 1 1
JlelicTBUTENBHO, % < E(aﬁ +ﬁ)’ l'gkl (,Bk —). Tak kak cxomarcs

TIOJIOKUTENBHBIE PAIBL Y 4oy Qi Yacy BE u X5 k2’ TO psif (3) CXOOUTCS B CHITY

MPU3HAKA CPABHEHMS TTOJI0KUTEIbHBIX PSJIOB.
Jlanee 3amMeTuMm, 4TO

K= %f_nnf’(x) coskxdx, k=1,2,...
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WuterpupyeM mo dacTsaMm, moimaras u = coskx, dv = f'(x)dx, torma
du = —ksinkx dx, v = f(x), u uHTETpaJ NEPEIUIICTCS B BUJIC

=27 f'(x)coskxdx == f(x)coskx | " +k2 [ f(x)sinkxdx =
=0+ kb, = kb,.
Torpa
b,=—,k=12,... (4)
AHaJIOTHYHO
Br = %ffnf’(x) sinkxdx, k=1,2,....

CHOBa MHTErPUPYEM I10 YacTsM, monaras u = sin kx, dv = f'(x)dx, naxonum
du = k cos kx dx, v = f(x). UaTerpan npuHuMaeT BUJ

! : ] T[
B =%f_”ﬂf (x) sin kx dx =%f(x)smkx|_n—k%f_nnf(x)coskxdx =

=0- kak = —kak.

Torna
ak=—%,k=1,z,.... (5)

Ms (4) u (5) cnenyer, wro LiZi(lael + Ibl) = Ti (15 + B4),
B npaBoii yactu 3TOro paBeHCTBa CTOUT cxonsuiics psa (3). CinenoBaTenbHO,
cxomutes pan Yoy (la| + |bl), a swaunr, u pax (1).

§ 7. YcaoBus nowieHnoro nug¢epenuuposanus psiaga Oypoe

Jlemma. Ilycts f — 2m-niepuoanueckas QyHKIUS U f ©UMEET HENMPEPHIBHBIC
IIPOM3BOJHBIE 10 M-TO MOpsAJAKA BKIIOYHUTEIBHO U KyCOYHO-HENPEPHIBHYIO
npousBoaHyo0 (m + 1)-ro mopsika. Toraa cxomutes psif

rer kK™ (lag] + |beD), (1)
rne a; u b, — xodpdurmentsl Oypne pyHKINN f.
Jokazamenvcmeo.  PaccmoTpuMm  2T-TIEPUOJMYECKYIO,  KYCOYHO-

HernpepsiBHyIo QyHkumio f MY, O6o3HaunM uepes ay U ) KOIPPUIMCHTHI
®dypre 3ToN PyHKIHH.

lagl |, 1Bkl
Pan Yi% (Tk+ % CXOauTCs (IOKA3aTeNbCTBO TaKOE K€, KaK M B

npeapiayieM mnaparpade).

BbImonHMB 1 KaXAOTO U3 JBYX HHTErpajioB, BBIPAXKAIOIINUX
ko3ppunmentsr Oypoe dynkuwmn f MY (x), m + 1 pa3 uHTErpUpOBaHHE IO
4acTsM, MOJIy4YUM
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k™*1p,, ecnin m - 4éTHoe,

a, = %f_nnf(m“) (x) coskx dx = {—km“

Ay, €CJIM M — HEYETHOE,

—k™*1q,, ecniu m - 4éTHoe,

=1 (™ FO+D (x) sin kx dx = {
P T f—nf () k™*1h,, eciu m - He4éTHOE.

Torma

el + 1Bl = K™ (lag] + 1B, 28+ L6 = km(jy | + 1),

U TaK Kak psij Z,tfl (li—kl + %) CXOJUTCs, TO cxoauTcs psaf (1).

Teopema. Ilycts [ — 2m-nepuoamueckas GyHKIUA U [ uUMeeT
HENPEPBIBHBIE TPOU3BOJHBIE /10 M-TO MOPSJKA BKIIOYUTEIBHO U KYCOYHO-
HETPEePBIBHYIO MPou3BoaHYI0 (I + 1)-ro mopsiaka. Torna psin @ypee GyHKIUU
f MoxHO nuddepeHInpoBaTh MOYJIECHHO M pa3, TO €CTh BHIIOJIHEHO PAaBEHCTBO

fM(x) =32 k™ (ak oS (kx + %) + by, sin (kx + %)) x € R.

Loxaszamenvcmeo. Oukcupyem npousBojbHOE S, s = 1, m. PaccMorpum
P, MOJYYEHHBIN POPMAIIbHBIM S-KPATHBIM MOWICHHBIM JUdPEepeHIIMPOBAHUEM

psnga Oypwe byHKIMA |
Yr kS (ak cos (kx + ?) + by sin (kx + ?))

JlaHHBIN psii MaXKOPUPYETCS CXOMSIIMMCS TOJIOKUTENbHBIM psgoM (1) wu,
clieIoBaTeIbHO, cXoauTcsi paBHOMepHO Ha R. Torga BO3MOKHOCTh MOYWIEHHOTO
mubdepennupoBanus psaga Dypre GyHKIMH [ ClIeAyeT U3 TEOPEMBI O
nousieHHOM nauddepeHImpoBaHny (PYHKITMOHAIBHOTO Psijia.

§ 8. YcaoBus nouwieHHOro nuarerpuposanus psjga Oypoe

Teopema. Ilycts f — 2m-nepuoaudeckasi, HempepbiBHAs Ha R dyHKIus,
toraa psng Oypee Gynkuum f

fx)~ % + Y¥% ay cos kx + by, sin kx

MOKHO ITOYWICHHO MHTCTPUPOBATDH, TO €CTh BBIIIOJIHCHO COOTHOIICHHC

Vx € R(foxf(x)dx = a;—x + Z,tfl%sin kx + l:(—k(l — cos kx)).

I[Tpu 3TOM MONTy4eHHbIH (DYHKIIMOHANBHBIH sl OYIET CXOAUTHCSA PABHOMEPHO Ha
o X
R x cBoeii cymme [ f (x)dx.
Jloxazamenvcmso. PaccMoTpuM (QyHKIMIO (MHTErpan ¢ IepeMEHHBIM

BepXHUM Tipenenom) F(x) = [ Ox ( f(x)— %) dx. TToCKOIIBKY IOABIHTErPAIbHAS
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byukuus f(x) — % HernpeprsiBHA Ha R, To pynkuus F nuddepenunpyema Ha R,
u eé npousBonnas F'(x) = f(x) — % SBJIsIeTCS HenpepbiBHOM Ha R pyHKIIMEH.

Takum o0pazom, F — HenpepblBHO auddepeHurpyeMas GyHKIUS U 1O
TeopeMe O paBHOMepHOU cxoaumocTu psana Dypee psg Pypee dyHkium F
cxonurest paHomepHo Ha R k F. [lycTh

F(x) = % + Y 1% Ay cos kx + By, sin kx. (1)
Jlanmee 3aMeTUM, 9TO JyuIs Tr06oro k = 1, 2, ...
A, = %ffn F(x) cos kx dx.
[Ipounterpupyem mo dactsam. Ilycte u = F(x), dv = coskxdx, Ttorma
du = F'(x)dx = (f(x) — ﬂ) dx, v = Zsinkx u
2 k
A, = %f_’TnF(x) coskx dx =

1 . T 1 .
= gF(x) sin kx |_n —ﬁf_nn (f(x) —%) sinkx dx =
N i o (T __1 — _ bk
=0—— [ fO)sinkxdx + = [ sinkxdx=—2by+0=—-"%
Amnanoruuno, g iob6oro k =1, 2, ...
B, = %fan(x) sin kx dx.
IMycts u = F(x), dv =sinkxdx, torma du = F'(x)dx = (f(x — %) dx,
v = —lcos kx,
k
B, = %f_’TnF(x) sinkx dx =
1 T 1
= ——F(x) cos kx |—n + gf_nn (f(x) — %) cos kx dx.
3amMeTuM, 4TO
F(m) — F(=m) = [ (FG) =) dx = [ (£ () —3) dx =
= ffn (f(x — %) dx = f_nnf(x)dx — %f_nndx = aom — aom = 0.
Torna
1 T 1
B, = —aF(x) cos kx |_ﬂ + ﬁf—nn (f(x) — ?) coskxdx =

—0+L (" _ G0 (T =l —0=%
=0+ —J_ fG)coskxdx — [ coskxdx=—a—0==-"%
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HWTaK, MBI ITOJIy4UIIA PABEHCTBA
— _ bk =2 | =
Ak - k' Bk k! k
Haiiném A,. YuuteBas, uto F(0) = f (f (x
x = 0 B paBenctse (1), Torna

(2)

) x = 0, MOI0XKUM

F(0) = +Z,t L Ay cos 0 + By, sin 0;

+ Xkt Akl

Ay =—-2 th:1 (3)

[Toacrasum B (1) BbIpaskeHUs (2) u (3) nia koapdurmenton. Mmeem
fox(f(x) —ﬂ)dx =F(x) = +Z,J§ L Ay coskx + By sinkx =

= =2 Ak+2k°°1Akcoskx+Bksmkx_
= Y¥% Ar(—1 + coskx) + By sinkx =

1o Bk (1 — cos kx) + % sm kx.

Mp1 f0Ka3aiu, 4To

INVGOEEILE

Ocranoce aulIb y4ecTh, UTO

[(feo =) dx = [ fo)dx =2 [ dx = [ f(x)dx — 2

= k1 (1—coskx)+—smkx

§ 9. Paznoxenue pynkumii B psig Pypne
l. Ilycts f — 2m-mepuoandeckas, kycouHo-muddepenmupyemas Ha R
dbynaknus. Toraa cornacHo npusHaky upuxie psg Oypobe

f(x)~ =+ ¥F% ay cos kx + by, sin kx, 1)
rIe

= ;f_nnf(x)coskxdx, k=0,1,2,..,

b, = %f_nnf(x) sinkxdx, k=1,2,3,... 2)
Qynkuum f B Kaxaoil Touke x € R cXomuTca K BeIMUMHE fOADHf(=0)

2
B wactHOCTH, eciiu f HempepbIBHA B TOYKE X, TO CXOAUTCS K 3HAUYCHHIO [ (X)

Il. Ilycts f — 2m-nepuoanyeckas, KycouHo-audpepeHuupyemas, uémmuas
dyukius. Torma f(x)coskx — u€rHas Qynkums, f(x)sinkx — Heu€rHas
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¢yHKIMA (BOCTONB30BAJKNCH CIEAYIOIMIMM CBOMCTBOM YETHBIX M HEUYETHBIX
byHKIMIL: Tpor3BeieHNEe YETHOM M HEUETHON PYHKIMIA ecTh (DyHKIMS HEeUETHAS;
POM3BEICHUE ABYX YETHBIX (HEUETHBIX) QYHKIUHN ecTh (PyHKIMA YETHAS) U

a, = %fonf(x) coskxdx,k=0,1,2, ...,
by =0k=123,.., 3)

MOCKOJIbKY CUMMETPUYHBIA MHTErpai OT YETHOW (DYHKIMU paBeH yJBOCHHOMY
UHTETpaJly O TIOJOBHHE MPOMEKYTKAa WHTEIPUPOBAHUS, & CHUMMETPHUYHBIH
MHTETpaJl OT HEYETHON (PYHKIIMH paBEH HYJIIO.

B stom ciyuae psg @ypbe GyHKIMN [ TPUHUMAET BUTT

Ao +00
FOO~2 + 512, ay cos k. (4)

I1l. Ilycte f — 2m-nepuomuueckas, KycoyHo-nuddepeHumpyemas,
neuémnasn ¢yuxuusa. Torma f(x)coskx — neurnas dynkuwms, f(x)sinkx —
yéTHas QYyHKUIUA U

a,=0k=01,2..,
(5)
b, = %foﬂf(x) sinkxdx, k=1,2,3,....

Psan @ypre Qynkium f mpuHUMaeT BU

GO~ XS, by sin fex. (6)
3ameuanue. Takum oOpa3om, psn (4) HE COAECPKUT CHHYCOB KpaTHBIX
YIJIOB, TO €CTh B psig Dypbe 4€THON QYHKIIMHN BXOJAT TOJIBKO YETHBIE (QYHKIIUH
¥ cBOOO/HBIN uieH. Psj (6) He coaepKUT KOCUHYCOB KPAaTHBIX YIJIOB, TO €CTh B
psng Oypbe HEUETHON QYHKIIMH BXOJAT TOJIBKO HeUETHBIC GyHKIUU. Psapl (4) u
(6) sBIAIOTCA 4YacTAMHU MOJHOrO psAna Pypbe U HA3BIBAIOTCS HEMOJHBIMU
TpuronomerpuueckumMu psgamu @Dypee. Eciu dynkums f pazmaraercs B
HEMOJIHBIA TpUroHoMeTpuyeckud psag (4) wim (6), TO TOBOPST, YTO OHA
pasnaraetcsi B TpuroHomerpuyeckuid psg @ypbe no KocuHycaM WM 10 CUHYCaM
COOTBETCTBEHHO.

IV. Cayuait nenepuoouueckou ¢ynkyuu. Teopus psnoB Dypbe
NoCTpoeHa Jyisl 2-nepuoagudeckux GpyHkuuid. UtoOsl ipeictaBuTh psiioM Oypobe
HEMEepUOINYECKYI0 (YHKUHIO, 3aJ]aHHYI0 Ha MPOMEXKYTKE, HYXHO CHayaia
MOCTPOUTH 2TT-TIEPUOJUUECKOE MPOAOHKEHUE UCXOAHOU (DYHKIIMK HAa YUCIOBYIO
OCb.

[Tycts f — kycouHo-auddepenuupyemas GyHKIUS, 3a0aHHAA HA OMPeE3Ke
[—m; r]. HeoOxoaumo pasznoxuts GyHkuuio f B psig Oypbe Ha 3TOM OTpe3Ke.
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[Tepeonpenenum GyHKINIO f B TOUKax +7T, monaras

f(iT[) _ f(—n+0)2+f(n—0)-

[TponomxuM nosryyeHHY0 GYHKIUIO 2TT-IIEPUOIUIECKIM 00pa30M Ha BCIO
YHUCIIOBYIO OCh. B pesynbrare moiydum QyHkuuio F — 27-epHOgUYecKylo,
KycouHo-auddepenimpyemyto Ha R

f(—m+0)+f(—0) .
F(x)={ - , x=n(2k+1), k€L,

f(x —2mk), x € (—m + 2nk; m + 2nk), k € Z.

CornacHo nyHkty | 2m-nepuonnyeckoil GpyHKIMU F MOXHO MOCTaBUTH B
cootBeTcTBHE psan Dypbe

F(x)~ % + Y¥% ay cos kx + by, sin kx,

¢ koadurmeHramu

a; = %f_ﬂnF(x) coskx dx = %f_nnf(x) coskxdx,k=0,1,2, ...,

(7)
b, = %f_nnF(x) sinkx dx = %f_nnf(x) sinkxdx, k=1,2,3,....

B wactHocTH, B cuity coBnaaenus f (x) u F(x) na (—m; ), ans f(x) umeem
Qo

flx)~ -+ Yi% ay coskx + by sinkx, x € (—m;m). (8)

IMpumep

[Mycts f(x) = x, x € (—m; ). Heo6X0aumo pa3aokuTh QYHKIUIO f B P
dypre Ha uHTEpBaANE (—1T; T0).

Hoompenenum GyHKIMIO f B TOYKax +7T, moiaras

f(iﬂ) _ f(—n+0)2+f(7t—0) _ —1r2+1r —0.

[Tponomxum GyHKIHMIO f 2T-TIEPUOJUIECKUM 00pa30M Ha BCIO YHCIIOBYIO
ocb. B pesynbrate momyuum ¢QyHkiuio F — 2m-nepuoJuyeckyro, KyCOYHO-
nuddepeHnupyemyro, 3aJaHHyI0 paBEHCTBOM
( x+ 2w, x € (—3m; —m),

X, x € (—m; m),
F)=10,x=n2k+1), kez

x — 2w, x € (m; 3m),
L
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I'paduk Pynkunu F n300paxEéH Ha PUCYHKE.

b
.

Mps1 MoxxeM pa3noxuth B psag @Pypee pynkuuio F. Tak kak F — HeuéTHas

bynkuus, To ko3pdunnentsl Oypse Ppynkuu F Haxonum no dopmynam (5).
Hmeem

ar=0,k=0,12,..,

u=1x du=dx;
bk=%f0nxsinkxdx= dv = sinkx dx, | =

v = —Zcoskx
K
2 1 m 1, r
= ;(—;xcoskxlo += coskxdx) =
—2(_r — (_1)k+12 4, _
_n( kcosnk+0) = (-D¥12 k=1,2,3,...
Torna yuutsiBas (6), momydaem
F(x)~ 22+°°( ™ sin kx.

Oyukuus F(x) ymoBIeTBOpseT BCeM YCIOBHsAM mpusHaka Jlupuxie,
oATOMY 115l BceX X € R BbINIOIHEHO paBeHCTBo

F(x)=2Y}% EO Gin kx.

YuuteiBas, uto f(x) = F (x) Ha I/IHTepBaJ'Ie (—m; ), moy4aeM paBeHCTBO

fx) =23 ED™ Gin kx, x € (—m; m).

3ameTHM, 9TO Ha KOHIIAX OTpe3ka [—1r; | cymma psina paBHa F(+m) = 0
¥ HE COBMAJaeT CO 3HAYCHUSIMHU UCXOAaHON (yHkimu f(+m) = +m. Takum

o0pa3oM, Ha KOHIIAX OTpe3Ka CXOAuMOCTU psna Pypbe K UCXOTHOW (PYHKIHH
HeT.
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V. Omumem cxeMy TpeICTaBICHUS TPUTOHOMETPUUYCCKUMHU PsIaMU
pyHKYUIL, 3A0AHHBIX HA NPOMENCYMKAX, OMIUYHBIX Om [—TT; TT].

[Tycts f — kycouno-muddepeHuupyemast GyHKIUs, 3a1aHHAsE HA OTPE3Ke
[—1; []. HeoOxoaumo pa3noxuth ¢GyHknuioo f B psag Oypbe Ha 3TOM OTpPE3Ke.

. l
CnemaeM 3aMeHy IIEpEMEHHOW, Imoyaras X = —t, TOmy4uM KyCOYHO-

nuddepenimpyemyo pyuakiuio g(t) = f (i t), 3aJJaHHYIO Ha OTpe3Ke [—1T; 7).
DTy GYHKIUIO MOXKHO pasiokuTh B psax Dypee Ha [—m;m]. Cremys
paccyxaeHusM nyHkTa [V, nmeem

git)y=f (ﬁ t) ~% + Y¥% ay cos kt + by sin kt,

e
a; = %f_nnf(%t) cosktdt,k=0,1,2,...,
b =" f(st)sinktdt, k =1,2,3,....
Cnenaem oOpaTHYIO 3aMeHy t = %x, uMeeM dt = ?dx, U
f(x)~%+2;§°1 a cosn—lkx + by, sinnTkx, (9)
e

a; = %f_llf(x) cosanx dx, k=0,1,2,...,
(10)
b, = %f_llf(x) sinanx dx, k=1,2,3, ...

CxomumocTtb psaa (9) k f(x) ompenensieTcss TeOpeMaMu, aHATOTHIHBIMH
npusHaky Jupuxie.
3ameuanue 1. HerpyiHO IpOBEPUTH, UTO cCUCTEMA (DYHKIIMIA

T . T 2T . 2T k1 . km
1,cos—x,sin—-x,cos—x,sin—x, ... ,coOS—x,Sin—x, ... (11)
l l l l l !

OpTOTOHAIbHA Ha JIFOOOM oTpe3ke NuHbI 2. Takum 0OpazoM, Mbl OTYUYUITH, YTO
ecnu QyHKIUA 3a7aHa Ha [—[; [] 1 ynoBIeTBOpSiET HA ATOM OTPE3KE YCIOBUSIM
aHajora mnpu3Haka Jlupuxime, TO oOHa MOXeT OBITh pa3jokKeHa B
Tpuronomerpuueckuii psg dypse (9) MO TPUTOHOMETPUUECKOW CHCTEME
bynaknumii (11).

3ameuanue 2. B HEKOTOPBIX 3a7adyax TpeOyeTcs pas3ioXKuTh (PYHKIUIO B
TpuroHomerpuueckuii psg Oypbe no cucreme ¢yHkuuid (11) He Ha oTpeske
[—1; 1], a Ha oTtpeske [0; 21]. YuuteiBas, uro mausa 2[-neprogaudeckoil GyHKIAN
Jt00bIe JIBa MHTErpajia OT 3TOM (PYHKIMH, B3SIThIE MO OTpE3KaM AJTUHBI 21, paBHbI
MeXAy coOOH, 3aKI0YaeM, YTO B 3TOM CIIy4yae JOCTATOYHO MPOCTO MU3MEHHUTH
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npcacijibl HHTCTpUPOBAHUA, 3dMCHUB HUKHUHN npcaci MHTCTPUPOBAHUS HaA O, d
BEPXHUU MpeJies HHTErPUPOBaHUs — Ha 21, TO eCTh
40

(X)~=24+ Y52 a, cos Zx + by sin =< x, 12
2 k=1 l 1

rie
a; = %fOZZf(x) cos”Tkx dx, k=0,1,2,...,

be=1[) fO)sinTxdx k=1,23,... (13)

B wactHOCTH, ecnu Tpebyerca pa3ioxuTh ¢GyHKIMIO B pan Dypre Ha
otpeske [0; 21T], TO ciemyeT BOCIOIb30BaThCsl HOpMYIIOit
Qo

feO~—+ Yi& ay cos kx + by, sin kx, (14)

rac
a, = %foznf(x) coskxdx,k=0,1,2,...,

b =" fQ)sinkxdx, k =1,2,3, ... (15)

VI. Tlyctes f — xycouno-muddepeHiupyemas (QyHKIUs, 3a0aHHAA HA
ompeske [0; 1], u TpeOyeTcs pa3noxuts GyHKIHIO B psig DPypbe.

Jloomnpenenum (MpOU3BOILHEIM 00pa3oM) GYHKIHIO f Ha TOJyHHTEpBAIIC
[—1; 0), HO Tak, 4YTOOBl mTONMy4yHWBIIasCSd (QYHKIHUA OKazadach KyCOUHO-
nuddepenmmpyemoit Ha orpeske [—[; []. TlonydyeHHy0 (QYHKIMIO Pa3I0oKUM B
psan Dypee Ha orpeske [—I; l]. Bymem uMers TpebyemMoe pasaoKeHHe, KOTOPOE
CIIEAyEeT pacCMaTpHUBATh TOJBKO A1 Todek x € [0; 1].

3ameuanue. Tax kak pasnoxenne OGyHkiuu f Ha otpeske [0;1]
npejnoaracT €€ mpoaoJKeHUE Ha OTpe30k [—I; [] mpou3BoiIbHBIM 00pa3oM, TO
pin Dypee mis f He OyaeT eauHCTBEeHHBIM. Yamie Bcero, st ymoOcTBa
BBIYMCIICHH U KOMITAKTHOCTH 3aITCH TPUTOHOMETPUYECKOTO psifa, GYyHKIHIO f
IPOIOJDKAIOT HAa TPOMEXKYTOK [—[; 0) 4€THBIM MM HEUYETHBIM 00pa3OM.

Ipumepsi

1. TpebOyercs pasinoxuth Gyakmuio f(x) = x Ha orpeske [0; m]:

a) Mo cuHycam; 0) o KOCUHYyCaM.

Pewenue. a) Paccmorpum crienytomee mnpojoipkeHue GyHKIuA f Ha
nonyuHTepBai [—m; 0):

x, x € (—m;m|,
fx) = {n, X =(—n. ]

3arem mpoaoKUM HOBYIO (GyHKIHIO Ha R 2m-niepuogudeckum o6pazom.

[Tomyunm ¢dysKIuio F, Tpaduk KOTOPOH MOKa3aH Ha PUCYHKE
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Haxonum xo3pdunuentsr @ypoe pyHkuu F, ucnons3ys gopmyisl (5),
y4uThIBasA, 4To F, Obuia Obl HEYETHOM, ecnu Obl B TOYKax T + 2mm, m € Z,
oOpainangack B HOJIb (MOXKHO MEPEONPENCTUTh (PYHKIIUIO B 3TUX TOUKAX):

a=0k=0,12,..,

u=x du=dx,

2 TT . = q]
b, = ;fo xsinkxdx = | 4V 511nkx dx, | =
v = —Ecoskx

|7(§ + %fon cos kx dx) =

_2(_r — (_1\k+12 5, _
=2(—Fcosmk +0) = (~1)*12 k=1,2,3,....

2 1
= —(——x cos kx
b k

[Tomywyaem
F(x)~2Yy e ——— O™ Gin ke

B gactHOCTH,

f(x) =x~23:% - 1) sin kx, x € [0;m].

Hakonern, yuutbiBas, 49to f HempepbiBHA Ha moayuHTepBaie [0; 1),
TI0JTy94aeM PABCHCTBO

x =252 - 1) smkx, x € [0; m).

(B Touke x = m mosydeHHBIH psaA He cxoamTcsa K f () =, a cXomuTca K
F(-m+0)+F(m—0)  -m+m _ 0)
2 o2

0) Paccmorpum uétHoe mpomo/pKeHHEe (PYHKIMH f Ha IMOJyHHTEpPBAjC
[—m; 0). Umeem
x, x €[0;m],

fx) = {—x, x € [—m; 0).
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3arem mpomopkuM  GyHKIMIO Ha R 2m-mepuommyeckum  0OpazoMm.
[Tomyuum ¢ysKIHIO F, TpadMK KOTOPOH MOKa3aH HA PUCYHKE.

> X

—27 -7 0 s 21

Haxonum xoadpdunuentsr @ypre QyHkiuu F, ucnonbdys opmyisl (3),
YUUTHIBaS, 4TO F — 4€THAS QYHKITHA.
_2 x T
R 2 0
u=x du=dx,
dv = coskxdx, | —

:—f .Xd =T,

2
a, ==[ xcoskxdx =
k Y0 1 .
vzzsmkx

2 1 T
=ﬂ( xsmkx| ——f smkxdx) (O+ﬁcoskx|0)=
5 . 0, k=2m,
= e (D =D = 4 k=123.,m=123,..
Tk
bk=0,k=1,2,....
[Tomywyaem
F(x)~— — —Zm 1—Cos(2m — 1)x.

(2m-1)?

B gactHOCTH,

fx) = x~———2m 1ﬁ

Haxkoner, yuuTeiBast, 4yto f HemnpepbiBHa Ha otpe3ke [0; ], moaydaem
PaBEHCTBO

cos(2m — 1)x, x € [0; «].

x=2X_ _Z;;fglmcos@m — 1Dx, x € [0;m].

(B Touke X = T MOJAY4YEHHBIH psix cxoautes K f (1T) = 7, Tak Kak F HempephIBHA
B 3TOM TOUKE.)
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2. TpeOyercst pa3noxuth B psig Oypee Gynkimio f(x) = x Ha UHTEpBaJe
(1; 2).

Pewenue. @yHKIMs 3a7aHa Ha OTPE3KE AJTUHOU 1, MOATOMY MPOIOIIKUM
¢ynkmuio Ha R 1-nepuoanueckum obpazom. Ilomyunm dynkumio F, rpadux
KOTOPOU MMOKAa3aH HA PUCYHKE.

0 1

Bynem ucnosb3oBaTh UACOJIOTHIO MMYHKTA V.

Haxonum koaddunmentsr @ypre dyakuuu F, ucnonsiys dopmyssi (10) u

1
cyuradg | = p Nmeem

2_ .

ag = Zf_E%F(x)dxz 2f12F(x)dx = Zflzf(x)dxz Zflzxdxzx2 1

1
ay = 2 [* F(x) cos 2kmx dx = 2 flzf(x) cos 2kmx dx =
2
= Zfzxcos 2kmx dx = |4V = cos Zkmx dx,| —

1 . 2 1 2 .
=2 (%x31n2knx|1 -/ sm2k7rxdx) =

=2(0- 2)=Qk=LZ&m;

cos 2kmx |1

4k2m2

1
by = 2 [* F(x) sin 2knx dx = Zflzf(x) sin 2kmx dx =
2
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u=x du=dx

= 2f x sin 2kmx dx = | 4V = SmZk”de =
v = —Icos 2kmx

=2 (—ﬁx cos 2kmx ﬁ +$f12 cos 2kmx dx) =

( L sin2knx|i):

kmr  2km  4k?m?

= 2(—%—0) =-Z k=123,...

Toraa uckomeii psag Oypse UMeeT BUL

F(x)~— — —Z —sm 2kmx.

B yvactHOCTH,

fx)=x= %— %ngi"lisin 2kmx, x € (1;2).

§ 10. Psag ®ypbe B kKoMILIeKCHOMH (hopme

[lycte f — 2m-nepuonnyeckasi, Kycouno-nuddepenupyemas QyHKIUS

Ha R. Ortolt pynkuu coorBeTcTBYET psin Dypwe

fx)~ @ + Y12 ay cos kx + by, sin kx, (1)

rac

= %ffﬂf(x) coskxdx,k=0,1,2, ...,

be==f" f@)sinkxdx, k =1,2,3, .., )

Nwmerot Mecto popmyisl Ditnepa:
—ix + eix

cosx = :
2

—ix_gix

sinx = —
2i

1 oOpaTHas CBS3b:
e =cosx+isinx; et
Ucnions3ys dopmynsl Ditiepa mpeoOpazyeM BBIPAKEHHUE IOJ 3HAKOM

¥ = cosx —isinx.

CYMMBI CJICIYIOIINM 00pa3oMm:

. e—ikx+eikx e—ikx_eikx
ay cos kx + by sinkx = akT-l_ka =
l
—ikx ikx —ikx ikx
_ +e . e —e 1 . ikx 1 . —ikx
= T Wk = E(ak — ib;)e"™ + 5 (ay + iby)e :
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IHomoxum
Co=—, Cp = %(ak — ibk), k = 1,2,3,... ;

©3)
C_k = %(ak + ibk), k= 1, 2, 3, -

Torna psz (1) MOKHO epenucaTh B BULE
F(xX)~co + X5 cre™™ + c_pe ¥ =
= co + i cke™™ + XEZS e TN =
=co+ XiZ e + Yk _ et =YiEe e etkx,
Takum o6pazoM, psa Pypbe GyHKIMY f B KOMIUIEKCHOH 3alUCH MMEET BUJL

f(X) Zk——oo ka’ (4)
rae kodpdumuentsl ¢, psaga (4) ceszaHbl ¢ kKoddduiumentamu psga (1)

dbopmynamu (3).
[Tony4yum siBHBIE BhIpayKeHUS J1s1 KOG OUIIUEHTOB C, .

1
co=2=—[" fx)dx;

ce =5 (ax —ib) =3 (=" fGx) coskxdx — i [" f(x)sinkx dx) =

= if_ﬂnf(x)(cos kx —isinkx)dx = if_nnf(x)e‘ikx dx, k=1,2,3, ..

C_p = %(ak +iby) = %G f_nnf(x) cos kx dx + i%f_nnf(x) sin kx dx) =
_ 1 m . 1 _ 1 (m ikx —
= 7Tf_nf(x)(cos kx + isinkx) dx = — J_ f()e™ dx, k=1,2,3,...
3TI/I TPH paBCHCTBA MOJKHO 3aIllMCaTh B BUJIC OAHOI'O
_ 1 —ik
=2 " fG)e " dx, k€ Z.

OxoHuaTenpbHO Toy4daeM, uto psia Pypbe QyHKIUU f B KOMIUICKCHOMN
samrc uMeeT Buj (4), rae KOI(PGUIUEHTH OMPENCISIOTCS CIASAYIOIMNM
obOpazom:

= iﬂf_nnf(x)e‘ikx dx,k €Z. (5)
3anuieM sspo Jupuxie B KomruiekcHOM Buje. Mmeem
—lkx+elkx 1 1 . 1 i
Dp(t) =5+ Xk= :E+EZZ=13 tex +EZ;CL=1€lkx =

_ -1 ikx | 1yvn ikx — 1vn ikx
—5+§Zk=—ne + 5 Xk=18" =S Xk=ne"™.
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Takum 06pazom, s11po I[HpHXJIe UMEET BUJT

D (t) —_ = k——Tl elkx

(6)

[IonydynM KOMIUIEKCHYIO cpopMy 3aIMCH HepaBeHCTBa beccens u

paBenctBa [lapceBaiis.
N3 paBencTB (3) HaxoauM, 4TO

ayg = 2¢y, Ay =Cx+cC_y; by =i(cy—c_p), k=1,2,...

YuuteiBas, 4To Q) ¥ by NEUCTBUTEIBbHBIC YUCIIA, TPOBEAEM CIIEIYIONINE

npeoOpa3zoBaHus.

ap = lagl® = lcg + c_xl® = (cp + - k)(Ck + C_ k) =
= (¢ +c_p)(cx + ;) = CcpCr + CpC_ + C_pCr + C_pC_p =
= | |? + ek + e + ek |? k=1,2,3, ...
big = |b|* = li(cx — c_i)? = (cx — c_) (T — c—x) =

= (cx — ) (Ck — Cop) = CCr — CpCf — CgC + CCop =

= |Ck|2 - Cka - C—ka + |C_k|2, k= 1,2, ...
CnenmoBarteibHO,
az + bf = 2(lc)? + lc_k]®), k= 1,2, ....
Torna HepaBeHCTBO beccens
ao"‘Z y(ak + b)) <= f f2(x) dx
B KOMILUIEKCHOM 3alMCH UMEET BU]]
2¢g + 252 (el® + lei®) < = f f2(x) dx
15RI0 |
1w
cE+ X2 lekl? < —J L f2(x) dx.

PasencrBo HapceBansI

+Z (ak+bk)——f f?(x) dx

B KOMIIJICKCHOM 3aITMCH IIPpUHUMACT CJ'IGI[}IIOIHI/II/I BU:

1
c§ + Tkl plel? = — [ f2(x) dx.

3ameuanue. KommnexkcHass ¢opma 3amucu psaga Dypee (4),

(7)

(8)

€ro

koadummentos (5), sapa Jupuxie (6), HepaBenctBa beccens (7), paBeHCTBa
[TapceBains (8) oOnamaeT, MO CPaBHEHUIO C JEHCTBUTEIHHOM, MPEUMYIIECTBOM
kpatkoctu. Kpome Toro, komriekcHas ¢opma 3amucu psiga Oypbe mo3BOISIET

JIETKO NIEPEUTH K MOHATHUIO HHTETpana Pypse.
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§ 11. Cymmbl @eiiepa. Teopema Beliepmirpacca 0 paBHOMEPHOM
NPUOJIMKEHUN 2TT-NIePUOINYECKON HeNPePbIBHOM PyHKIIM U
TPUTOHOMETPUYECKUMHU MOJUHOMAMH

[Tycts f — 2m-nepuonnyeckasi, HempepbiBHas QyHKIHs. MI3BeCcTHO, YTO psif
®dypbe GyHKIUU f MOXKET HE CXOAUThCS K 3ToM QyHkuuu. [loctaBuMm 3amauy
HIOCTPOUThH MOCJIEAOBATEILHOCTh TPUTOHOMETpHUYECKUX moauHOMOB {T;, (x)},
cxopsuytocs paBHoMepHo Ha R x ¢pyHkium f.

Onpeoenenue 1. Ilyctsb f — 2m-nepuoaudeckas, HerpepbIiBHAS QYHKIIUS U

Sa(f;x) = % + Y r—1 ay cos kx + by sin kx

— n-4 yacTHasi cymma psina Oypbe QyHkiuu f.
OO6pa3yeM HOBbIE CYMMBI, TTOJIaras

Fa(f3 %) = — (So(f3 %) + S3(f3 %) + ... + Su(f %)) =

=y S(f;x),n=0,1,2,..

Tl+1

Cymmel F,(f;x) ,n=0,1,2,..., Oynem Ha3biBaTh cymmamu Deiiepa.
PaccMoTpuM HEKOTOPBIE CBOMCTBA 3THX CyMM.
1. Cymmbr deiiepa SBIASIOTCS TPUTOHOMETPUUESCKUMHU ITOJTUHOMAMH.

JleCTBUTENBHO,

E,(f; )—— roSk(fix) = °+ﬁ(a1cosx+blsinx)+

n-1 :
+m (a, cos2x + b, sin2x) + ... +

n—-k+1

+ (ak coskx + by, sinkx) + ... + ﬁ (a, cosnx + b, sinnx) =

+ hi nniﬂ (ay cos kx + by sin kx).

2. Tak »ke Kak ¥ U1 4aCTHBIX cyMM psia Dypoe, 17151 cymm Deiiepa MOKHO
MOJIYYUTh UHTETPAJIbHOE MTPEACTABIICHHE.

F(fx)—— h=0= f f(x+t)D(t) dt =
:;f_nf(x+t)m k=0 Dy () =
=" flx+ )Py (t)dt, (1)

1
rae @ () = —= Y=o Dy (0D
Onpeoenenue 2. Oyuxius O, (t) HassiBaercs sapom Detiepa.
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3aMeTHM, YTO MOCKOIbKY D, (t) = nput # 2rm,m=0,1,2, ...,

sin(n+1)t
_— 2/
2 sin£
2
TO

) 1
_ 1 n _ 1 n sm(k+5)t_
©u(8) = T X0 Del0) = iy Voo T3 =

1 n
4(n+1) sinzg Zk:

OZSinE sin(k+1)t=
2 2

1
4(n+1) sm2 L Z

k=o(coskt —cos(k + 1)t) =

. o(n+1)t
1 2

N — — —2
B 4(n+1) sin2t (1 cos(n + 1)t) 2(n+1) sinzg '

Takum o6pazom,

n+1)t
sz( )

Dy (t) = —=—. 2)

2(n+1) sm2

3. OmHO M3 CBOMCTB YacCTHBIX CyMM psifa Dypbe COCTOUT B CICAYIOIIEM:
Kaxaas n-g dacTHas cymma psga Dypee, n € N, TpUrOHOMETPUYECKOTO
nomuaoMa To(x) =1 Oyzmer coBmagath C OSTHM IOJHHOMOM, TO €CTh
S, (Ty; x) = 1. Torz[a

Fa(To(x); %) = — 0o Se(To(x);x) = —Th o 1=—-(n+1) =1,
U, CeA0BaTeIbHO, B cuiIy (1) cripaBeisIuBO paBEHCTRO
1
Fu(To(x);x) = = [7 @, (t)dt = 1. (3)

Teopema. Ilycts f — 2m-nepuoanyeckasi, HempepbiBHAs Ha R dyHKIus.
Torna cymmsr @eiiepa F,(f; x) cxoaarcst paHoMepHO K f Ha R.

Loxaszamenvcmeo. Ilyctb € > 0 — IpOU3BOJILHOE.

Tak kax f — 2m-mepwogudveckas, HeENpepbIBHAs (QYHKIHS, TO B CHITY
(cmencTBus u3) Teopemsl KanTtopa f paBHOMepHO HenpepbiBHa Ha R. Torma

35 = 8(g) > 0 Vt"v’t”((lt’ —t"| <8 |f(t) = FEN < g).

Kpome Toro, Tak kak f — 2m-nieproaudeckasi, HenmpepbiBHas (PyHKIIHS, TO
f orpanuuena Ha R, To ecTh

IM > 0vx € R(|f(x)| < M).

PaccMmoTpum pa3HOCTb

Fa(f;x) = f() = — [T flx + )@, (O)dt — F() = [* Dy (t)dt =
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=27 (Fa+6) = £(0)@u(0)dt == [(F(x + ) — £(0))Pu(t)dt +

+2 P (fOc+ ) = FQO)) @)t + 2 [T(fx + ) — f(0)Pp(t)dlt =
=L+, +. (4)
3aMeTuM, 4TO
] =2 |[5(f G+ 6) = FE)@u(0)dt| < = [21f (x +£) = )|y (E)dt <
<20 L (0dt =22 [0 Du(0dt <Z2 [T @ ()de =5 (5)

Kpowme Toro,
]+ sl = |2 [ (FOc+ 8 = () @n(B)dt] +
FEF(Fe+ 0 - f@)onde] <
<[ fGe+6) = FOI(OE + 2 [[1f G +8) = f(O) Dy (8)de <
<2 Af DI+ IF D@, (Bt +
+2 [TAF G+ Ol + IF D, (Bt <
< %f__: 2M D, (t)dt + %f: 2M®, (t)dt =

= 2( 5, @u(®)dt + [ @y (t)dt),

VuuteiBasg, uro g Joboro t € [—m;—38] U [6;m] cupaBemmBEI

COOTHOILICHUA

. o+t
sin2{HD

D, (1) = :

2(n+1) sinzé T 2(n+1) sinzé T 2(n+1) sinzg ’

1 1
<

IIPONOJKUM OLIeHKY. Mmeem
2M [ =6
] +115] < 22 (27 p(e)dt + [ Dp(0)dt) <

M =) T M T 2M
S—( dt + dt)<— dt = ——.
(n+)m sinzg f_” f5 (n+m sinzg f_" (n+1) sinzg

2M
Tak kak ———5 - 0 npu n — oo, TO
(n+1) sinZE

2M £
—8 < =],

(n+1) sinZE 2

Y MBI MOKEM TIPOJIOJDKUTH OLICHKY CBepXY Beln4uHbI || + |I3]:
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2M

L] + |I5] < 5<- n>N. (6)

(n+1) sin >
VYuuteiBas (4) — (6) 3akimouaeM, 4to A 00X x € R u m1s moboro

n > N crpaBeainuBo
F(f;0) = fQOl = [+ L + Il < |+ L+ 5] < S +- =,

YTO U 03HAYaCT pAaBHOMEPHYIO CXOAMMOCTh Ha R nocienoBarensnoctu {F, (f; x)}
K QyHKIMH |

CaencrBue (teopema Beiiepmrpacca). Ilycte f — 2m-mepuogudeckas,
HernpepbiBHas ¢yHkuug Ha R. Torma mis mr060ro MOMOXKHUTENBHOTO YMCTA €
HaIETCs TpUroHoMeTprueckuil mosmuoM T (x) Takow, 4To

Vx € R(|f(x) —T(x)| < ¢).

Jlokazamenvcmeo. Ilyctb € > 0 — npousBoiibHOE. Tak kak cymmbl Deitepa
E,(f; x) cxomsitcst paBHOMepHO K f Ha R, TO

ANVnVx e Rn> N = |f(x) — E,(f;x)] < &).

Torna B kauecTBe TpeOyeMOro TpUroHoOMeTpuueckoro nojauaoma T (X) MOXKHO
B34Th M00yI0 cymmy Detiepa F, (f; x) ¢ Homepom n > N.

Takum oOpazom, kaxaas 2m-nepuoandeckas, HerpepbiBHast Ha R QyHkims
MOJKET OBITh PABHOMEPHO allIPOKCHUMHUPOBAHA CKOJIb YTOJIHO TOYHO C TIOMOIIIBIO
TPUTOHOMETPHYECKUX ITOJTHHOMOB.

§ 12. Teopema BeiiepmiTpacca 0 pABHOMEPHOM NPUOJIHKEHUH
HeNpepbIBHOM HAa O0TPe3Ke PYHKIUU aAJIredpandecKuMHU
MOJTUHOMAMM

Teopema. [1ycTs f — HenpepbIBHAs Ha oTpeske [a; b] dynkus. Toraa ms
JAr000r0 MOJIOKUTEIBHOIO YKCIa € Haimércs anrecOpamdeckuii mommaoMm P(x)
TAKOM, 4TO

Vx € [a; b](If (x) = P(x)| < ).

Loxaszamenvcmeo. Ilyctb € > 0 — IpOU3BOJILHOE.
Jloka3aTenbCTBO MPOBEAEM B JIBA JTAIA.

1. Tycts [a; b] = [—1; 1]. TIpogomkum GyHKIHIO f CHavama Ha OTPE30K
[-m; ], 3areM — Ha BCIO UHCIOBYIO OChb TakK, 4YTOOBI MOJIyYHJIaCh
2n-iepuonuueckas (QyHkus, 3amaHHas u HempepbiBHas Ha R. Tak kak
2m-niepuoanuecKkasi, HempepsiBHas Ha R QyHKUMsS MOXeT ObITh paBHOMEPHO
anmpoOKCUMUPOBaHAa CKOJIb YTOJHO TOYHO C IMOMOILIBIO TPUTOHOMETPUYECKHX
MIOJIMHOMOB, TO CYIIECTBYET TPUTOHOMETPUYECKHH MOTUHOM

T,(x) = % + Y r—1 ai cos kx + by sin kx,
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TaKoM, 4TO

vx € R(If () — T, (0| <),
B YaCTHOCTH,

&
v € [-11] (If @) ~ To)] <3). M
Beeném B paccmotpenue koHcTanty M = Yt |ag| + |by|.
Oyakuuu cos kx, sinkx, k =1,2,..., paznoxuM B psiabl MakiopeHa.
HNmeem
2 4
cosx=1->+X — .., X ER;
20 4l
2.2 4 .,.4
coskx=1—kx x .., X ER;
2! 4!
3 5
sinx =x —=—+= — .., X ER;
TR
3,3 5.5
sinkx=x—k ad +k X .., X €ER.

3! 5!
Tak kak Ha orpe3ke [—1;1] 3amuMcaHHBIC CTENEHHBIC PSABI CXOISATCS
PaBHOMEPHO K CBOMM CyMMam, TO ISl KaXJA0i (QYHKIIMH COS KX U ISl KaXI0H

byHKIIUM Sin kX MOXHO yKa3aTh 4acTHbIE CyMMBI (), W Sj CTETICHHBIX DSIIOB,
TaKue, 4To

& . &
vx € [—1;1] (Icoskx —Ci| < i & |sinkx — S;| < ﬁ) k=1,2,... (2
Tak kak Cj u S), — anredpanyeckue MOJIMHOMBI, TO (PYHKITUS BUIA

P(x) = % + Yk=1akCx + by Sk

TOXE SIBJISICTCS] aIre0panyecKuM MOJIMHOMOM.
[Mokaxkem, uto P(X) — MCKOMBIH anreOpanyecKuil MOJUHOM. Y UHThHIBAs
oueHku (1) u (2), umeem

1f () = PO = |(f (%) = T () + (Tn(x) = P(0))| <
< 1f) =T ()] + [T (x) = P(x)| <

<;+ |ZZ=1(ak(cos kx — Cy) + by (sinkx — Sk))| <

< % + Y r=1(lakllcos kx — Ci| + |bg||sinkx — Si|) <

& & & & &
<S4+ 30 (lae = + bl 5=) = S+ S 20 (el + Ibel) =

& & & &
=4+—M=<+-=¢
2 2M 2 2
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2. Ilycts f — HempepbIBHAS HA MPOU3BOJIILHOM oTpe3ke [a; b]. [Tomoxum

xzw’ ye [_1; 1]’

u paccMotpuM GyHkiu @(y) = f (w

GyHKIUS @ HempepbiBHA Ha oTpeske [—1;1], To coriacHO MepBOMY MyHKTY
J0Ka3aTeabCTBa HalaETCs anredpandeckuii moauaoM P(y) Takoi, 4To
vy € [-1;1](le(y) — PO < &).

a+b+(b—-a)y
2

) Ha oTpe3ke [—1; 1]. Tak kak

Bo3Bpamasce Kk ICXOIHON NEPEMEHHON X = , YUUTBIBAs, YTO

__2x—a-b
"~ b-a ’

HNMEECM

Vx € [a; b] (|f(x) —P (zx_a_b)| < e).

b—a
2x—a—-b

Tak xak P (

Takum oOpa3oM, Kakmas HenpepbIBHAS QYHKIUA [, 3a7aHHAs Ha OTPE3KE
[a; b], MOXeT OBITH paBHOMEPHO aNmNpOKCHMHPOBAaHA CKOJb YTOJHO TOYHO C
MOMOILBIO AIreOPanyecKuX MOJIMHOMOB.

) — aJireOpanvecKuil OJIMHOM, TO YTBEPKJICHUE T0KA3aHO.
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3aoauu k 2nage VI

Kax mpaBuiio, rpu peiieHuu 3a1ad O pa3lioxKEHUU 3aJlaHHON (YHKIIUU B
pan Oypbe NpuAEPKUBAIOTCS CICIYIOMIEH CXEMBbI:

1) ctpoum rpaduk 3amaHHON GYHKINH

2) HaxoAuM €€ meproAnuecKkoe npoaonkenue F Ha R;

3) BeIsICHSAEM, SIBIIIeTCA JIU pyHKIMS F 4éTHOM, HCUETHOW MK (QYHKIUCH

00111ero BHA;

4) mpoBepsieM BBITIOJIHEHUE YCIIOBHIA Tpu3HaKa [lupuxie;

5) BeruncisieM ko3 duitueHTsI psaga Oypbe;

6) 3anuceiBaeM psig Dypoe;

7) 3aITUCBIBAEM CYMMY TOJYYCHHOTO PSIa;

8) cTpouM rpaduk CyMMbI TOJTYYEHHOTO PAJIa.

—x, x € (—m;0),
2x, x €[0; m)
®ypre Ha uHTEpBaie (—m; ). C MOMOIIBIO MOTYYEHHOTO Pa3IOKCHHS HAUTH

1. Tpebyerca ¢ynkumo f(x) ={ pa3oXKUTh B Pl

+ 00

CYMMY YHCIIOBOTO Psizia ). a7

Pewenue. 1. Ctpoum rpaduk 3aganHoi GyHKIUH f .

=

1
1
1
1
1
S

Y

—Tr 0 T

2. Haxonum mepuoamndeckoe npoaomkenne F dynknun f Ha R. I'padux
dbyHkuu F 1Moka3aH Ha pUCYHKE.
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3. Oyuknus F sasasercs Qpynkuuen o0Oiero Buaa.
4, OyHKIUSA F SIBJISIETCS 2TT-TIEpUOJIMYECKOM, KyCOYHO-

mupdepenuupyemoir Ha R, a 3HAUUT YIOBJIETBOPSAET YCIOBUSIM MpPH3HAKA
Jlupuxie 1 MOKeT OBITh TIpeAcTaBiIeHa psaaoM Dyphe.

5. Haxoaum ko3¢ duruents! psaa Oypre pynkium F.

1 1

ay = [T P dx = 2 (LS (-0 dx + [T 2x dx) =

s Vs

2 2
=L CELS ) =) =
T 2 l—11 0 T\ 2 2

a; = %f_ﬂnF(x) coskxdx = l(— f_onx coskxdx + 2 fonx cos kx dx) =

Y
u=1x du=dx;
—|dv =coskxdx, | —

v = =sinkx
k
1( 1 . 0 ,1,0 . 2 . T 2,1 . _
;(—;xsmkx|_n+Ef_ﬂsmkxdx+;xsmkx|0 —;fo smkxdx) =
=1(0—icoskx| 0 +O+icoskx|n)=
T k2 —Tr k2 O
1

1 2 3
——(—k—z(l—cosnk) +k—2(cosnk— 1)) = m(cosnk— 1) =

T

3 . 0, k=2m,
—((-D*=-1)=4_ 6 k=2m—1 k=1,2,3,...,m=1,23,..:

2
Tk p—y

b, = %f_nﬂF(x) sin kx dx =%(— f_onx sin kx dx + Zfonxsin kxdx) =
u=x du=dx;
— | dv=sinkxdx, | -

1
V= —;coskx

11 0 1.0 2 T 2 .¢m _
—;(;xcoskx|_n—gf_ncoskxdx—;xcoskxlo +;f0 coskxdx) =

1 (7 1 . 0 27 2 . T
=—(—cosnk——smkx| ——cosnk+—51nkx| )=
7 \k k2 —T  k k2 0

_1(T ANk __2"(_1\k — 1 _1yk+t1 g —
_n(k( 1)k -0-Z(-1) +0)_k( DE kg =1,2,3,...
6. 3amuceiBaem psg Oypoe pyHkiuu F.

F(x)~ %ﬂ + Y% % ((=1)* — 1) cos kx + % (—=1)**1 sin kx.
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7. 3amuchiBaeM CyMMY IOJYYCHHOrO psiga: cymMma S(x) MOJYyYeHHOrO

psana Ha R npunumaer 3HadueHus PyHKIuU F B TOUKaX HEMPEPHIBHOCTU 3TOU

F(—m+0)+F(mt—0) n+2n 37|
GYHKIMM W 3HAYCHHC . =——=-, B TOYKax pa3phIBa

x =m+2nn,n € Z pynkuuu F.
8. Crpoum rpaduk S(x) CyMMbI TOITyU4ESHHOTO Psla.

—21

B HYaCTHOCTH, CHpaBeI[J'II/IBO paBeHCTBO
fQ) =2+ 5F5 — (—DF — 1) coskx + - (~1)**sinkex, x € (—m; m).

Ucnonb3ys paznoxkenue GyHkuuid B psagsl Dypbe, MOXKXHO HAXOAUTh
CYMMBI HEKOTOPBIX CXOJSIIINXCS YUCIOBBIX PSIOB.
B nocnennem paBenctse nosoxum x = 0. Umeem

fO)=0="43%i kz(( 1)* — 1) cos 0+ (~1)¥*1sin 0 =

31 3
___Zm 17'[(2m 1)2 ____Zm 1(2m 1)2’

Z _ . _3m
m= 1(2m 12 4

1 2

Taxum obpazom, Y2 L omo? = 5

2. Tpebyercsa dyukumio f(x) = g pas3oxuth B psijg Oypbe Ha UHTEpPBAIIC
(0; 2m).
Pewenue. 1. Ctpoum rpadux 3aganHoit GyHKIUN f .

_'y)\

[

Y
=
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2. Haxoaum nepuoanueckoe npoaomkenue F ¢ynkuuu f Ha R. I'paduk
¢yHkuuu F mokasaH Ha pUCyHKE.

X
—2m 0 21
3. Oynknus F saBusercs QpyHkuuen o0Oiero Buaa.
4, OyHKIUA F SIBIISIETCS 2TT-TIEPUOIMYECKOM, KyCOYHO-

mudpdepenuupyemoii Ha R, a 3Ha4YuT, yAOBIETBOPSET YCIOBHUIM IpU3HAKA
Jupuxiie 1 MOKeT ObITh IIpecTaBiieHa psaoM Dyphe.
5. Haxonum ko3 unmentsl paga ypee GyHkumuu F.

2m an 1 x? .
=—f F( )dx——f =;T =TI,

0

1 r2m 1 p2mx 1 r2m
k—;fo F(x)coskxdx—;f0 Ecoskxdx—gfo x coskxdx =

u=x du=dx;

_|ldv=coskxdx, | _ 1 (1. . 2w 1 2w _
= ° —Zn(kxsmkx|0 Js smkxdx)—
v=;smkx

=%(0+k—12coskx|2:) Z(0+10-0)=0k=123,.

=—f F(x)smkxdx——f —smkxdx——f x sin kx dx =

u=x du=dx;

_|dv=sinkxdx, | _ 1 (_1 2m | 1 (2m —

= ! —Zn( kxcoskx| 0 += coskxdx)—
vz—zcoskx

1 2 1 . 2m\ _ 1 2n I

—E(—7+ESIHkX|O)—E(—T+O)— k,k—1:2:3:----

6. 3ammceiBaem psag Oypee GyHkmm F.
F(x)~ ——Yi= —sm kx.

7. 3amucbiBaeM CyMMY IOJYYEHHOrO psiga: cymma S(x) MOJYy4eHHOrO
psana Ha R npunumaer 3HaueHuss PyHKIuU F B TOUKaX HEMPEPHIBHOCTU 3TOU
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F(0+0)+F(2m—0) _ 047
2 2

T
GyHKIIMA ¥ 3HAYCHUE =7 B TOYKax pa3pbiBa X = 21mn,

n € Z, pynkuuu F.
8. Crpoum rpadpuk S(x) CyMMBbI IMOJTYYEHHOI'O PsIIa.

B YaCTHOCTH, CIIPpaBCIJIMBO PABCHCTBO

=2 W2 —sinkx, x € (0; 2m).

6, x € (0;2),

3x, x € [2:4) pasnoxuTh B psiag Dypbe

3. Tpebyercs dynkuuio f(x) = {

Ha uaTepBaie (0; 4).
Pewenue. 1. Ctpoum rpaduk 3aganHoit GyHKIUN f .

Y A

12177775

X

0' 2 4
2. Haxonum 4-nepuoaudeckoe npoaomxkenue F ¢pynkuun f Ha R. I'padux
¢byHkun F nokasaH Ha pUCYHKE.

| P
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3. Oyuknus F sasasercs Qpynkuuen o0Oiero Buaa.

4, OyHKIUSA F SIBJISIETCS 4-IepruoAMYECKOi, KYCOYHO-

muddepenuupyemoir Ha R, a 3HaUMT, yJOBJIETBOPSET YCIOBHUSIM MpHU3HAKA

Jupuxiie (TOYHEe — €ro aHaJiory) U MOXET ObITh HpejicTaBieHa psiioM Dypbe
5. Haxoaum xoadduruents! psaa Oypee pynkumm F.

i =1I4F(x)dxzl(f026dx+f243xdx) =
G

1,4 kmx 1 kmx
a =3 [, F(x) cos—=dx = E(6f cos—

u=x du=dx;

) ~(12+ 24 - 6) = 15;

dx+3 /[, xcos—dx)

— dv=coskzﬂdx, =1(2 in k|2 L6 ka __f i kﬂdx)
2 . kmnx 2 \nk 2 10 k
vV =—sin—
k 2
knx |4
(0+0+ —5z COS—— 2)=

= (- (D) =5 (1 - (-9 =
0, k=2m,
_{% o k=123, m=123.;
bkzgf:F(x)sink%dx— (6f sinknxdx+3f24xsink2ﬂdx)=
u=x du=dx;

. kmx
_|dv = sdex,

2 kmx
V=——C0S—
Tk 2
1 12 knx |2 6 knx |4 6 (4 k
=—|——C0S—— — — X COS— + — C S—dX)=
2( Tk 2 10 mwk 2 12 ku

1

= (- (D = 1) = = (4= 2(-1)F) + 5 sin =

2k2 2

= (-12((-D* - 1) - 6(4 - 2(-1) +0) =

L —19(—1\k _ ANk — 6
= — (-12(-D*+12 - 24+ 12(-1)") = == k= 1,2,3, ...

6. 3amuceiBaem psa Oypee pyHkiuu F.
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kmx

15 w 6 knx 6 .
F(x)~ Y + Z,t:lm(l — (D" cos% — —sin—.

7. 3amuchiBaeM CyMMY IOJYYEHHOTO psijaa: cymMma S(x) MOJy4eHHOrO

psna Ha R mpuHuMaer 3HaueHus QyHKIUM F B TOYKaxX HEMPEPHIBHOCTH 3TOM
F(0+0)+F(4—0) _ 6+12
2 2

GyHKIIUA ¥ 3HAYCHUE = 9 B TOukax paspeiBa X = 4n,

n € Z pyuxuu F.
8. Crpoum rpaduk S(x) CyMMBI TIOIYYESHHOTO PsJIa.

(@)
N F-------

—10 —8 —6—4 -2

B YaCTHOCTH, CIIPaBCIJIMBO PABCHCTBO

f) = 24 2E8 o5 (1= (—1)F) cos =2 — 2 sin =, x € (0 4).

4. TpebGyerca 2m-nepuoandeckyro Gpyukuuio f(x) = [sin x| pasnoxuTs B

psin dypbe M, MCIONB3YS MOJyUYEHHOE Pa3IOKCHHE, HaWTH CyMMY YHCIOBOIO
1

sa1a —

pana Y2 1 (2k-1)(2k+1)’

Pewenue. 1. Ctpoum rpaduk 3aganHoi GyHKIUH f .

2. Tak xak f — 2m-nepuonnyeckas GpyHkuus, 7o F = f.

3. ®yuknwms f ABIgeTCS YETHOW (QYHKITUEH.

4. Oyukuus  f  sABIsAETCA 2m-TIEPUOANYECKON,  KyCOYHO-
muddepenuupyemoit Ha R, a 3Ha4YuT, yIOBIETBOpSAET YCIOBUSM NpHU3HAKa
Jupuxiie u MOXKeT ObITh MpejcTaBieHa psgoM Dypre.
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5. Haxogum xoaduumentst psga Oypee hyHKIINY f .

ag = %fonf(X) dx = %fon|51nx| dx = %fonsinxdx - %(_ cosx |7(§) -

a, = %fonf(x) cosx dx = %fonlsinxl cosx dx = %fon sinx cosx dx =

1 ,m . __i T[__i _ A
_Efo sin 2x dx = 2nc052x|0— 27T(l 1) = 0;

ay = %fonf(x) coskx dx = %fonlsinxl coskx dx = %fon sin x cos kx dx =

= %fon(sin(k + 1)x —sin(k — 1)x) dx =

1

= ;(—k—ilcos(k + 1)x |7(; + ﬁcos(k — 1)x |7(§) =

1

= (- D D+ D - D) k=23,

3ametum, utoipu k = 2m,m =1,2,3

1 1 1 _
A = dom = ;<_ 2m+1 (=) — 2m—1 " N 1)) -

_1 ( 1 1 ) _
— 7\ 2m+1 2m+1  2m-1)
2 -2 —4
= =1,2,3,...
T 4m2 1 ﬂ(4m2 -1)’

Ecmmxek =2m—-—1,m=2,3,4,..., 10

1

i = Gom -y = 2 (== (D"

s

- 1) =

yétHas GyHKIMs, TO Bce kKodhdumments: b, = 0, k = 1,2, 3,

6. 3anuceiBaem psang Oypbe GyHKIMH f :

fQ)~ 2 =254,

=%(_$-o+2ml_2-o) =0,m=234,..

Tak kak f —

721 COS 2mx.

7. Tak xak f — HempepblBHA Ha BCEH YMCIOBON NPSAMOH, TO CyMMma
noaydennoro psga S(x) = f(x), x € R.

8. Takum obpazom, CHpaBC,ZIJ'II/IBO paBeHCTBo

|sinx| = —— —Zm 1

27 COS 2mx, x € R.
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B nonyuyennom paBenctse monoxuM x = 0. Umeem

f(O)_O_ ___Zm 14—7712 1

Zml

2
4m2 1
CrenoBaTeiibHO,

1
Ym=1 2m-1)(2m+1)

_1
2

5. TpebOyerca o¢yukumo f(x) = e ™ pasnoxurs B psag Pypre Ha
uHTepBaNe (—1; ).

Pewenue. 1. Ctpoum cxemaTH4HO rpaduK 3aJaHHON QYHKIUH f .

A y

eT[ _____

1

1

1

1

:

1 |

PR e_n: X

-1 0 T

2. Haxonum nepuonnueckoe npononkenue F ¢ynkiuu f Ha R. I'padux
dbyHkuuu F 1moka3aH Ha pUCYHKE.

3. O®yuknus F saasercs Qpynkuuen o0Ouiero Buaa.
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4, OyHKIMSA F SABJISETCA 2TT-TIEPUOIUYECKOM, KyCOYHO-
mup¢epenuupyemMoii Ha R, a 3HauyuT, yJOBIETBOPSAET YCIOBUSAM IpHU3HAKa
Jupuxiie u MOXKeT ObITh MpejcTaBieHa psagoM Dypre.

5. B nmanHOM cnyuyae ynoOHO BOCIOJB30BAaThCsl KOMIUIEKCHON (opMOii
3anucu psaga Pypee:

f(X) Zk_—oo lkx;

rae K03 PUIUEHTHI
_ 1 —ikx
k—zﬂf_ﬂf(x)e dx, k € Z.
Haxonum ko3 puuments ¢, psanga @ypbe pyHkuuu F.
1 (m _i 1 (T _y
K = Ef_nf(x)e tkx dx = Ef_ne Xe kX dx =

T
-1

= 1" oHix gy = — 1 -(1+ik)x

2w YT 2w (1+ik)

___1 (e—(1+ik)n _ e(1+ik)n) _ 1 ( ~To—ikn _ ,

neikn)
2m(1+ik) 2m(1+ik) '

Jlanee, BOCmob30BaBIIUCH (popMyoit Diinepa
e™ = cosx + isinx,
3aMEeTHM, UTO
e T = cos(—km) + i sin(—km) = (—1)%;
e*™ = coskm + i sinkn = (—1)k,
H, CJIe/I0BATEIbHO,

( 7 ikm e—ne—ikn) — 1 (en(_l)k _ e—rr(_l)k) —

c
k= 2m(1+ik)

27T(1+lk)

_1\k _1\k T_,-T _\k
G LA o) LY g )

T 2m(1+ik) (1+ik) 2 m(1+ik)

6. 3ammceiBaem psag Oypee GyHkmm F.

1) L (D"
FQ)~ Zk‘_‘x’ (n(1+ik) sh ﬂ) o Zk‘_oo 1+ik etk

7. 3amuchiBaeM CyMMY IOJYYEHHOrO psiaa: cymma S(x) MOJy4eHHOrO
psna Ha R mpuHumaer 3HaueHuss QyHkuu F B TOYKax HEMPEPHIBHOCTH JTOM
F(-m+0)+F(n—-0) e "+e™

2 2
x =m+2nn,n € Z dynkuuu F.

GyHKIIMM W 3HAYEHUE =chm B Toukax pa3psiBa

8)  Crpoum rpaduk S(x) CyMMBbI TOJYYSHHOTO Psi/a.
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[epeiiném k aeiicTButenbHOU hopme psaga Dypre. 3aMeTuM, 4TO
+00 ( 1k

(-nk o ikx +oo CDF ey
ke=—00 3 ix € Zk—_"o 1rik © +1+ 2 1+ik
+oo (1)K o —ikx too (CDF ipx
= LiZ1 g € i e =

-1 +Z ( 1)k( 1 e —ikx 4 1-l-lkeikx)

_ 1+Z ( 1)k (1‘”" —ikx 4 1- lkeikx)

1+k?2 1+k2 =
1k ) .
=1+ thiol (1_'_1]{)2 ((1 + ik)e_lkx + (]_ — ik)elkx) —
_1\k
=1 +Z+oo (1)

k=172 ((1 + ik)(cos(—kx) + isin(—kx)) +

+ (1 —ik)(coskx + isin kx)) =
=1+¥5%

1+k2 ((1 + ik)(cos kx — isinkx) +

+ (1 —ik)(cos kx + isin kx)) =

o (-1
=1+2?£ 11

(coskx— isinkx + ik cos kx + k sin kx +

+coskx+lsmkx—lkcoskx+ksmkx) =

=1+235 52

Takum 06pazom,

e ™ = Shn(l + 22+°° ¢ 1) ~(coskx +ksmkx)) x € (—m; m).
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6. Haiiti cyMMy YHCIIOBOTO PAfa Y. p oy =
Vkazanue: npumenuts paBeHcTBO [lapceBans k pyukimu f(x) = x.
Pewenue. B §9 nna dynxuuu f(x) = x, x € (—m; ), OBUIO MOTYyYCHO
pasnoxenue B psg Oypbe BUAa
_ ) +1 .
sinkx, x € (—m; ).

o (-1
X=ZZZ=1(

Takum o6pazoM, mia koddduimenToB Oypbe PyHKIUU f CIpaBEIIUBBI

paBeHCTBa
a,=0,k=0,1,2,..,

by, = (—1)’<+1%, k=1,2,3,...

[Tepenuiem paBeHCTBo [Tapcesais
+Z 1 (ai +bg) = f f2(x) dx,
YUUTBIBasI BUJ KOB(b(i)I/ILII/IeHTOB ®ypebe u ToT dakr, uro f(x) = x. Umeem

) 22 1 .
0+t (02 + (e ) =17 x?dx;

400 4-_1-X
T 3

k=1 p2 —T =
2
40 1 21",
42](:1 k2 3 ’

to 1 _ 7

k=1 k2 6 b

3amevanue. ®ynxuus {(s):= YiZ 1k$ Has3bIBaeTCs j3era-pyHKImen

Pumana. Takum 00pa3oM, Mbl HalllJIM 3HAYEHUE ATOM (DYHKIIMU B TOUKE S = 2
1 2
+ 00

aBHOE ((2) = )poy =5 = —.

7. HaiiT cymMMy 4HCIIOBOTO psiia Y. p oy e

Vkasanue: npumeHnTs paBeHcTBO [apceBans k pynkimn f(x) = x

Pewenue. Jna ¢ysxkuuun  f(x) = x%, x € (—m;m), cHpaBemIuBo
cieayroliee pa3iaoxeHue B psajg Oypbe (MOBEpbTE CAMOCTOSTEIBHO)

2
2 =T 4 0 A (- 1)¥ coska, x € (-m;7).

Takum oOpazom, st kodddurmeaTop ypbe GyHKIMU [ CHpaBeIIUBBI

PaBCHCTBA
4
=—(-D*k=123,..,

_2m“e,
b=
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by =0k=123,..

[Tepenuiem paBencTBo [lapceans

“°+z (ak+bk)——f 2(x) dx,

yunuThiBas Buj KodpounuentoB Dypbe u  TOT

dakr, uto f(x) = x2.
[TocemoBaTeIbHO HAXOIUM
2
1 ZTL' 4 k 2 _ 1 rmT 4 .
2 ( ) Py ((kz( 1)) +0)_T[f—7'[x dx;
2n4+z+oo 16 1 x°| T 1 2n°  2n*
9 k=lps " g s|l—m = 5 5
1 2n*  2n*  8mt
163540 5 =2 - = 5%,
k* 5 9 5

3ameuanue. Mbl Hanu 3HaueHwe na3era-QyHkuuM Pumana B ToOuke

+ 00 1 T[Z
s = 4, paBHoe {(4) = Zk=1ﬁ =50

in2
o sin“ kd
8. HeoOXomnMO HaifTH CyMMbl HHCIOBBIX DPAIOB  YyxZy—
2
cos“ kd
ko1~ e d = const € (0;m).

Vkazanue: npumennTs paBeHcTBO [TapceBains k dynkimu f(x) = { 1(?’ |x||x|E E[ 0[;62; J
0, |x| € [d;n]

Pewenue. st HKITUN xX) = { ' "7 CHpaBeIIMBO

paznoxenue B psia Oypwe (3a1aua 1151 CaMOCTOSITEILHOTO PElISHUsI) BUA

flx) = —+ Z+°° Snkd coskx, x # +d.

Takum oOpazom, st Koa(b(bHuHeHTOB ®dypre QyHKIMU f CrpaBeTUBLI
paBeHCTBa

__2d, __2sinkd
Qo = ' Ae = k
b, =0k=123,..

[Tepenmem pasencTBo [lapceBans

k=1,2,3, ...,

“°+z (ak+bk)——f 2(x) dx,

YUYHUTBIBas 3TH PaBEHCTBA M TOT (GakT, uto f(x) = {0' 12 € [d; ], MOJIYYUM
’ 1, x| €[0;d) ~
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s () i () o) = 2=

2d> | 4 Qtoo Sin®kd _ 2d,
2 ; k=1"p2  —

+00 sinzkd_rt d a*\ _ d(n-d)
k=12 S\ T )T T

T 2
oo Sin? kd __d(m-a)
Takum o6paszom, Y12 PR
Torna
+oo €0s?kd  otoo 1-sin?kd yoo 1 +oo Sin’kd _
k=1 jz — Lk=1" ;2 = Dk= 1;‘2 =
_n? d(n-d) _ m?-3dm+3d?
T 6 2 6 '
Hraxk,
+oo COs?kd  m?-3dm+3d?
k=1 k2 6
sin? kd __d(m—d
3ameuanue. Mpbl OIYUHIII, UTO Y42 P (2 ). [TosiokuM B 3TOM

paBeHCTBe d = 5' Nmeem

Y4auteiBas, 4To

sinzk—”:{o’ e = 2m, m=1,23,...

1, k=2m-1"

NnepenrcoiBacM

X2 1(2m 12 8’
Takum 00pa3oM, MBI HAIIUTA CYMMY €I1Ié 0JHOTO YHCIOBOTO Ps/a.

9. Haiinute pasnoxenne B psag dypoe 2m-nepuogandeckoit GpyHkiuu f,
€CIId Ha OTpe3Ke [—1; — 1]

0, x €[-m;0],

f(x)_{1 x € (0; 7).

Omeem: f(x) = %+ Yre 1k (1 - (=1)®)sinkx, x # mn, n € Z.
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10. Haiigure paznoxenue B psag Oypoe Gynkuuu f, ecnu

_ (0, Ixleld;m],  _ _
flx) = {1’ x| € [0: d), d = const € (0; ).
Ha oTpe3ke [—1; —7].

Omeem: f(x) = —+ Z+°° in kd

coskx, x # +d.

11. Haitnute pasnokenue B psia Oypbe 2m-niepuoandeckoi pyHkuum f
€CIIi Ha OTpe3Ke [—1; — ]

f(x) = x2.
Omesem: x> = — + iz = 2 (=1)* cos kx.
12. Haiinute paznoxenue B psia Oypbe QyHKIIUU
() = +x x € [—m; 0],
x) =
/ =% x €(0;m]

Ha OTpe3Ke [—1; 7).

Omeem: f(x) = -Zk 1

(Zk o cos(2k — 1)x.
13. Haitnure paznoxxenue B psia Oypre QyHKIIH

0, x €|—m; 0],

foo={ 0 ¥€omo)

sinx, x € (0;m]
Ha OTpe3Kke [—1; 7).

Omeem: f(x) ——+ smx——Zk 14k21 —cos 2kx.

14. Haiinute paznoxenue B psia Oypbe QyHKIIUU

-1, xe[—n;—g],
fx)=1 0, xe( z n]

2’2

1, x € (E;n]

Ha OTpe3Ke [—1; 7).

Omegem:. f(x) = %Z,Jgfl%(cos%k — cos nk) sinkx, x # +m, +=.
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15. Haiinure pasznoxenue B psia Oypre GyHKIIMN

(03 xe (0;%),
Fea = 03, x€(3;1)

B uatepBaiie (0; 1) B HenomHblie psaabl Dypbe, comeprkarime
a) TOJIbKO KOCUHYCBI;
0) TOBKO CHHYCHBI.

_1yk-1
Omeem:. a) f(x) = EZZfl(zi)_ cos(2k — Dmx, x # l;

0) f(x )——Zk 12k sin(4k — 2)mx, xi—

16. Haitnute pasznoxenue B psag Dypee ¢yHkummum f(x) = xcosx B
untepBaiie (0; ) B HenoHbIe psabl Pyphe, comeprralime

a) TOJIBKO KOCUHYCHI;

0) TOJIbKO CHHYCHI.

o AkZ+1

1WCOS ka,

Omeem:. a) f(x) = —%+§cosx Zk

6) f(x) = —%smx+ 2355 (— 1)k

17. Tlonb3ysch pa3oKeHUEM, TTOJIyYCHHBIM B 3aJJaHUU 16, HAllAUTE CyMMY

4k?+1

+ oo

A4 T
p I[ Zk—l (4k2—1)2

2 2
. 400 4k“+1 _ A
Omeem:. Zk=1m = ? +

N|R
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3aknwuenue

ABTOp ToTBITANCS B HanOoJIee JOCTYIHON (popMe U3T0KUTH MaTepUa 1o
OJTHOMY W3 BaXHEHIIHUX Pa3/esioB Kypca MaTeMaTHYECKOrO aHalu3a — TEOPHUH
PAIOB.

[locobue HamMcaHO M TOCTPOEHO TAaKUM OOpa3oM, UYTOOBI CTYACHTHI
MaTeMaTHYECKUX (aKyJIbTETOB MOIJIM CAMOCTOSITENIBHO U3y4YaTh JAHHBIN pazjien
MaTeMaTHYeCKOro aHanu3a. [locienoBaTenbHOCTD U3I0KEHUS TEOPETUIECKOTO U
MPAKTHUECKOr0 MaTepuaja BIOJHE JIOTUYHA, YTO JIOJDKHO CIIOCOOCTBOBAThH €r0
JTy4IlIEMY YCBOCHHIO.

B ka0l U3 ECTH I11aB MOCOOUSI MTPEACTABIEH TEOPETUYECKUI MaTEpHall
U 1ogo0paHbl MPUMEPHI, WUIIOCTPUPYIOUINE Pa3IUYHbIE IOJOKEHUS TEOPUH
psnoB. [IpuBeneHsl 3a1aHus U1l CAMOCTOSTENBHOM pabOThI C OTBETaMH.

[Tocobme MOXeT Takke OKa3aThCs TOJE3HBIM  TPENoaBaTessIM
MaTeMaTUYECKUX (PaKyJIbTETOB.

JlanHoe TmOCOOME OpPUEHTHUPOBAHO Ha CTYIACHTOB MAaTeMaTUYECKUX
(bakyJIbTETOB U 0COOEHHO MOJIe3HO (Hapsay ¢ [3, 4]) mpu NOATOTOBKE K SK3aMEHY
10 MAaTEMaTHUYECKOMY AHAJIU3Y.

PexomenayeM mpu paboTe ¢ MaTepuaoMm:

1) mpouects maparpad; TOHSATh, O 4Y€M HIET peub; pa3zodpaTbCsi C
HESICHBIMA MOMEHTAMU;

2) OTMETUTH AJid ce0s KIII0UeBble MTPUEMBI JOKA3aTENIbCTB;

3) mnomeiTaThCs Tepecka3aTb MaTepuan mnaparpada, HOArIAAbIBas B
OTMEUYECHHBIE KITIOUYEBBIC IPUEMBI,

4) BOCIIpOM3BECTU U3yUYEHHOE U MHUCbMEHHO, U YCTHO 0€3 MOIJISAAbIBaHMS,

5) BHHMMATENbHO NPOYUTATH TEOPETUUYECKUN MaTepuas; 3aloOMHUTh
MIPUBEICHHBIC OTIPEACTIECHUS, TEOPEMBI M (DOPMYIIBI; pa300paTh pacCCMOTPEHHBIC B
TEKCTE TMPUMEPHI U TOJBKO TOCIE ATOr0 MPHUCTYNAaTh K CaMOCTOSATEIHLHOMY
PEIICHUIO TPUMEPOB | 3a/1a4.
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